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EVERY SUFFICIENTLY COHESIVE
TOPOS IS INFINITESIMALLY
GENERATED

Matias Menni

Résumé. Un topos & est faiblement généré par une sous-catégorie C — &€
si le sous-topos extréme & — £ est le plus petit sous-topos de £ contenant
C — &. Si la sous-catégorie est constituée d’un seul objet, nous disons que £
est faiblement généré par cet objet. Par exemple, il est bien connu que chaque
topos est faiblement généré par son classificateur de sous-objets. Le présent
article est motivé par I’observation que certains ‘gros’ topos sont faiblement
générés par un objet qui a exactement un point. Afin de mieux comprendre
ce phénomene, nous abordons d’abord un probleme plus général. Nous con-
sidérons une topologie (Lawvere-Tierney) dans un topos £ et prouvons une
condition suffisante pour que le classificateur de sous-objets denses associé
génére faiblement £. Nous nous concentrons ensuite sur les morphismes
géométriques pré-cohésifs p : £ — S avec S Booléen. Nous montrons que si
le classificateur de sous-objets de £ est connexe (Sufficient Cohesion) alors
€ est faiblement généré par le classificateur de sous-objets ——-denses.

Abstract. A topos & is weakly generated by a full subcategory C — & if the
extreme subtopos £ — £ is the smallest subtopos of £ containing C — &. If
the full subcategory consists of only one object then we say that £ is weakly
generated by that object. For instance, it is well-known that every topos is
weakly generated by its subobject classifier. The present paper is motivated
by the observation that certain ‘gros’ toposes are weakly generated by an ob-
ject that has exactly one point. In order to better understand this phenomenon
we first address a more general problem. We consider a (Lawvere-Tierney)
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M. MENNI EVERY SUFFICIENTLY COHESIVE TOPOS IS ...

topology in a topos £ and prove a sufficient condition for the associated clas-
sifier of dense subobjects to weakly generate £. We then concentrate on pre-
cohesive geometric morphisms p : £ — & with Boolean S. We show that
if the subobject classifier of £ is connected (Sufficient Cohesion) then & is
weakly generated by the classifier of ——-dense subobjects.

Keywords. Topos theory, Axiomatic Cohesion.

Mathematics Subject Classification (2010). 18B25, 18F20, 03B99.

1. Weak generation

In [7], Lawvere recalls having read that “the basic program of infinitesi-
mal calculus, continuum mechanics, and differential geometry is that all the
world can be reconstructed from the infinitely small” and then proposes a
mathematical formulation of the idea that a topos may be generated by a sin-
gle object 7" “which in some of several senses is infinitely small. Of course
T’ is not just a single point; but it may have only a single point, or more gen-
erally the set of components functor may agree with the functor represented
by 1 on 7" and its products and sums”. This proposal is refined in Section VII
of [8] and we elaborate on that.

Recall that a geometric morphism s : £ — L between toposes is con-
nected if its inverse image s* : & — £ is full and faithful. In Section VII of
[8] the following concept is introduced.

Definition 1.1. Given a connected morphism s : £ — L of toposes, let j in
& be the strongest localness operator for which every s*Y (for Y in £) is a
j-sheaf. If j is actually the identity map on the truth-value space, then £ is
weakly generated by s.

In other words, £ is weakly generated by a connected s : £ — § if the
smallest subtopos containing the full subcategory s* : £ — & is the whole
of £. The next example is Proposition VIL6 in [8].

Example 1.2 (The topos of reversible graphs is weakly generated by loops).
Let M be the four-element monoid of endofunctions of a two-element set.
Collapsing the two constant maps in M determines a quotient morphism
of monoids M — N to a three-element m0n01d This quotient induces a(n
hyper-)connected geometric morphism s : M — N between the associated
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toposes of presheaves (see Example A4.6.9 in [5]). To prove that M is
weakly generated by s it is useful to picture the objects of M as ‘reversible’
reflexive graphs. Then s* : N — M is the full subcategory determined by
those graphs that only have loops. If we let A be the result of applying s* to
the standard generator of N then the exponentlal A“ contains the standard
generator I of M as a retract. Smce M has no proper subtoposes containing
I, M is weakly generated by s : M — N.

It seems clear that Section VII in [8] tacitly suggests the possibility of
a more general result. The purpose of the present paper is to prove such a
result. We will recall the relevant definitions but we will also assume that
the reader is more or less familiar with [8, 11]. For the moment, though, it is
convenient to generalize.

Definition 1.3. The topos & is weakly generated by a full subcategory C — £
if the identity £ — £ is the smallest subtopos containing C — £.

Of course, £ is weakly generated by a connected geometric morphism
s : & — L in the sense of Definition 1.1 if and only if £ is weakly generated
by the full subcategory s* : L — £. In particular, every topos is weakly
generated by itself.

Lemma 1.4. [fC is a small category and J is a subcanonical Grothendieck
topology on it then, Sh(C, J) is weakly generated by the restricted Yoneda
embedding C — Sh(C, J) if and only if J is the canonical topology.

Proof. Follows from the definition of canonical topology. [

On the other hand, the existence of non trivial subcanonical topologies
implies that the Yoneda embedding C — C need not weakly generate the
topos C of presheaves on C.

Any object X in the topos £ determines a full subcategory of £ with
exactly one object. If £ is weakly generated by this subcategory then we say
that £ is weakly generated by X .

Example 1.5 (Any topos is weakly generated by its subobject classifier). See
paragraph before Remark A4.3.10 in [5]. The argument suggested there is
that, since subtopos inclusions are exponential ideals, a subtopos containing
{2 must contain all power-objects. So the direct image of the subtopos is a
logical functor, and hence an equivalence (by A2.3.9 loc. cit.).
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The details of Example 1.2 show that the topos M of reversible graphs is
weakly generated by the object A which, incidentally, has exactly one point.

Example 1.6 (Johnstone’s topological topos is weakly generated by 2). Let
Y. be the full subcategory of Top determined by two objects: the terminal
and the one-point compactification N* of N. Let .J be the canonical topology
on ¥ so that 7 = Sh(X, J) is the topological topos introduced in [3]. We
claim that J is weakly generated by the discrete space 2 with two points. To
prove this let 7 : 7 — J be a subtopos containing 2. Then the Cantor-space
2N is also in the exponential ideal i, : F — J. It is not difficult to prove
that N1 is a retract of 2~ and, since retracts of sheaves are sheaves, we have
that N* is in F, so 7 : J — & is an equivalence because .J is the canonical
topology. (Concerning the proof that N is a retract of 2", one may do it
by exhibiting an explicit continuous retraction of the continuous injection
N* — 2N that sends n € N to the sequence that starts with 0 in the first n
positions and ends with an infinite sequence of 1’s. Alternatively, one may
invoke a more general result saying that every nonempty closed subset of 21
is a retract of 2. The original source of this result seems to be [16].)

As a corollary we may conclude that 7 is weakly generated by the full
subcategory p* : Set — J of discrete spaces. In other words, J is weakly
generated (in the sense of Definition 1.1) by the (connected) canonical ge-
ometric morphism p : J — Set. (One naturally wonders about geometric
morphisms p : £ — S such that £ is weakly generated by p*(£2s).)

There is a very explicit construction of the smallest subtopos containing
a fixed object (see, e.g., Proposition A4.5.15 in [5]). So it should be possible
to characterize those objects that weakly generate but, for our main result,
we are going to use a more direct strategy, suggested by the next observation
combining Example 1.5 and the argument in Example 1.6.

Lemma 1.7. Let £ be a topos with subobject classifier ). If there are objects
J and X, and a monomorphism Q0 — JX, then £ is weakly generated by J.

Proof. Let F — &£ be a subtopos containing J. Since subtoposes are expo-
nential ideals, JX is also in F. As () is injective, it is a retract of J* and
hence (2 is also in F. ]

In Section 2 we introduce the notion of substantial object and prove a
sufficient condition for such an object to weakly generate. In Section 3
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we restrict attention to the case where the substantial object is the clas-
sifier of dense monos determined by a subtopos. The sufficient condition
proved in Section 2 naturally leads to the consideration of the double nega-
tion (Lawvere-Tierney) topology. The main result in this section shows
that, for this topology, substantiality is enough to weakly generate. As a
side remark motivated by the results in Section 3 we prove, in Section 4,
what seems to be a folklore result characterizing the quasi-closed topologies
whose associated sheafification functors preserve the subobject classifier. In
Section 5 we incorporate, into the general context of a subtopos, a left adjoint
to sheafification. In this case, we obtain a sufficient condition for substantial-
ity and therefore a sufficient condition for weak generation in certain cases.
In Section 6 we address the original motivating context and prove that ev-
ery sufficiently cohesive topos over a Boolean base is weakly generated by
its subcategory of ‘Leibniz’ objects. In Section 7 present a characterization
(due to an anonymous referee) of substantial objects in toposes. This char-
acterization may be applied to give simple characterizations of presheaf and
spatial toposes whose classifiers of =—-dense subobjects are substantial. In
the final section we briefly discuss some elementary remarks that may be
relevant for future work.

2. Substantial objects

Let £ be a category with finite products and initial object 0.

Definition 2.1. An object J in & is substantial if the following two condi-
tions hold:

1. J is well-supported, in the sense that the unique J — 1 is a regular
epimorphism.

2. For every object Y in &, if the projection 7y : Y x J — Y is an iso-
morphism then Y is initial.

Let us state the following simple fact as a proposition in order to em-
phasize that Definition 2.1 is consistent with the idea of a ‘non subterminal’
object.

Proposition 2.2. If J is both substantial and subterminal then the unique
0 — 1 is an isomorphism.
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Proof. If J is well-supported and subterminal then the projection 1 x J — 1
is an isomorphism. So, if J is also substantial, then 1 is initial. O

Consider the following simple source of examples.

Lemma 2.3. Assume that 0 is strict initial in E. If J has two disjoint points
then J is substantial.

Proof. Since it has a point, J is certainly well-supported. Also, by hypothe-
sis, there are points L, T : 1 — J such that the following diagram

is an equalizer. If the projection 7y : Y x J — Y is an iso then, as the dia-
gram on the left below commutes,

(id, T T

Y Y xJ vy y 17 g
(id, L1 1L

it follows that the diagram on the right above commutes. So !:Y — 1
factors through ! : 0 — 1. Since 0 is strict by hypothesis, the factorization
Y — 0is an iso. O

For instance, 2 = 1 4 1 is substantial in any extensive category with fi-
nite products. Similarly, the subobject classifier in any topos is substantial.
We will be mainly interested in pointed substantial objects.

Let us assume from now on that £ is a topos and fix a pointed object
T :1 — J therein. The rest of the section is devoted to prove a sufficient
condition, involving substantiality, for J to weakly generate €.

Any subobject w : W — X determines the following two subobjects

wXx T wxJ

Wxl—XxJ WxJ—XxJ

of X x J. So, given two subobjects v : U — X and v : V — X of X, we
may consider the subobjects

vXxJ

Ux120 x xJ VxJ2 x « T
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and also their join

(uxT)U(vx J)

X xJ

(Ux1)u((V xJ)

as subobjects of X x J. Of particular interest for us will be the case where
v = —u : 7U — X. The resulting subobject

(ux TYU((~u) % J)

(Ux1)U(=U x J) X xJ

will be denoted by Wu : WU — X x J. (It seems worth observing that in
this case the two relevant subobjects of X x .J are disjoint so the subobject
W of X x J coincides with the unique map

[uxT,(—~u)x J]: (Ux1)+(=UxJ)—= X xJ
from the coproduct (U x 1) 4+ (=U x J).)

