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Applications in Physics:
Locally homogeneous spaces have recently been used in quantum gravity







Applications in Physics: Locally homogeneous spaces have recently been used in
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Examples of fibre bundles

Examples: A cylinder is a trivial bundle SxI. A Mobius band is a non-trivial bundle,
obtained as a "twisted product" of Sxl. A magnetic monopole is a fibre bundle on S?
with base St and fibre S2.

Cylinder MOobius

FIGURE 4
A cylinder is a trivial bundle with base the circle S and fibre a segment I. The M6bius
band is a non-trivial bundle with the same base and fibre, but obtained by "twisting" the

product SxlI via the action of the structural group Z,.
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/' Applications in Physics

i, Fibre bundles with a structural group G are used in electromagnetism and in
Yang-Mills gauge theory. G is the gauge group. The gauge potential is
represented by a connection, and the gauge field by its curvature. Symmetry-
breaking corresponds to a reduction of the structural group G. The Weinberg-

. Salem model is a gauge theory with symmetry breaking, as well as the
" standard model
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5. From 1962 to 1968: Category Theory

Charles receives the "prix Petit d'Ormoy" from the Académie des Sciences in
1965.

He is made "Docteur Honoris Causa" from the University of Bologna in 1967.

He has several research students, in particular Benabou and Ver Eecke.

Only one long travel: we spent 6 months in Kansas in 1966.
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1962-1968

p-structured categories and species

a) Structured categories

A comparison between the notions of local (or ordered)
categories, of differentiable categories and of double categories
led us in 1962 to the general notion of a P-structured category,
where P is a faithful functor from a category H to the category Set
of sets; or, in modern terms, internal categories in a concrete
category.

The 3 preceding cases correspond to the case where H is a
category of ordered spaces, topological spaces, and categories.

A P-structured category (C,s) It is the couple of a category C and
an object S of H (the 'structure’) on (the set of morphisms of) C
such that the maps source, target and composition of C 'lift' in a
'natural’ way into morphisms of H.

A P-structured species of structures is similarly defined.
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C is a category. The maps a, b, k of its idea lift respectively into morphisms a and b of
H from S to a P-sub-object of S and a morphism from the pullback S, of (b,a) to S.
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1962-1968

p-structured categories and species

genveral theorems
depending
on various
properties of p

General theorems on P-structured categories and P-structured
species are given in a series of papers.

They depend on various ‘regularity’ conditions on the functor P,
leading in particular to define sub-spreading functors, or functors
with quasi-quotients, as well as some existence theorems for free
structures generalizing the usual ones.
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1962-1968

p-structured categories and species

genveral theorems
depending
on various
properties of p

Completion of
categories
and functors

b) Completions

When P is not regular enough (as in the case of the forgetful
functor from the category of differentiable manifolds), one
possibility is to extend it into a good enough functor. Whence a
series of extension and completion theorems for categories or
functors, also generalizing the complete enlargement theorem for
local species of structures.
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1962-1968

p-structured categories and species

genveral theorems
depending
on various
properties of p

Completion of
categories
and functors

internal categories g | General sketches

c) Sketches. Internal categories

In the sixties an important subject had been categorical definitions of
an algebraic structure (Lawvere, Benabou). Was it possible to do the
same for the structure of a category itself? The theory of sketches
was introduced to answer this question. In a paper written while we
were in Kansas in 1966, Charles introduces a very general notion of
sketch. As a particular, we have the sketch of categories whose
models in Set give the categories and the models in H (above) the P-
structured categories. The idea is to add to the maps a, b, k of the
idea well-defined arrows allowing to express the associativity and
identity axioms...
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Sketch of categories

[b,ld]
by PB Yn

fﬁ

® o
eo\/ev
Wy
e, < €
[ld.a] nzV PB W,
e e
= [kwy, nw, ], K, =[nwy, kw, ], kk,=kk, n, :

FIGURE 10

The sketch of categories is the following category equipped with 2 cones to become
pullbacks in the models. (It is a full sub-category of the opposite of the simplicial
category)

CONGRES INTERNATIONAL - AMIENS 7,8,9 Octobre 2005 - ‘Charles Ehresmann : 100 ans’



1962-1968

p-structured categories and species

genveral theorems
depending
on various
properties of p

Completion of
categories
and functors

internal categories g | General sketches

A model of the sketch of categories in any (not necessarily concrete)
category K is called by Charles a generalized structured category,
now an internal category in K. (Another definition of internal category
had been given by Benabou in 1964.)
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6. From 1969 to the end: Sketched structures

We live in Paris up to 1975, when Charles had to retire from Paris.

His last years there were marred by some hostility against category theory in
general, and our research team in particular.

Then we settled in Amiens, where he gave courses and actively participated to

the life of the University, being adjoint Director of the Faculte de Mathematique
and Director of its Conseil Scientifique.
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6. From 1969 to the end: Sketched structures
During this period, a large part of our time is devoted to our research team
"Theorie et Applications des Catégories, Paris-Amiens".

7 "doctorats d'Etat" and about 40 "doctorats de 3e cycle" are prepared in it.

4
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We organize 3 inter-
national conferences
and monthly

"Journées TAC". f ALY
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1969 -1979

Completion of
categories
and functors

internal categories |q | General sketches

Categories of sketched structures v v

Prototype, type

Construction of monoidal closed structures

a) Sketch theory

To obtain general theorems, the notion of a sketch must be restricted
to that of a category with (inductive and projective) cones, or even just
projective cones.

A given structure can be represented by several sketches. In a long
paper (1972) we complete a sketch into a prototype or a type to get a
more complete representation.

In the same paper, we study categories of sketched structures, in the
case of projective sketches (Guitart and Lair later generalized this to
mixed sketches), and describe monoidal closed structures on them.
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1969 -1979

Completion of
categories
and functors

Double categories

internal categories |q | General sketches

Categories of sketched structures v v

e

Multiple categories Prototype, type

Y

Construction of monoidal closed structures

b) Multiple categories

The last series of papers we wrote jointly concerns the
theory of multiple categories. It was terminated when we
were in the hospital during the last illness of Charles
(due to kidney failure). We describe two different
closures on the category of multiple categories.
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Charles died at home the 24 September 1979.
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After his death | edited his
complete works (7 volumes)
adding numerous comments to
clarify the terminology and add
more recent developments.

The first volume was published in
1980, just before the international
Conference dedicated to Charles
| organized in Amiens.

Later on, the University decided to give his name to the amphitheatre in
which to-day we commemorate his 100" birthday.
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