Lemma 2.4. If J is substantial then for any pair of subobjects u : U — X
andv :V — X, u = v as subobjects of X if and only if Vu = Vv as subob-
jects of X x J.

Proof. One direction is trivial (and does not need substantiality). For the
other it is enough to prove that Vu = Wov implies v < w. First let us pull back
the subobject Wu of X x J along (V N-U) x J — X x J. The square
below is easily seen to be a pullback
0=0x1=(WVnNnEU)NU)x1—Ux1
!:(vﬁ(ﬁu)ﬂu)XTl luXT

—/
(VNn=U) x J—>(vﬁ(ﬂu))><(] X xJ
and, since v N —~u < —w, the square below

(VN (U) % J———— U x J

idl l(ﬁu)x‘]

(VA-U)xJ— X xJ
(vN(—w))xJ
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is also a pullback. As pulling back preserves joins we may conclude that the
following square

(VAU % J QU

f o

Vn-U)xJ——XxJ
(vN(—u))xJ

is a pullback. A similar argument implies that the following diagram

(VAU X1 — WV

1d X Tl l‘l’v

(VNn=aU)x J————X x J
(vN(—u))xJ

is a pullback so, if Yu = Wv then the object (V N (=U)) x J is isomor-
phicto (V N (=U)) x 1over (V N =U) x J which means that the projection
(VN (=U)) x J— VN (=U) is an isomorphism. Since J is substantial we
may conclude that V N (=U) = 0.

Now we pullback Wu along v x J:V x J — X x J. The following
two squares are clearly pullbacks

UNV)x1—sUx1 (VA-U) % J—s U x J
(uﬁv)XTl lux—l— (’Um(_\'u,))XJJ/ lﬂuXJ
VXJTXXJ VXJTXXJ

so, together with the fact that V N (=U) = 0, established in the previous
paragraph, we obtain that the square on the left below

UNV)x1——WU Vx1l——UV
(uﬂv)XTl J/\I/u UXTl J(\I!v
VXJTXXJ VwaXxJ

is a pullback. A simpler calculation shows that the square on the right above
is a pullback so, if Wu = Wv then (UNV) x 1 and V x 1 are isomorphic
over V' x J. Therefore, u N v = v and hence, v < w as subobjects of X. []

-10 -
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The subobject T : 1 — 2 determines VT : W1 — ) x J or, more ex-
plicitly,
(TxT)u(LxJ)

(Ix1)U(lxJ) X xJ
where, as usual, 1 : 1 — 2 is the Heyting complement of T : 1 — (2.

Lemma 2.5. If J is substantial then, for any subobject v : U — X there
exists a unique map X, : X — €1 such that the following diagram

vy — V1

w| o

XX J—QxJ
Xu X J
is a pullback. Moreover, this x, : X — €) is the characteristic map of the
subobject u.

Proof. To prove existence consider the characteristic map y, : X — €2 of
the subobject u of X. Since pulling back preserves unions, it is enough to
check that the following two squares are pullbacks

Ux1—>2 1x1 (ﬂU)xJ!X—J>1><J

uXTl lTXT (ﬁu)xJJ/ IJ_XJ

XX J—QxJ XxJ—QxJ
XuXJ XuXJ

but this follows because products of pullbacks are pullbacks. Notice that
substantiality is not needed for this.

To prove uniqueness, let x.,, x, : X — {2 be two maps, say, characteristic
of the subobjects u : U — X and v : V — X respectively. Assume that Y,
and y, pull T : U1 — € x J to the same thing; that is, Yu = Wv. Then,
as J is substantial, Lemma 2.4 allows us to conclude that © = v as subobjects
of X. Therefore, x, = Xo. [

If J is not substantial then the uniqueness part of Lemma 2.5 does not
hold. For example, if £ is Boolean and J = 1 then any two maps X —
induce (in the way described above) the same subobject of X x J = X.

We now give a sufficient condition for the pointed object J to weakly
generate the topos &.

-11 -
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Proposition 2.6. Let T : 1 — J be a pointed object. If J is substantial and
there is a map x : Q) X J — J such that the following diagram

Ul ——1

"t

QXJTJ

is a pullback then £ is weakly generated by J.

Proof. By Lemma 1.7 it is enough to prove that the transposition ¢ : 2 — J”
of y is mono. Let g, h : X — Q be such that t.g = th : X — J”’. Then

gxJ
XxJTJQxJL%JJxJ v
X

X

commutes so that (g x J) = x(h x J) : X x J — J. By hypothesis, the
map x pulls the point T : 1 — J back to the subobject U'T : W1 — € x J,
sogx J,hxJ: X xJ— Q x Jpullback this subobject to the same sub-
object of X x J. Lemma 2.5 implies that g = h. [

In the next section we discuss a context where the hypotheses of Propo-
sition 2.6 may naturally hold.

3. Substantial classifiers of dense subobjects

The relation between subtoposes and universal closure operators is well-
known. Let us briefly recall some relevant facts. Fix a subtopos ¢: S — &
with unit 0 : Ide — c.c*. For any subobject u : U — X in &, its closure
% : U — X is defined by declaring the left square below

U——c.(c*U) J ——c,(c1)
uJ{ J]m(c*u) Jl lc*(C*T)
X ——c(cX) Q——cu(cQ)

-12 -
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to be a pullback in £. In particular, the closure of the subobject classifier
T:1—Qin & is denoted by j : J — 2 as on the right above. It follows
that there exists a point T : 1 — J such that the following diagram

Ny

Q

1

—

commutes. The resulting point T : 1 — J is dense and it classifies dense
subobjects (see Exercise V.1 in [12] or the paragraph following A4.4.2 in
[5D.

Consider the subobject

TT=[TxT,LxJ]

Ul=(1x1)+(1x.J) O xJ

introduced before Lemma 2.5. At least part of the following result seems to
be folklore.

Lemma 3.1. With the notation above, the following are equivalent:
1. The subobject VT : U1 — Q) x J is dense in &.
2. Themap [¢*T,c*L]: 14+ 1 — ¢*Qis an isomorphism in S.

3. The reflection c¢* : £ — S preserves the subobject classifier and S is
Boolean.

Proof. The functor ¢* : £ — S appliedtothemap T x T :1x1—Q x J
results in the subobject ¢* T x ¢*T : 1 x 1 — (¢*Q) x (¢*J) which is essen-
tially just ¢*T : ¢*1 — ¢*Q). On the other hand, ¢* : £ — & applied to the
subobject 1. x J : 1 x J — € x J results in the subobject

(" L) x (¢"J): (c"1) x (¢ T) = (¢"Q) x (" J)

which is just ¢* L : ¢*1 — ¢*€). Therefore, ¢* applied to the whole subob-
jectis just [¢* L, c*T]: 1+ 1 — ¢*Q. It follows that the first two items are
equivalent.

The third item trivially implies the second. To complete the proof let 7 be
the Lawvere-Tierney topology determined by the subtopos S — £ and recall

-13-
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that the subobject classifier of S may be constructed in £ as the equalizer
Q; = Qofid,j: Q2 — Qin &. Clearly, the point T : 1 — (2 factors through
(2; — Q and it is well-known that the resulting point T : 1 — (2, classifies
closed monos. In particular, let y : 1 — €2, be the classifier of the closure
0 — 1of!:0— 1. Since 0 — 0 is dense, the following diagram commutes

c*x
'l —=c*Q)

AN

c*

in § = &,. Therefore, [¢*T,c*L]: 1+ 1 — ¢*() factors through the mono
Q; =c*Q; = c*Qin S. So, if the second item holds, then the monomor-
phism €2; — ¢*) is an isomorphism, and S is Boolean. [l

Subtoposes ¢ : S — £ such that ¢* : £ — & preserves the subobject clas-
sifier are studied in Proposition A4.5.8 in [5]. Those such that S is Boolean
are the quasi-closed ones (see Lemma A4.5.21 loc. cit.).

Proposition 3.2. Let ¢ : S — & be a subtopos such that S is Boolean and
c* : £ — S preserves the subobject classifier. Let T : 1 — J be the classifier
of dense subobjects. If J is substantial then it weakly generates &.

Proof. Under the present hypotheses, Lemma 3.1 implies the existence of a
unique morphism x : {2 X J — J such that the following diagram

Ul —1

o &

QXJTJ

is a pullback, so we can apply Proposition 2.6. [

For the reasons explained in Section 4 of [11] we are mainly interested
in dense subtoposes (equivalently, those topologies that satisfy j0 = 0). The
only dense quasi-closed topology is that determined by | : 1 — 2. That
is, the double-negation topology. Moreover, as observed in Example A4.5.9
in [5], the inverse image of £ — & preserves the subobject classifier. So
we may conclude that, £, — & is the only dense subtopos satisfying the
conditions in Lemma 3.1.

-14 -
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Definition 3.3. A topos & is perfect if its =—-dense subobject classifier is
substantial.

The motivating case that led to Proposition 3.2 may now be stated as
follows.

Corollary 3.4. If the topos £ is perfect then it is weakly generated by the
classifier of ~—-dense subobjects.

It is possible to characterize perfect presheaf and spatial toposes directly,
but the task is drastically simplified by a characterization of substantial ob-
jects in toposes suggested by an anonymous referee. We present this char-
acterization and its applications in Section 7, which is fairly self contained,
so the reader should find little trouble in reading it at his point if he wishes
to do so. Incidentally, the ‘perfect’ terminology is justified by one of the
applications. On the other hand, I don’t know if the characterization by the
referee may be applied to give a different proof of our main result. In any
case, before continuing the path to the latter result, we briefly comment on a
problem suggested by Lemma 3.1.

4. Regular elements

The third item of Lemma 3.1 suggests the problem of characterizing the
quasi-closed topologies j such that the sheafification functor & — &; pre-
serves the subobject classifier. In this short section I give a solution that I
learned from Rodolfo Ertola who provided a proof using Natural Deduction.
Martin Hyland later informed me that a topos-theoretic argument (explained
below) was known to Peter Johnstone already in 1973.

Let j be a topology in a topos &£ and let £; — £ be the associated subto-
pos. Proposition A4.5.8 in [5] shows that sheafification & — &; preserves
the subobject classifier if and only if

(Jyid

O— 9 o 02,0
| |
1 . QO

-15 -
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commutes. Also, recall that j : 2 — €0 is quasi-closed if it is a composite of
the form

0 fidh

idx (u,u

Ox] T v ax0—=" 00250

for some v : 1 — ). If U — 1 is the subterminal classified by u then the
associated quasi-closed topology is denoted by ¢(U) as in [5].

Proposition 4.1. For every subterminal U — 1, the sheafification functor
& — &) preserves the subobject classifier if and only if =—U = U.

Proof. For brevity, let j = ¢(U) and notice that j | = u where u: 1 — (2
is the classifying morphism of the subterminal U. If & — &£; preserves the
subobject classifier then T < j(jL = 1) = j(—u), which is equivalent to
—u = u < u. Since -—~u < —~u = u, we may conclude that ——u < u.

On the other hand, the topos-theoretic proof of the converse goes as
follows. First, recall that every geometric inclusion £ — £ has a unique
dense/closed factorization that may be described as

Ej — Eefext(y)) — €

where extj is the exterior of j so that c(extj) is the closure of j. See A4.5.19
and A4.5.20 in [5]. In particular, for j = ¢(U), we have c(ext(j)) = ¢(U)
and the factorization

5q(U) —_— gc(U) —_— 8

identifies £y with (€, 1))--. See the paragraph before A4.5.21 in [5].
Now, if U = =V then the closure of o(V') is

clext(o(V))) = ¢(=V) = ¢(U)
so we have a dense inclusion &,y — &) and then the composite
(Eov))—— = Eov) = Eeuy

is a Boolean dense subtopos of &), so it must coincide with the subtopos
Equy = (Equy)-- = Equy. Therefore, the sheafification £ — ) is the
composite of two sheafifications (for o(V') and ——) which are both known
to preserve the subobject classifier. [

In other words, & — &1 preserves the subobject classifier if and only
if U is regular.
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5. A characterization of discrete objects

In this section we give a sufficient condition for the classifier of dense monos
determined by an essential subtopos to be substantial. We state the results
using the notation for centers of local morphisms in order to suggest the
motivation. Let ¢ : § — £ be an essential subtopos and denote the counit of
a ¢ by fx ra(c*X) —» X.

Lemma 5.1. A subobject v : U — X in & is dense (w.r.t. the subtopos c) if
and only if the counit B : ¢\(c*X) — X of ¢ - ¢* factors through u.

Proof. If c*u : ¢*U — ¢*X is an isomorphism in S then the transposition
a(c*X) — U of the inverse (c*u)™':c¢*X — x*U shows that the counit
B :a(c*X) — X factors through w : U — X. On the other hand, if there
exists a morphism v : ¢;(¢*X) — U such that uv = 5 : ¢(¢*X) — X then
(c*u)(c*v) = *p : ¢*(a(c¢* X)) — ¢*X and so the mono c*u is also split
epic. 0

Recall that if we let the square on the left below be a pullback

J —— c,(c1) 1—=J
jl J,C*(C*T) x lj
Q. (cQ) QO

where 7) is the unit of ¢* + ¢, then the evident factorization T : 1 — .J on the
right above is the classifier of dense monos.

Lemma5.2. Ifc, : S — & preserves finite products and the counit [3 is monic
then, for any object X in &, the following are equivalent:

1. The counit 3 : ¢/(c*X) — X is an isomorphism.
2. There exists a unique map X — J.
3. c(J%) =1

Proof. 1If ¢*(JX) = 1 then there exists a unique map 1 — ¢*(J*)in S. Since
c : § — & preserves terminal object, there exists a unique map X — J. If
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this is the case then, as ( is monic, Lemma 5.1 implies that 5 : ¢;(¢*X) — X
and id : X — X must coincide. It remains to show that the first item implies
the third. Since the functor ¢; : S — & preserves finite products, the adjunc-
tion ¢; 4 ¢* is enriched. So, forany Sin S, ¢*(J*%) = (¢*J)* =1 =1. O

An object X in & satisfying the equivalent conditions of Lemma 5.2 will
be called discrete. Notice that the second and third items of Lemma 5.2 only
involve the subtopos ¢* - ¢, : § — &£ so the lemma suggests a definition of
‘discrete object’” in & relative to a subtopos. For example, the next lemma
only needs the subtopos.

Lemma 5.3. For every X in &, ifmy : X x J — X is an isomorphism then,
foreverymapY — X, Y is discrete.

Proof. Since 1y : X x J — X is an isomorphism by hypothesis, for every
object Y in £ and every map f : Y — X there exists a unique g : Y — J
such that 7 (f, g) = f. In other words, the existence a map Y — X implies
the existence of a unique map ¥ — J. By Lemma 5.2, such a Y is discrete.

O

So, assuming that the leftmost adjoint ¢, preserves finite products, if
o : X X J — X is an iso then X is discrete and not only that but also every
map with X as codomain has discrete domain.

Proposition 5.4. Assume that ¢, : S — & preserves finite products and that
the counit [ is monic. If, for every A in S, c/A x ¢,2 discrete implies A
initial, then J is substantial.

Proof. Assume that my : X x J — X isaniso. Lemma 5.3 implies that X is
discrete, say X = ¢ A. Also by Lemma 5.3, the projection c;A X ¢,2 — ¢ A
has discrete domain. By hypothesis, A is initial and so, X = ;A = ¢,0 = 0.

O

For example, if we let J be the topological topos then the canonical
geometric morphism p : J — Set is local so Proposition 5.4 applied to the
center of p shows that 7 is perfect. (A different proof of this fact will be
presented in Section 7.) By Corollary 3.4, the topological topos is weakly
generated by an object with only one point.

Another application of Proposition 5.4 is discussed in the next section.
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6. The case of pre-cohesive toposes

Recall that a geometric morphism p : £ — S is called pre-cohesive if the
adjunction p* - p, extends to a string of adjoints p, - p* - p, 4 p' such that
p*,p' : S — & are full and faithful, p, : £ — S preserves finite products and
the canonical natural transformation @ : p, — p is epic. This last condition
is called the Nullstellensatz. (Alternatively, in the standard terminology, it
is a local, hyperconnected and essential geometric morphism whose left-
most adjoint p; preserves finite products. In this form, the Nullstellensatz
corresponds to hyperconnectedness, see [6].) We may also say that £ is pre-
cohesive over S.

For example, let C be a small category with terminal object. Then, the
canonical geometric morphism p : C — Set is pre-cohesive if and only if
every object of C has a point [6]. Further examples of pre-cohesive geometric
morphisms may be found in [14, 13].

A pre-cohesive p : £ — S is called a quality type if 6 : p, — p, is an iso.
For instance, let C be a small category such that every object has a point so
that p : C — Set is pre-cohesive. Then p is a quality type if and only if every
object has exactly one point [13].

Let p: £ — S be pre-cohesive. An object X in & is called connected
if p X = 1. A pre-cohesive p : £ — S will be called sufficiently cohesive if
the subobject classifier €2 of S is connected. We may also say that Sufficient
Cohesion holds fo/g p. For example, if C is small, has a terminal object and
the canonical p : C — Set is pre-cohesive then, p is sufficiently cohesive if
and only if some object of C has two distinct points [14].

The pre-cohesive p : £ — § is said to satisfy Connected Codiscreteness
(CC) if for every A in S, the unique py(p'A) — 1 is mono. If S is De Mor-
gan then CC is equivalent to Sufficient Cohesion (Corollary 6.6 in [11]).
In general, CC implies Sufficient Cohesion but we don’t know if the con-
verse holds. Intuitively, these two conditions say that points and pieces are
different concepts; in contrast to what happens in quality types. A precise
statement is the following strengthening of Lemma 6.3 in [11].

Lemma 6.1. Letp : £ — S be pre-cohesive and satisfy CC. For every object
AinS, if 0,4 : p(p'A) — pi(p' A) is an isomorphism then A is subterminal.
Therefore, if p : £ — S is a quality type satisfying CC then S is inconsistent.
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Proof. Since p' : S — & is full and faithful, the counit €4 : p,(p'A) — A is
an iso. Then the composite

A5 p.(pA) o p(pA) — 1

is mono, because 0, 4 is an isomorphism and p, (p!A) — 1 is monic by CC.
If p is a quality type then € is an iso so, in this case, for every A in S, the
unique map A — 1 is mono. O]

Let p : £ — S be pre-cohesive. The counit of the adjunction p* - p, will
be denoted by 3 : p*p, — Idg. As in Section 5, an object X in & is called
discrete if the counit 3 : p*(p,X) — X is aniso. Also, let T : 1 — .J be the
classifier of dense monos determined by the subtopos p, 4 p' : S — £.

Theorem 6.2. [f the pre-cohesive p : £ — S satisfies CC then J is substan-
tial.

Proof. We apply Proposition 5.4 to the subtopos p, 4p' : S — £. So let A
be an object in S and assume that p* A x p'2 is discrete in £. That is, the
counit 3 : p*(p.(p*A x p'2)) — p*A x p'2 is an iso. Since the functors p,
and p* preserve products, it follows that

% % % | BxpB " |
P (p«(p*A)) X p*(p«(p2)) —————p A x p2

is an iso. Since p* and p' are fully faithful the unit o : Ids — p,p* and counit
€ : p«p* — Idgs are isos so the composite

* * *Oé *671 % * * /B /B %
prA X p2 LT (. (p*A)) X pH(pa(p'2)) — s p* A X p'2

is also an iso. The composite 3(p*e~!) : p*2 — p'2 may be denoted by ¢
so the product id x ¢ : p*A x p*2 — p*A x p'2 above is an iso. Since the
leftmost adjoint p; : £ — & preserves finite products, the map

idXpy 1
ppA) x pi(p*2) — 22 pi(p* A) x pi(p'2)
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is an iso. Since p* is full and faithful the counit 7 : pip* — Ids is an iso.
Then, the composite below

Ax 2" (prA) X p(p*2) — =P8 (pr A) x pi(p'2)

lﬂ'xid

)
e O »(p'2)

idx ((prg)7

is an iso. Finally, since CC holds, p'2 is connected (i.e. pi(p'2) = 1) so the
projection A x 2 — A is an iso. As 2 is substantial by Lemma 2.3, A is
initial. 0

Notice that the converse does not hold as exemplified by the presheaf
examples whose site satisfy that every object has exactly one point.
We can now prove one of the main results of the paper.

Corollary 6.3. Let p: £ — S be pre-cohesive and S be Boolean. If p is
sufficiently cohesive then £ is weakly generated by the classifier of ~—-dense
subobjects.

Proof. By Corollary 4.5 in [11], the subtopos p, 4 p' : S — & coincides
with £ — £. By Corollary 6.6 loc. cit., Sufficient Cohesion is equivalent
to CC. Theorem 6.2 implies that the classifier of dense monos is substantial.
(In other words, £ is perfect.) So the result follows from Corollary 3.4. [

Now that Corollary 6.3 is proved, it may be interesting to briefly recall
the conversation that motivated it. During a meeting at Oaxaca in 2015 orga-
nized by F. Marmolejo, Lawvere envisaged a “new principle of logic” which
is simply that the truth-value object would have the property that the only j-
operator for which the top blob around true is a sheaf, is the identity. In other
words, that the blob weakly generates the topos. In the context of a cohesive
topos p : £ — S, the ‘blob around true’ is the vertex of the pullback

J——p'(ps1)
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because it is the largest subobject of () that collapses to the top point in the
codiscretization p'(p,£2) of Q. Deprived of this specific geometric intuition,
J may be identified with the codomain of the classifier of dense monos of
the subtopos p, 4 p' : S — £. Now, some non-triviality condition seemed
needed in order to prove weak generation. Working out the details in the
topos of reflexive graphs led to the idea of substantiality. In this way, the vi-
brant picture of an ‘infinitesimal blob around the truth’ generating the whole
topos, became a cold proof that certain classifiers of dense monos are sub-
stantial and therefore weakly generate. The fact that Sufficient Cohesion
implies substantiality of the relevant object connects the motivating idea and
the end result. It is likely that the proof may be improved, but it is more
tempting to pursue the new principle.

As suggested in the introduction we also want to show that every pre-
cohesive topos as in the statement of Corollary 6.3 is weakly generated by a
canonical quotient topos. We quickly discuss this quotient.

Let p : £ — S be pre-cohesive. Denote by s* : £ — &£ the full subcate-
gory consisting of those X in &£ such that p, X — p, X is an iso. Roughly
speaking, the objects of L are those such that every piece has exactly one
point. Objects in L are called Leibniz spaces in [10] where it is also sug-
gested that these objects ‘look like clouds of Leibnizian monads’. Roughly
speaking each connected component in a Leibniz space consists of exactly
one point together with some ‘infinitesimals’ around it. The following is a
strengthening of Theorem 2 in [8].

Theorem 6.4. The category L is a topos and the inclusion s* : L — £ is the
inverse image of an essential geometric morphism.

Proof. As suggested above, most of this result is proved in Theorem 2 in [8].
Observe that the Continuity condition is not required for the construction
of the left adjoint s, : £ — L suggested in the last sentence of the proof
there. On the other hand, the existence of the right adjoint to s* rests on the
assumption that £ is has enough small limits. So, to complete the proof of
the present result, it is enough to exhibit an elementary construction of the
direct image s, : £ — S. We leave it to the reader to prove that the top map
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in the following pullback

P (pX) —= ' (pX)
is the counit of s* - s,, where 1 : X — p'(p,X) is the unit of p, 4 p' and
¢ : p* — p' is the canonical natural transformation from discrete to codis-
crete. (Details and examples if this construction are the topic of joint work
with F. Marmolejo to appear elsewhere.) [

Lawvere calls s, : £ — L the canonical intensive quality (of p). He says
that £ is infinitesimally generated if £ is weakly generated by s : & — L.
See Proposition 6 in [8].

Corollary 6.5. Let p: £ — S be pre-cohesive and S be Boolean. If p is
sufficiently cohesive then & is infinitesimally generated.

Proof. As T : 1 — Jisdense, p.J =1 and, since 0; : p.J — pJ is epi, it
is an iso. In other words, .J is in L. So the result follows from Corollary 6.3.
O]

Using the results in [11] we may conclude that if p : £ — & is cohesive
and sufficiently cohesive then £ is infinitesimally generated. In contrast,
notice that if p : £ — S is a quality type then s* : £L — &£ is an equivalence
so, in this case, £ is trivially infinitesimally generated.

7. A characterization of substantial objects in toposes

In this section we present a characterization of substantial objects in toposes
proposed by an anonymous referee, together with some applications. Let £
be a topos.

Proposition 7.1. If J is a well-supported object in £ then the following are
equivalent:

1. J is substantial.

-23-



M. MENNI EVERY SUFFICIENTLY COHESIVE TOPOS IS ...

2. For every subterminal U, if mo : U x J — U is an isomorphism then
U is initial.

3. The only open subtopos f : F — & such that f*J = 1 is the degener-
ate one.

Proof. To prove that the first two items are equivalent let the following
squares be pullbacks in £

YxJ—UxJ——J

1A

Y U 1

where the bottom line is the epi/mono factorization of the unique ¥ — 1.
Since & is regular as a category, my : Y x J — Y is an isomorphism if and
only if mg: U x J = U is.

To prove that the second and third items are equivalent let U — 1 be
monicin & andlet f : £/U — £/1 = £ be the induced open subtopos. Then
f*J =1ifand only if 7y : U x J — U is an isomorphism. [

The following variant is also worth noting.

Corollary 7.2. If T : 1 — J is a pointed object in & then, J is substantial if
and only if the only open subtopos f : F — & such that f*7T is an iso is the
degenerate one.

Proof. By Proposition 7.1 and the fact that f*.J = 1 if and only if f*T is an
iso. [

The referee also suggested that there may be a worthwhile connection
with the following concept introduced in [2]: a monomorphism m : U — X
in & is strict if the only subtopos f : F — & such that f*m is an isomor-
phism is the degenerate one. It is then obvious, by Corollary 7.2, that if
T :1 — J is strict in the sense of Jibladze then J is substantial. Also, it
is not difficult to prove that if J has a point disjoint from T : 1 — J then
T 1s strict; giving an alternative proof of Lemma 2.3 in the case that the
underlying category is a topos.

The following is also due to the referee.
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Corollary 7.3. A topos & is perfect if and only if the only open Boolean
subtopos of £ is the degenerate one.

Proof. Let T : 1 — J be the classifier of =—-dense monos. By definition, £
is perfect if and only if J is substantial. In turn, this is holds if and only if,
the only open subtopos £/U — £ such that U*J = 1 is degenerate (Propo-
sition 7.1). Since U*/J is the classifier of =—-dense monos in £/U, U*J =1
implies that £/U is Boolean. O

Corollary 7.4. If a topos £ is 2-valued then, & is perfect if and only if it is
not Boolean.

Corollary 7.4 points at the following.

Corollary 7.5. Let S be a 2-valued topos and let p : £ — S be a hypercon-
nected geometric morphism. Then & is perfect if and only if it is not Boolean.

Proof. Since p is hyperconnected the induced p* : Subs(1) — Subg(1) is an
isomorphism. 0

In particular, Corollary 7.4 gives another proof that the topological topos
[3] is perfect. Compare with the paragraph following Proposition 5.4.

I characterized the perfect presheaf toposes but we give here an improved
statement and the proof suggested by the referee.

Proposition 7.6. For any small category C, Cis perfect if and only if every
object is the codomain of a non-invertible map.

Proof. An object C' in C will be called strict if every map with codomain
C'is an iso. Let Cy — C be the full subcategory determined by the strict
objects. It is clearly a sieve in C and so, by Example A4.5.2 in [5], the
inclusion Cp — C determines an open subtopos Co — C. Moreover, since Co
is a groupoid, Cy is Boolean by A1.4.2 in [5]. 0

For instance, if C has a strict initial object then C is not perfect. On the
other hand, notice that the hypotheses of the next result simply require that
the canonical geometric morphism C — Set is pre-cohesive [6, 13].

Corollary 7.7. Assume that C has a terminal object and that every object
has a point. Then C is perfect if and only if C has a non terminal object.
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In other words, for p as in Corollary 7.7, /:[he classifier of dense monos
determined by the subtopos p, - p' : Set — C is substantial if and only if p
is not an equivalence.

Also, if C has a terminal object, every object of C has a point and some
object of C has (at least) two points then C is perfect. So, if the pre-cohesive
C — Set is Sufficiently Cohesive [14], then C is weakly generated by the
classifier of =—-dense subobjects. This is the presheaf case of Theorem 6.2.

As a further by-product of the characterization of substantial objects in
toposes, we characterize perfect spatial toposes.

Corollary 7.8. For any spatial locale X, Sh(X) is perfect if and only if X
has no isolated points.

Proof. Let U be open in the space X and consider the associated open subto-
pos Sh(U) = Sh(X)/U — Sh(X). It is well-known that Sh(U) is Boolean
if and only if U is discrete (C3.5.3 in [5]). So Sh(U) — Sh(X) is degenerate
if and only if U is empty. [

Johnstone observes in Section 3.6 of [4] that there exists a largest open
Boolean subtopos of £. The associated subterminal may be defined as the
interior of the ——-topology. He calls it the Boolean core of £. It follows that
& is perfect if and only if its Boolean core is degenerate. Explicit calculations
of Boolean cores would make this observation immediately applicable.

It seems also relevant to recall that £ is scattered if the subtopos £, — &£
is open (see [1]). Corollary 7.3 makes it clear that scattered and perfect are
opposite concepts in the sense that: & is scattered and perfect if and only if
£ is degenerate.

The concepts of substantial object (in a topos), of strict mono, and of
weak generation are all of the same form: a certain naturally defined class of
subtoposes is actually trivial in some sense (i.e. collapses to the degenerate
subtopos or collapses to the whole subtopos). Moreover, one of our main
results says roughly that if an object is substantial then it weakly generates.
In other words, if certain class of subtoposes is trivial in one sense then a
different class of subtoposes is trivial in the opposite sense. Perhaps there
is room for a more general treatment of these ideas by considering subob-
jects of Q! (alternatively, maps Q2 — Q) and studying what happens when
certain such subobjects reduce to certain special points.
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8. An explicit retraction J/ — ()

Let £ be a topos. Define J — (2 by declaring that the square on the left

below
-

—1 1——J
RN

is a pullback. As before we let T : 1 — J be the unique map such that the
triangle on the right above commutes. Also, let us denote the transposition
of the identity by 7 : 1 — J7 and let p : J/ — € be the unique map such
that the following diagram
1 1
zl lT

J

_—

is a pullback. We show below that, if .J is substantial, then p is a retraction
for the map ¢ : Q — J” defined in Proposition 3.2.

Lemma 8.1. The diagram below

commutes.

Proof. Simply transpose and calculate the associated dense mono. In more
detail, the diagram below

1x 120 (1 1) + (1 x J) 1

idel [TXT\:,/LXJ} lT

Lx J————Qx ] —" s ] x ] -5 ]
X
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is a pullback. Indeed, the rectangle on the right is a pullback by the definition
of ¢ (see Proposition 2.6). To show that the square on the left is a pullback it
is enough to calculate the pullbacks below

Ix1——>1x1 0——1xJ
idel lTXT !l lJ_XJ
1XJT—><J)QXJ 1XJT—XJ>QXJ

so the bottom composite of the rectangle in the beginning of the proof must
be the projection 1 x J — J. O

We can now prove the promised result.

Proposition 8.2. If J is substantial then p: J’ — Q is a retraction for
L Q= J.

Proof. If J is substantial then ¢ : 2 — J” is mono. Consider now the proof
of injectivity of €2 in Proposition IV.10.1 in [12]. In order to extend the
horizontal map below

04,0
JJ

along the vertical one, one must proceed as follows. Calculate the subobject
of (2 classified by the top map (which is T : 1 — €2) and compose it with
the vertical map to obtain the subobject ¢ T : 1 — J7. Its classifying map
J7 — Q is the desired extension. By Lemma 8.1, the composite subobject
is 1 : 1 — J7, so the extensionis p : J/ — Q. O

By Lemma 2.5 the rectangle below
Ix)+(KxJ)—(1x1)+(1xJ)—>1

[1 xT,ka]l [TXTJ:LXJ} lT

J x J OxJ—J
pxJ X

is a pullback, where k : K — J is the Heyting complement of 7 : 1 — J.
So we could have defined the endomorphism e = 1p : J/ — J7 directly as
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the transposition of the classifying morphism .J/ x J — .J of the subobject
[1 x T, kxJ:(1x1)+ (K xJ)— J’ x J. The discussion above im-
plies that if J is substantial then e is idempotent. On the other hand, e may
have some significance in a broader context.

The broader significance of the monoid J7 and its submonoid of Euler
reals [9] will have to be studied elsewhere. It is suggestive that the object
J 1s the ——-closure of a point in a rig, just as the object of ‘infinitesimals’
considered in [15].

Acknowledgments

The results presented here were motivated by discussions with F. W. Law-
vere and F. Marmolejo during a meeting at Oaxaca (México) in 2015, orga-
nized by Marmolejo. I thank both of them for their generosity. I also thank
R. Ertola and M. Hyland for sharing the result in Section 4. The charac-
terization of substantial objects in toposes proposed by an anonymous ref-
eree is much appreciated. The suggestions of another referee, perhaps the
same one, helped to improve the original presentation of the results in Sec-
tion 2. Finally, much of the work was done during a visit to the Universita
di Bologna in 2017, with the support of C. Smith and funding from the Eu-
ropean Union’s Horizon 2020 research and innovation programme under the
Marie Sktodowska-Curie grant agreement No. 690974.

References

[1] L. Esakia, M. Jibladze, and D. Pataraia. Scattered toposes. Ann. Pure
Appl. Logic, 103(1-3):97-107, 2000.

[2] M. Jibladze. A presentation of the initial lift-algebra. J. Pure Appl.
Algebra, 116(1-3):185-198, 1997. Special volume on the occasion of
the 60th birthday of Professor Peter J. Freyd.

[3] P. T. Johnstone. On a topological topos. Proceedings of the London
mathematical society, 38:237-271, 1979.

[4] P. T. Johnstone. Open maps of toposes. Manuscripta Math., 31(1-
3):217-247, 1980.

-29 -



M. MENNI EVERY SUFFICIENTLY COHESIVE TOPOS IS ...

(5]

[6]

(71

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

P. T. Johnstone. Sketches of an elephant: a topos theory compendium,
volume 43-44 of Oxford Logic Guides. The Clarendon Press Oxford
University Press, New York, 2002.

P. T. Johnstone. Remarks on punctual local connectedness. Theory
Appl. Categ., 25:51-63, 2011.

F. W. Lawvere. Toposes of laws of motion. Transcript from Video,
September 1997.

F. W. Lawvere. Axiomatic cohesion. Theory Appl. Categ., 19:41-49,
2007.

F. W. Lawvere. Euler’s continuum functorially vindicated. In Logic,
Mathematics, Philosophy: Vintage Enthusiasms, volume 75 of The
Western Ontario Series in Philosophy of Science, pages 249-254.
Springer Science+Bussiness Media B. V., 2011.

F. W. Lawvere. Birkhoft’s theorem from a geometric perspective: a
simple example. Categ. Gen. Algebr. Struct. Appl., 4(1):1-7, 1 (Persian
pp.), 2016.

F. W. Lawvere and M. Menni. Internal choice holds in the discrete
part of any cohesive topos satisfying stable connected codiscreteness.
Theory Appl. Categ., 30:909-932, 2015.

S. Mac Lane and I. Moerdijk. Sheaves in Geometry and Logic: a First
Introduction to Topos Theory. Universitext. Springer Verlag, 1992.

M. Menni. Continuous cohesion over sets. Theory Appl. Categ.,
29:542-568, 2014.

M. Menni. Sufficient cohesion over atomic toposes. Cah. Topol. Géom.
Différ. Catég., 55(2):113-149, 2014.

J. Penon. Infinitésimaux et intuitionnisme. Cahiers Topologie Géom.
Différentielle, 22(1):67-72, 1981. Third Colloquium on Categories
(Amiens, 1980), Part II.

-30 -



M. MENNI EVERY SUFFICIENTLY COHESIVE TOPOS IS ...

[16] W. Sierpiniski. Sur les projections des ensembles complémentaires aux
ensembles (A). Fundam. Math., 11:117-122, 1928.

Matias Menni

Conicet and

Universidad Nacional de La Plata
La Plata, Argentina

matias.menni @ gmail.com

-31-



. CAHIERS DE TOPOLOGIE ET
| GEOMETRIE DIFFERENTIELLE ~ VOLUME LX-1 (2019)
CATEGORIQUES

A STUDY OF PENON WEAK

n-CATEGORIES, PART 2: A

MULTISIMPLICIAL NERVE
CONSTRUCTION

Thomas COTTRELL

Résumé. Dans cet article nous faisons le premier pas vers une comparai-
son entre une définition algébique et une définition non-algébrique des n-
catégories faibles. Cette comparaison prend la forme d’un foncteur ‘nerf’,
selon la méthode établie pour passer du cadre algébrique au cadre non-algébrique.
La définition algébrique que nous utilisons est due a Penon, et pour la définition
non-algébrique nous utilisons une variante selon Simpson de la définition
de Tamsamani. Comme prototype de notre construction du nerf, nous rap-
pelons la construction du nerf pour les bicatégories proposée par Leinster et
nous montrons que le nerf d’une bicatégorie ainsi obtenu est une 2-catégorie
faible au sens de Tamsamani-Simpson. Nous définissons alors notre foncteur
nerf pour les n-catégories faibles. Enfin nous prouvons que le nerf d’une
2-catégorie faible au sens de Penon est une 2-catégorie faible au sens de
Tamsamani-Simpson, et nous faisons 1’hypothese que ce résultat s’étend aux
niveaux n supérieurs.

Abstract. In this paper we take the first step towards a comparison between
an algebraic and a non-algebraic definition of weak n-category. This com-
parison takes the form of a nerve functor, the established method of moving
from the algebraic setting to the non-algebraic setting. The algebraic defini-
tion we use is that due to Penon, and the non-algebraic definition we use is
Simpson’s variant of Tamsamani’s definition. As a prototype for our nerve
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construction, we recall a nerve construction for bicategories proposed by Le-
inster, and prove that the nerve of a bicategory given by this construction is
a Tamsamani—Simpson weak 2-category. We then define our nerve functor
for Penon weak n-categories. We prove that the nerve of a Penon weak 2-
category is a Tamsamani—Simpson weak 2-category, and conjecture that this
result holds for higher n.

Keywords. n-category, higher-dimensional category, nerve construction.
Mathematics Subject Classification (2010). 18C15, 18DO05.

1. Introduction

The aim of this paper, the second in a two-part series on Penon weak n-
categories, is to make the first comparison between an algebraic definition
and a non-algebraic definition of weak n-category. Many definitions of weak
n-category have been proposed [32, 1, 3, 29, 33, 20, 26, 17, 18, 19], and it
has been widely observed that each of these definitions is of one of two
types: algebraic definitions, in which composites and coherence cells are ex-
plicitly specified, and non-algebraic definitions, in which a coherent choice
of composites and constraint cells is merely required to exist [24, p. 5]. Al-
though there is a large number of different definitions, relatively few com-
parisons have been made between them, and most of the comparisons that
have been made are either exclusively between algebraic definitions, or ex-
clusively between non-algebraic definitions [4, 10, 9, 21, 8, 11, 2]. Very
little progress has been made in comparing algebraic and non-algebraic defi-
nitions, with the only existing comparisons being restricted to the case n = 2
(see [14, 24, 22, 16]). Moving between the algebraic and non-algebraic set-
tings is difficult; it is not simply a case of taking a non-algebraic definition
and making choices of composites and coherence cells, or of taking an alge-
braic definition and just asking for existence in place of specified structure.
One established method of moving between the algebraic and non-alge-
braic settings is the idea of a “nerve construction”. This idea arose from
the well-known nerve construction for categories, which allows us to ex-
press a category as a simplicial set satisfying a “nerve condition”. Roughly
speaking, a nerve construction takes an algebraic object, and produces from
it a particular kind of presheaf, so a nerve construction can be seen as a
way of passing from an algebraic setting to a non-algebraic setting. Various
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authors have given nerve constructions for algebraic definitions of weak n-
category [34, 28, 7], but these have focussed on extracting a canonical nerve
from a given algebraic notion of n-category, rather than making connections
with existing non-algebraic definitions. This can be seen as creating a new
non-algebraic definition corresponding to the given algebraic definition; the
presheaves this approach gives are therefore specific to the chosen algebraic
definition, and are unlikely to be presheaves on a category that arises nat-
urally elsewhere. One exception to this is the case of strict w-categories;
Berger has shown that, in this case, the canonical nerve is a presheaf on a
category that arises naturally as a wreath product of the simplex category A
[5, 6].

In this paper we describe a nerve construction for weak n-categories.
The algebraic definition this construction uses is that of Penon [29, 13], and
it is designed to allow for comparison with the non-algebraic definition due
to Tamsamani and Simpson [33, 31].

The reason for choosing to use Penon weak n-categories over another al-
gebraic definition is that we are able to give an explicit description of Penon’s
monad (described in detail in Part 1 of this series), and thus of a free Penon
weak n-category. This was very useful when devising the nerve construc-
tions in this paper; these constructions involve algebras that are almost free,
and the construction of Penon’s monad in this chapter made it possible to
modify the free algebra construction in a way that would not be possible
with other algebraic definition, such as those of Batanin and Leinster. In
spite of its unusual construction, Penon’s monad is known to arise from an
n-globular operad with contraction and system of compositions (see [4]), so
this definition belongs to a commonly studied family of definitions of weak
n-category.

There are two reasons for choosing to use Tamsamani—Simpson weak
n-categories for the comparison. First, algebraic definitions such as Penon’s
are generally globular, with a set of cells for each dimension. The Tamsamani—
Simpson definition also draws a clear distinction between different dimen-
sions of cell; although this is universally true of algebraic definitions, it is
not so commonly true of non-algebraic “nerve-like” definitions. Second, we
are able to use an existing nerve construction — Leinster’s nerve construc-
tion for bicategories, described in Section 3, which compares bicategories to
Tamsamani—Simpson weak 2-categories — as a prototype for our construc-
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tion.

The paper is structured as follows: in Section 2 we recall the definition
of Tamsamani—Simpson weak n-category. In Section 3 we recall a nerve
construction for bicategories given by Lack and Paoli [22], and adapt this
into a form which we will use as a prototype for our nerve construction for
Penon weak n-categories, following earlier work of Leinster [24]. We then
prove that the nerve of a bicategory given by this nerve construction is a
Tamsamani—Simpson weak 2-category. In Section 4 we recall the definition
of Penon weak n-category. In Section 5 we give our nerve construction for
Penon weak n-categories in the case n = 2. In Section 6 we prove that
the nerve of a Penon weak 2-category satisfies the Segal condition, and is
therefore a Tamsamani—Simpson weak 2-category. The proof is unavoidably
technical, and is also in some parts elementary, and we apologise for this;
both Penon weak n-categories and Tamsamani—Simpson weak n-categories
are naturally arising in their own contexts, but these contexts are very differ-
ent, and it is inevitable that any comparison will be technically complicated.
In this proof we use the notation for the cells of a Penon weak n-category
given by our construction of Penon’s monad from Part 1 of this series. In
Section 7, we give our nerve construction for general n. Finally, in Sec-
tion 8, we conjecture that the nerve it gives is a Tamsamani—Simpson weak
n-category, and discuss possible directions for further investigation.
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2. Tamsamani-Simpson weak n-categories

In this section we recall Simpson’s variant of Tamsamani’s definition of
weak n-category [33, 31]. We begin by generalising the definition of sim-
plicial set to that of an n-simplicial set (often known as a multisimplicial set
when not specifying the value of n).
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Definition 2.1. The category of n-simplicial sets n-SSet is defined induc-
tively as follows:

e (-SSet := Set;

e forn > 1, n-SSet := [A°P (n — 1)-SSet] = [(A")°P, Set], by carte-
sian closedness of Cat.

We could have defined n-simplicial sets to be presheaves on A" di-
rectly, but the form of the definition stated above highlights the fact that
n-simplicial sets can be obtained by a process of repeated internalisation,
which is a well-established method of adding extra dimensions; thus this il-
lustrates why A" is a reasonable category on which to take presheaves in a
definition of weak n-category. Note that the inductive nature of this defini-
tion means that the definition of Tamsamani—Simpson weak n-category does
not a priori allow for the case n = w. We write an object of A™ as an n-tuple

k = (ki, ko, ..., kn),

where, forall 1 <i <mn, k; € N.

We now explain how we should think of the shapes of cells in an n-
simplicial set for the purposes of the definition of Tamsamani—Simpson weak
n-category. In A, the object [£] can be thought of as a string of & composable
morphisms. Similarly, in an n-simplicial set A: (A™)°? — Set, the set
A(ky, ko, ..., ky,) can be thought of as the set of pasting diagrams called
“cuboidal” by Leinster [25]. A cuboidal pasting diagram (k1, k1, ..., k,) €
A™ consists of a grid of n-cells which is k; n-cells long, &y n-cells high, ...,
and k,, n-cells wide; for example, the cuboidal pasting diagram (2, 3) € A?
is shown in the diagram below.

AN
NN

For this to give a globular notion of weak n-category, we need to ensure
that, if g : = — 2’ is a k-cell in a weak n-category, then the (k — 1)-cells z
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and 7’ have the same source and the same target. To do so we require that,
for any j, if k; = 0, i.e. the pasting diagram is 0 j-cells wide, then j — 1
should be the maximum dimension of cell in the diagram. In order to deal
with this issue we use Simpson’s approach, which is to use presheaves on a
quotient of A", denoted ©", rather than using presheaves on A" itself. Note
that if we do not ensure that our cells are globular, we obtain a definition of
weak n-tuple category (also known as a weak n-fold category).

We define ©" as a coequaliser in Cat. The idea is to identify objects in
A™ if they are to be thought of as the same cuboidal pasting diagram. For
example, in ©2, given an object (4, k), if j = 0 the pasting diagram has zero
width, so the value of k should make no difference since the pasting diagram
must also have zero height. Thus in ©2 we identify all objects of the form
(0, k), so ©2 looks like:

1
/(1,1)5;(271)...
(0,0 (1,0):(2,0)...

Similarly, for higher values of n, objects of A" are identified in ©" if they
differ only after a 0.

Definition 2.2. We define a category ©" as a coequaliser in Cat as follows:
first, let R be the subcategory of A™ x A™ with

e objects: for all objects (ki, k2, . . ., k,) of A",
((k17 k:27 ey kn)7 (k:h k?) ey kn))
is in R; also, for a fixed j with 1 < j < n,
((kl,kQ,...,kj,...,kn),(k’l,k;;,...,k;,...,k;))

isin Rif k; = :k;- and k; = k. for all i < 7;
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e morphisms: let [, m < n, and let (k,0) = (kq,...,k;,0,...,0) and
(k',0) = (k1,...,k,,,0,...,0) be objects of A”. Then the morphism

) Vm

(0,4): ((k,0), (k,0)) = ((K', 0), (', 0)),

where ¢ = (¢1,...,0,), ¥ = (U1,...,1,),isin Rif
— forallt < j, ¢; = ;3
- ¢; : [k;] = [K;] factors through [0] in A.

Since R is a subcategory of A" x A", it comes equipped with projection
maps 7y, 2. R — A" The category ©" is defined to be the coequaliser of
the diagram

in Cat. A presheaf
A: (©")°P — Set

is called an n-precategory.

Given an n-precategory
A: (©")°P — Set,

and given an object j of ©", we refer to an element of the set A(j) as a
“j-cell”.

Note that this is not the only way of ensuring that we have globular cells;
in the original definition, Tamsamani takes presheaves on A", then includes
an extra condition to ensure that the cells are globular. In their expositions of
Simpson’s definition, both Cheng and Lauda [12] and Leinster [24] also take
this approach. Using Simpson’s approach does make a difference, since it
leads to a definition of a weak n-category as a presheaf satisfying the Segal
condition, with no extra conditions; this allows us to work with a presheaf
category, with all the usual desirable properties these have, such as com-
pleteness, cocompleteness, and the existence of the Yoneda embedding.

We now discuss the Segal condition, Tamsamani’s n-dimensional gener-
alisation of the nerve condition for categories originating in [30]. The Segal
condition is a condition on a family of morphisms of n-precategories, called
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the Segal maps; these Segal maps are defined to be induced by wide pull-
backs.

In the nerve condition for categories the Segal maps are required to be
isomorphisms, to ensure that well-defined, associative, unital composition
could be extracted from the nerve. In the Segal condition for weak n-
categories, we wish to weaken this since we only want composition that
is associative and unital up to coherent isomorphism. If the Segal maps
were maps of n-categories we would instead require them to be equivalences.
However, the Segal maps are merely maps of n-precategories, so we cannot
use the same notion of equivalence. A functor is an equivalence if it is full,
faithful, and essentially surjective on objects; for a map of n-precategories,
we can still define fullness and faithfulness in the same way, but we cannot
define what it means for a map to be essentially surjective since we do not
have a composition structure, and thus no notion of isomorphism between
cells.

It was Simpson’s insight that, instead of asking for essential surjectivity,
one can demand surjectivity on O-cells. Simpson observed that the resulting
notion, which we call contractibility, is enough for the purposes of the Segal
condition, although it is not enough to define equivalences in general. (Note
that Simpson uses the phrase “easy equivalence” where we use ‘“contractible
map”’.)

Before defining contractibility, we establish some notation used in the
definition. Let 0 < p < n, and write 1, for the equivalence class in ©" of
the object

(1,...,1,0,...,0)
A
p n—p

of A", which should be thought of as a single globular p-cell.

Let A: (©")°? — Set be an n-precategory. In A, we have maps o,
7 :[0] — [1], with 0(0) = 0 and 7(0) = 1. We define the source and target
maps (denoted s and ¢ respectively) in A, for each p, as follows:

s =A(id,...,id,o,id,...,id) : A(1,) = A(1,_1);
p—1
t=A(d,...,id,7,id,...,id) : A(1,) = A(1,-1).

p—1
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Note that this defines the underlying n-globular set of the n-precategory A,
with the set of p-cells for each 0 < p < n given by A(1,).
We now give the definition of contractibility.

Definition 2.3. Let m > 1, let A, B: (©™)°® — Set be m-precategories,
and let a: A — B be a map of m-precategories. For each 0 < p < m — 1,
we write A(1,) X p1,) B(1p41) XB@a,) A(1,) for the limit of the diagram

A(1)

|

B(lpH) — B(1p>

Ik

A<1p> a—1p> B(lp)

in Set. We also have a cone over this diagram with vertex A(1,41), as shown
in the diagram below:

A(lp—l-l) = A(lzJ)
% lalp
¢ B(1p+1)s_>B(1p)

|

A(lp) a—1p> B(lp)

The universal property of the limit induces a unique map

5‘1p+1 : A(1p+1) - A(lp) X B(1p) B(1p+1) X B(1p) A(lp)
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such that

commutes.
The map a: A — B is said to be contractible if:

e the map ay,: A(1y) — B(1y) is surjective (this is surjectivity of o on
objects);

e foreach 0 < p < m — 1, the map
A, 0 A(lp) = A1) X, B(1pi1) X, A1)
is surjective (this gives fullness at dimension (p + 1));
e for each p = m — 1, the map
A, A(lp) = A1) Xpa,) B(1p) Xba,) A(lp)
is injective (this gives faithfulness at dimension m).

Note that the definition of contractibility above is only concerned with
the effect of A and B on 1,. The set A(1,) is the set of “globular p-cells”,
i.e. p-cells in A that are one 1-cell long, one 2-cell high, etc.; there are no
cells composed end-to-end (and similarly for B).

We now give the construction of the Segal maps. In the nerve condition
for categories one considers composable strings of £ morphisms for every
k € N; here we consider, for every 0 < m < n, the composable strings of k
m-cells for every k and every composite of m-cells.

-41 -



T. COTTRELL PENON WEAK 71-CATEGORIES: PART 2

Let A: (©™)°° — Set be an n-precategory. Then, for all 1 < m < n,
and all k = (ky,...,k,_1), we have a functor
Ak, —, =) : A" — [(©"™)°P Set)]
(k] — Ak, k, —),

with the effect on morphisms given by composition.
Consider the following diagram in A:

[1] 1] 1] -

1] 1]
NN ~N
[0] [0] [0]

Applying the functor A(k, —, —) to this diagram gives us the following
diagram in [(©"~"™)°P, Set]:

Ak, k, —)
i1 io ih_1 ik

Ak, 1,—-) Ak, 1,—) ... Ak 1,-) Ak, 1,—)

t e I

A(k, O, —) A(kv 07 _)
and this is a cone over the diagram:

k
(k,1,—) ... Ak, 1,—) Ak, 1,-)

A
_)% I

,A(ka 17 _)
T
A(

k7 07

Since Set is complete, [(©"")°P, Set] is complete, so we can take the
limit of this diagram, denoted

Ak, 1, =) Xa0,-) - - Xamo,—) Ak, 1, =),
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called a “wide pullback”. The universal property of this wide pullback in-
duces a unique morphism such that the diagram

Ak, k,—)

—)A(k, 1 —)A(k, 1
commutes. The maps Sy, for all k = (ky,...,kn—1) and all & € N, are
called the Segal maps.

We now give Simpson’s variant of Tamsamani’s definition of weak n-
category.

Definition 2.4. Let n € N. A Tamsamani-Simpson weak n-category is
an n-precategory A: (©™)°° — Set such that, forall 1 < m < n, k =
(k1,...,kn_1) € A™, and [k] € A, the Segal map

Sk Ak k=) = Ak, 1, =) Xao,-) *+ Xako-) Ak, 1,—)

1s contractible.

3. A bisimplicial nerve construction for bicategories

In this section we describe a nerve construction for bicategories, due to Lack
and Paoli [22], that will serve as a prototype for our nerve construction for
Penon weak n-categories in Section 5. The description we give is an adap-
tation: the original definition given by Lack and Paoli depends on the use of
both normal homomorphisms of bicategories and icons — concepts that we
do not have in the case of Penon weak n-categories. Thus, we re-express
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this nerve in a form that uses only strict homomorphisms, so that it can be
adapted to the context of Penon’s definition.

The conceptual derivation of this nerve is as follows: first, consider the
2-functor J given by the composite of the canonical cosimplicial object A —
Cat followed by the inclusion Cat — Bicat that realises each category as
a bicategory with only identity 2-cells. This gives rise to a nerve functor

Bicat — [A°P, Cat]
B — Bicat(J(—), B).

This is the method followed by Lack and Paoli. Note that one requires the
1-cells in Bicat to be normal homomorphisms and the 2-cells to be icons.
Applying the standard nerve functor N: Cat — [A°P, Set] pointwise, one
obtains

Bicat — [A%, Cat] X25[A [A%, Set]] = [(A?)P, Set].

In fact, the resulting nerve can be considered to be in [(©?)°P, Set] with-
out losing any information, since Bicat(.J(0), B) is a discrete category, so
this functor takes a bicategory and produces from it a 2-precategory as its
nerve. This nerve matches an earlier nerve functor partially described by
Leinster [24]; thus the description we give effectively completes Leinster’s
original definition. Leinster defined this nerve construction only on objects;
we extend this to a nerve functor

N: Bicat — [(©%)°", Set]

by describing the action on morphisms.

Before formally describing the nerve of a bicategory, we discuss the
shapes of the simplicial cells in the nerve. The reason for giving this expla-
nation is that the formal description is necessarily notation-heavy, as each
(7, k)-cell of the nerve of a bicategory B is made up of multiple cells in B.
This explanation of shapes of cells also helps motivate the shapes of cells
used in our nerve construction for Penon weak n-categories.

Forall k > 0,0 < i < k, thereisamap d;: [k — 1] — [k] in A given by

) if 7 <1,
d’(j)_{jﬂ if j > i.
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In the nerve of a category N'C, a simplicial k-cell consists of a string of
k composable morphisms, and the face maps N'C(d;) are defined either to
omit a single cell at one end of this string, or to compose a single pair of
cells within the string. One would expect the definition of a (k, 0)-cell in the
nerve of a bicategory to be similar; however, one cannot define these face
maps in exactly the same way, since composition of 1-cells in a bicategory
is not associative. We now explain why this causes problems.

Suppose we define a (k, 0)-cell in the nerve of a bicategory to consist just
of a string of & composable morphisms, which we write as (f1, fa, ..., fx),
with the face maps defined using composition in the same way as in the nerve
of a category. In A2, the diagram

(3,042 (2,0)

(d271)]\ T(dlrl)

commutes. Write /B for the nerve of B; then, in order for N'B to be a
bisimplicial set, the diagram

NB(3,0) 2 nrB(2, 0)

NB(d2,1) NB(d1,1)

must commute in Set. However, consider a (3, 0)-cell (f, g, h) € NB(3,0).
Applying the maps along the top and right of the diagram above gives

NB(dqy,1)

(f.g,h) ——="L s (go f,h) NB(dy,1)

(ho(gof)),

whereas applying the maps along the left and bottom of the diagram gives

NB(d2,1) NB(d1,1)

(f.9,h) (fihog)———=((hog)o f),

so the diagram does not commute.
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Thus a (k, 0)-cell in the nerve of a bicategory consists not only of a string
of k£ composable 1-cells, but of a whole k-simplex with 1-cells for its edges
and isomorphism 2-cells for its faces; the data for each (k,0)-cell includes
all of its faces, not just those which make up the composable string of 1-cells.
For example, a (2, 0)-cell looks like:

A

ao——————+@2

This should be thought of as a pair of composable 1-cells, together with
another 1-cell that would be a “valid choice” for their composite (but not
necessarily their actual composite in the bicategory).

Similarly, a (3, 0)-cell looks like

] —— Q2
L123/
fo1 f23
N\\/OlB f13
Qo as Qo as
fos3 § fos3

i.e. a commuting tetrahedron whose faces are isomorphism 2-cells.

The (j, k)-cells in the nerve, for k& > 0, are “simplicially weakened”
versions cuboidal pasting diagrams. We usually draw these as grids of 2-
cells; for example, we draw a (3, 2)-cell as:

fo1 1P fza
& I 33

However, such diagrams are misleading since they do not capture the whole
simplicial shape of the cell. In fact, each string of k£ composable 1-cells
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on the same “level” (i.e. with the same superscript) is a (k, 0)-cell, and all
diagrams of 2-cells within each (7, k)-cell commute.

Note that the notation used in the diagrams above is the notation we use
throughout this section. The subscripts and superscripts decorating each cell
should be thought of as the coordinates of that cell, with the subscripts giving
the horizontal coordinates, and superscripts giving the vertical coordinates.

We break the description of the nerve functor for bicategories into three
parts. In Definition 3.1 we define, for a bicategory B and for each object
(4,k) in ©% aset NB(j, k), which is the set of (7, k)-cells in the nerve of B.
Then, in Definition 3.2, we extend this to a definition of a 2-precategory

NB: (0%) — Set

by describing the action of this presheaf on maps. This gives the action of
the nerve functor
N: Bicat — [(©%)°, Set].

on objects; in Definition 3.3 we give the action of this functor on maps.

Recall that an object of ©2 is an equivalence class of objects of A%, An
object of A? is in an equivalence class with more than one member if and
only if it is of the form (0, k). Thus, we treat the equivalence class of (0, k)
as the object (0,0) of A?; all other equivalence classes are treated as their
sole member. Note that the exact choice of representative does not make a
difference to the definition.

Note that, ideally, we would give an abstract definition of the nerve of
a bicategory by first defining a functor i: ©* — Bicat, then defining the
nerve of a bicategory B to be given by Bicat(i(—), B), as one does when
defining the nerve of a category. However, since we also want to avoid using
normal homomorphisms or any kind of 2-cells, this is not practical as the
bicategories in the image of the functor ¢ are difficult to describe (in par-
ticular, they are not free, unlike in the case of the nerve of a category). We
believe that describing these bicategories would require extra machinery (for
example, we believe it could be done using computads) and is thus beyond
the scope of this paper. Note that this is one of the reasons for using Penon
weak n-categories in the remainder of the paper; in the case of Penon weak
n-categories we are able to construct the nerve in this abstract way, by mod-
ifying the construction of a free Penon weak n-category, in a way that is not
possible with bicategories. We do this in Sections 5 and 7.

-47 -



T. COTTRELL PENON WEAK 71-CATEGORIES: PART 2

Definition 3.1. Let B be a bicategory. We associate to B a 2-precategory
NB: (6%)°P — Set, called the nerve of B, as follows:
Given (j, k) € ©2% NB(j, k) is the set which has as its elements all

quadruples

((@u)o<u<j> (S )o<u<v<i, (05, Jo<u<v<y, (Livw)0§u<v<wﬁ)
0<z<k 1<2<k 0<z<k

where
e cach qa, is an object of B;
e cach f; :a, — a,isal-cell of B;
e eacha? : f-1 — f2 isa2-cell of B;

e cach ¢, @ fZ,o fi, — fZ, is an isomorphism 2-cell of B, with

uvw vw uw
inverse (¢7,,)" %

and these cells satisfy the following axioms:
o forall) <u<v<w<yg, 1<z <k, the diagram

z—1
— — LU”UUJ
z—1 o 5 1 \

z—1
vw v uw

z z z
Apw *aqu/ lauw

z o z z
vw uv . uw
uvw

z

commutes; alternatively, we can draw this axiom as

Ilbivi
o/////ll[;;\\\ﬂo = o///ﬂ;;?o///ﬂ;;fo
\\\\\‘_ﬂ,///ﬂ \\\//}HZ
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o forall0 Su<v<w<zx<Ly,0<L 2 <k, the diagram

S
z z z u'uwz; z z z
( wx © 'U’UJ) © uv wx © ( vw © ’U/U)

z z
L”wz*lfﬁ\v/ &fﬁ;m*buvw

z zZ z
o o f?
vr uv wx uw

L

uvzT uwT

z
ux

commutes, where

Suvwx:<5}xo :w)o 5v_>fzixo(jwo 51})

is the component of the appropriate associativity isomorphism for ;
alternatively, we can draw this axiom as

I3 I3
vw rw

ay — s ay, ay —2 s ay,
Nbuvw Lmu.?:/
Jiw fiow = faw fow
Luwz [f A, ~\uvz
Fow "l Wwe e

fiw fia

We now explain the action on maps in ©2, then make it precise in the
next definition. Given a map (p,q): (I,m) — (j, k) in ©2, we define a map

NB(p,q): NB(j,k) = NB(l,m).

To understand what this map does, recall that an element of AN'B(j, k) con-
sists of a collection of cells of B which form a (j, k)-cell, and that each of
these cells has subscripts and (in some cases) superscripts which we think
of as the coordinates of this cell within the (j, k)-cell. Given an element of
NB(j, k), its image under N'B(p, q) is the element of N'B(I,m) made up
of those cells whose horizontal coordinates are in the image of p and, where
appropriate, whose vertical coordinate is in the image of ¢; any cells whose
coordinates are not in the images of p and ¢ are omitted, and cells with re-
peated coordinates are taken to be identities (or unitors in some cases).
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Definition 3.2. Let B be a bicategory, and write [ and r for its left and right
unitors respectively. Let (p, q): (h,7) — (j, k) be a map in ©2. We define a
function of sets

NB(p,q): NB(j, k) — NB(h,1i)

as follows:

NB(p,q): ((au)0<u<j, (fin)o<u<v<i, () o<u<v<y, (Liw)OSu<v<w3j>
0<z<k 1<2<k 0<z<k

— ((bu)(]gughu (giv)ogoqé@gm (BZU)OSu<v§h7 (Kiyw)0§u<v<w§h>

<z<i 1<2<4 0<2z<4

¢ g2, = Tty i p() # p(0).
ida, ., if p(u) = p(v);
O‘ZEZ))IJ(U) if p(u)

# p(v), q(z
o Bz, =1 idue ifp(u) #p(v),a(z — 1) = q(2),

p(u)p(v)

idia, ,  if p(u) = p(v);
a(=)

Lp(u)p(v)p(w) 1fp(u) 7& p(U) 7& p<w)7
Lo if p(u) # p(v) = p(w),

e K* = p(u)p(v) ]
o P o ifp(u) = p(v) # p(w),
idia,  ,,  ifp(u) = p(v) = p(w).

This defines the action of the nerve functor on objects; we now extend
this to a definition of a nerve functor

N: Bicat — [(©?)°", Set],

by describing the action of this functor on morphisms.
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Definition 3.3. Let F': A — B be a strict functor of bicategories. We define
a map of bisimplicial sets N'F': N A — NB to be the map whose compo-
nent N'F{; x): NA(j, k) — NB(j, k), for each (j, k) € A?, is given by

NFj) ((GU>0<u<jv (fa)o<u<v<i, (05, )o<u<v<y, (Livw)0§u<v<w3j)
0<z<k 1<z2<k 0<z<k

_ ((F(au))ogugja (2 Youcoss, (Foi Jocucoss, (Fbiuw)0§u<v<w3j> .

0<z<k 1<z<k 0<z<k

The above defines a functor N': Bicat — [(©?)°P, Set], called the nerve
functor.

The nerve of a bicategory satisfies the Segal condition, and is thus a
Tamsamani—Simpson weak 2-category. Before giving the proof, we recall
the definition of Tamsamani—Simpson weak n-category (Definition 2.4) in
the case n = 2; the following is a slight unpacking of the definition, which
treats Segal maps of the forms S, and S} i, separately.

Definition 3.4. A Tamsamani—Simpson weak 2-category is a functor
A: (6%)P — Set
such that
(i) for each k& > 0, the Segal map

Sk : A(k‘, —) — A(l, —) XA(O,I) e XA(O,I) A(l, —)

J/

-~

k

is contractible, i.e. it is surjective on objects, and full and faithful on
1-cells;

(i1) for each m, k > 0, the Segal map

Sj,k : A(]7 k) — i4(]7 1) XA(j,O) te ><A(j,O) A(]u 1)

J

~
k

is a bijection.
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Thus to prove that the nerve of a bicategory is a Tamsamani—Simpson
weak 2-category, we break this statement down into four propositions: one
stating that each of the Segal maps S, is a bijection, and the other three
stating the three conditions required for contractibility of the Segal maps S.

Proposition 3.5. Let B be a bicategory. For all j, k > 0, the Segal map
Sjk : NB(j, k) — {\/B(ja 1) XnBG0) ** XwBG,0) NB(J, 12

~
k

is a bijection.

Proof. Let
((Gu)0<u<j> (f2,)o<u<v<i, (0, )o<u<v<y, (szw)0§U<”U<ij)
0<z<k 1<z<k 0<z<k

be an element of N'B(j, k). The function S;, maps this to

(((au)osma (f2,)o<u<v<j, (Quy)o<ucv<, (Livw)0§u<v<w§j),
0<2<1 0<2<1

((au)ogugj, (f2,)o<u<v<i, (0o, )o<ucvsss (waw)ogu<v<w§j),
1<2<2 1<2<2
.
((Gu)ogugw (f2,)o<u<vsi, (0, Jo<ucv<; (Lva)0§U<U<ij>) :
k—1<z<k k—1<2<k

Every cell listed in the original element of N'B(j, k) is listed in its image
under S, so this function is injective. Furthermore, any element of the
wide pullback

{\/’B(ja 1) XNB(@,0) *** XNB(,0) NB(j, 1)1

-~

k

can be written in the form above. Thus S; ;, is surjective.
Hence S, is a bijection. [

Proposition 3.6. Let B be a bicategory. For all k > 0, the Segal map
Sk : NB(k,—) — {\/’B(l, -) XNB(0,0) *** XNB(0,0) NB(1, _),

-

k

is surjective on objects.
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Proof. Let

fé)l f?g I(c)—l,k
<(ao—>a1),(a1—>(12),...,(ak—1—>(1k)>

be an element of

A(1,0) X 40,0y - Xa(0,0) A(1,0) .

[\

-~

k

This is a string of k£ composable 1-cells in 5. We seek an element of N'B(, 0)
that maps to this under (Sy)o. We define an element

((au)OSUSJ" (fin)o<u<v<is (Lng)OSU<v<w§j>

of NB(k,0); to do so we must define [0 for every v > u + 1, and we must
define the (2 forall 0 < u < v < w < k. Our approach is to define each
9, to be a composite of the cells of the form f . ,, then define each ¢, to
be a composite of constraint cells in B that mediate between the appropriate
cells.

Let0 <u<u+1<wv<j, anddefine f°, to be given by the composite

31} = ( o ( v—1,v ° 1?72,1;71) O ) © f’S,UJrl'

Then, for all 0 < v < v < w < j, there is a composite of constraint

isomorphism 2-cells
L?L’U’LU 1())’[1) © ’l(j,)’U % Sw
in B, which is unique by coherence for bicategories [15, 23].
This defines an element of N'B(k,0); by construction we see that this

element maps to

fé)l f?g fl(c)—l,k
(a0—"ar), (a1 —5a2),..., (a-1—>ay)
under (S )o, as required. Hence Sy, is surjective on objects. O

To show that the Segal maps are full and faithful on 1-cells, we use the
fact that there is some redundancy in the definition of N'B(j, k). Specifically,
to specify an element of AN'B(j, k) we only need to specify o, for v = u+1,
rather than for all © < v < 7 (note that we still have to specify every a,,

z,and (7, ). Since this fact is used in the proofs of both fullness and

uv uvw
faithfulness, we state and prove it as a separate lemma:
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Lemma 3.7. Let B be a bicategory, let j, k € N, and suppose we have the
following data:

e forall 0 <wu < j, an object a, of B;
o forall 0 <u<v<j0<z<k al-celf: :a,—a,inB;
o forall0 <u<j 1<z<ka2cela,,, : S,ZL = Jaurr inB;

o forall) < u<v <w< 3, 0< 2z <k an isomorphism 2-cell
L z 0 f2 — fZ in B, with inverse (12,,) "

uvw uvw

such that the isomorphism 2-cells .7, satisfy the pentagon axiom from the

definition of N'B on objects, Definition 3.1. Then this specifies a unique
element

((au)ogugm (faw)o<u<v<i, (g, )o<u<v<y, (Livw)0<u<v<w<j>
0<z<k 1<z<k 0<z<k

of NB(j, k).

Proof. We need to show that, forall 0 <u<u+1<v<j,1 <2<k,
there is a unique choice of 2-cell &7 in B such that the axioms for an element
of NB(j, k) are satisfied. We do this by strong induction over v.

First, let v = v + 2. Forall 1 < z < k, write w := u + 1, and define

ag, = 4o to be given by the composite

-1
uwv?

square axiom from the definition of N'B(j, k), Definition 3.1; furthermore,

in B. By considering the composite o>, o 12 ., we see that a, satisfies the

it is the only 2-cell of B satisfying these axioms, given that o, o7, , 1%}

uw? wv? Tuwv
z
and .7, are fixed.
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Now let m > 1 and suppose we have defined o7, forallu +1 < v <
u + m. We define o, for v = u + m + 1 as follows: let w be a natural
number with u < w < v, and define o, to be given by the composite

(i)~
m

Note that the pentagon axiom from the definition of A'B(j, k) ensures that
this is independent of our choice of w. As before, by considering the com-
posite o, o 121 we see that o2, satisfies the square axiom from the def-
inition of N'B(j, k), Definition 3.1; furthermore, it is the only 2-cell of B
satisfying these axioms, given that o, o7 , 1?71 and /7 are fixed.

wv? “uwv uwv
This defines a unique element

((au)o<u<j> (faw)o<u<v<i, (g, )o<u<v<y, (Livw)0§u<v<w3j)
0<z<k 1<2<k 0<z<k

of NB(j, k), as required. O

This now allows us to prove the Segal maps are full and faithful on 1-
cells.

Proposition 3.8. Let B be a bicategory. For all k > 0, the Segal map

Sk . NB(k, —> — {\/B(l, —) XNB(O,O) ce XNB(O,O) NB(L —Z

Bl

is full on 1-cells.

Proof. Suppose we have two elements f, g € N'B(k,0), which we denote

f = ((au)0§U§k7 (fgv)0§u<v§k7 (Lng)0§u<v<w§k>

and
g = ((bu>0§u§k7 (ggv)0§u<v§k7 (Hng)ogu<v<wgk),
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and suppose we have an element « of

{VB(L 1) XnB(0,0) * - XaB(0,0) NB(L, 1),

J

-~

k

with s(a) = Si(f) and t(a) = Sk(g). Then, forall 0 < u < k, a,, = by, and
we can write o as

fon T2 Rk
o = <ao@a1>, (m@%),..., (%—@%)
901 91 T,k
By Lemma 3.7, o, combined with the isomorphism 2-cells (2, and s,

defines a unique element

((QU>0§u§k7 (f2,)o<u<v<t, (@ )o<ucv<h; (éivw)0<u<u<w<k>
0<2<1 0<2<1

of NB(k, 1), where
o forall 0 <u<wv <k, fl =¢%;
o forall0<u<v<w<kt =k

> Yuvw uvw*

Denote this by &; then s(&) = f, t(&) = g, and Sp(&) = «, so Sy is full on
1-cells. [

Proposition 3.9. Let B be a bicategory. For all k > 0, the Segal map

Sk NB(k, =) — NB(1, =) Xws(0.0) - Xws00) NB(1,—)

~
k

is faithful on 1-cells.

Proof. Suppose we have two parallel elements «, 5 € NB(k, 1) such that
(Sk)1(a) = (Sk)1(B). We wish to show that & = . We can write f and g as

@ = <<aU)OSUSk7(f;)0§U<USk>(Oéy>0§u<v§k7OZUw)0§u<v<w§k)
0<z<1 0<2<1
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and

/3:: ((au)0§u§k7(f;)0§u<v§ka(ﬁ%v>0§u<v§kaOivw)0§u<v<w§k>
0<2<1 0<z<1

Note that the fact v and 3 are parallel tells us that they can only differ on
their 2-cell parts. We write (Sg)1(a) = (Sk)1(5) as

0
fgl f?z fkfl,k

(o) () ()

981 9?2 9271,1%
which is an element of

NB(L 1) XNB(0,0) " * XNB(0,0) NB(L 1)}-

(&

-

k

Furthermore, since (S )1 () = (Sk)1(5), we have that, for all 0 < u < k,

1 _ 1 _nl
au,u+1 - ’yu,qul - Muu+1-

Thus, by Lemma 3.7, for all 0 < u < v < k, we have

1 _ 1 _ 1
auv - rY’U/U - Buv?

so a = f3, as required. O

We now have everything we need to prove that the nerve of a bicategory
satisfies the Segal condition.

Theorem 3.10. Let B be a bicategory. Then the nerve of B, N B, satisfies
the Segal condition, and is thus a Tamsamani—Simpson weak 2-category.

Proof. For all j, k > 0, the Segal map

Sik : NB(j, k) — {\/5(17 1) XnBG0) -+ XaB(,0) NB(J, 12

~
k

is a bijection by Proposition 3.5.
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For all £ > 0, the Segal map

Sk NB(’C, —) — NB(L —) XNB(0,0) " ** XNB(0,0) NB(L —)

J/

k
is surjective on O-cells by Proposition 3.6, full on 1-cells by Proposition 3.8,
and faithful on 1-cells by Proposition 3.9.
Thus N B satisfies the Segal condition, so it is a Tamsamani—Simpson
weak 2-category. [

4. Penon weak n-categories

In this section we recall the non-reflexive variant of Penon’s definition of
weak n-category [29, 4, 13]. We refer the reader to Part 1 of this series for a
more detailed description and an intuitive explanation; here we just give the
formal definition.

We begin by recalling the definition of an n-globular set, the underlying
data for a Penon weak n-category.

Definition 4.1. The n-globe category G is defined as the category with
e objects: natural numbers 0, 1, ..., n — 1, n;
e morphisms generated by, for each 1 < m < n, morphisms
Om,Tm: (m—1) = m

such that 0,,410, = Tm+10m and 0,117, = Tie1 T for m > 2
(called the “globularity conditions”).

An n-globular set is a presheaf on G. We write n-GSet for the category of
n-globular sets [G°P, Set].

For an n-globular set X : G® — Set, we write s for X(o,,), and ¢ for
X (7,), regardless of the value of m, and refer to them as the source and
target maps respectively. We denote the set X (m) by X,,. We say that two
m-cells x, y € X,, are parallel if s(x) = s(y) and t(z) = t(y); note that all
0-cells are considered to be parallel.
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We now recall the definition of an n-magma, an n-globular set equipped
with composition operations.

Definition 4.2. An n-magma (or simply magma, when n is fixed) consists
of an n-globular set X equipped with, for each m, p, with 0 < p < m < n,
a binary composition function

o;”: X Xx, Xon = Xo,
where X, X x, X, denotes the pullback

X, X X, X — Xm
J/ Js
X —F—Xp
in Set; these composition functions must satisfy the following source and
target conditions:

o if p=m — 1, given (a,b) € X, Xx, Xy,

s(boy" a) = s(a), t(boy' a) =t(b);

o if p <m —1,given (a,b) € X, Xx, Xpn,

s(bo™a) = s(b) o™ s(a), t(bo™a) = t(b) o t(a).

p p p p

A map of n-magmas f: X — Y is a map of the underlying n-globular sets
such that, for all m, p, with 0 < p < m < n, and for all (a,b) € X,, X x, Xm>

f(boyta) = f(b) op' f(a).

We write n-Mag for the category whose objects are n-magmas and whose
morphisms are maps of n-magmas.

Definition 4.3. Let f: X — S be a map of n-globular sets, where .S is the
underlying n-globular set of a strict n-category. The map f is said to be tame
if, given a, b € X, if s(a) = s(b), t(a) = t(b), and f,(a) = f.(b), then

a=b.
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For each 0 < m < n, define a set X, , by the following pullback:

X1 —— X,

ﬁ Jie

X, —— X1 X Xpn1 X Sy
(s5t,fm)

Note that when m = 0, we take X,,,_; to be the terminal set.
A contraction v on a tame map f: X — S consists of, for each 0 <
m < n, a map
Vg1 X1 = Xong1

such that, for all (a,b) € X¢, .,
® 5(Ymr1(a,b)) = a;
o {(Ym41(a; b)) =0b;
¢ fmt1(hmt1(a,0)) = 11@) = 15

Note that we only ever speak of a contraction on a tame map; thus, when-
ever we state that a map is equipped with a contraction, the map is automat-
ically assumed to be tame. One way to think about this is to say that we do
require a contraction (n + 1)-cell for each pair of n-cells in X¢, and the only
(n + 1)-cells in X are equalities.

Definition 4.4. The category of n-categorical stretchings Q is the category
with

e objects: an object of Q consists of an n-magma X, a strict n-category
S, and a map of n-magmas

X

’l

equipped with a contraction 7;
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e morphisms: a morphism in Q is a commuting square

X —Y

fl l

S——R

v

in n-Mag such that

— v is a map of strict n-categories;

— writing ~y for the contraction on the map f and ¢ for the contrac-
tion on the map g, forall 0 < m < n, and (a,b) € X7, ,, we
have

u(Ym(a, b)) = om(u(a), u(b)).
We denote such a morphism by (u, v).

There is a forgetful functor
U: Q——n-GSet
X
fl — X
S

and this functor has a left adjoint F': n-GSet — Q.

Definition 4.5. Let P be the monad on n-GSet induced by the adjunction
F 4 U. A Penon weak n-category is defined to be an algebra for the monad
P, and P-Alg is the category of Penon weak n-categories.

Finally, for the purpose of our nerve construction, it will necessary to use
the fact that adjunction ' 4 U can be factorised as:

— . —
n-GSet L "R, L "Q

where, writing Uz : n-Cat — n-GSet for the forgetful functor (the notation
Ur is used because n-Cat = T-Alg, where T is the free strict n-category
monad on n-GSet), R is the comma category

n-GSet | Ur.
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5. The nerve construction for n = 2

In this section we construct a nerve functor for Penon weak 2-categories.
The construction for the case of general n is given in Section 7; we present
the 2-dimensional case separately since it is simpler, both conceptually and
notationally, than the general case, but not too simple to exhibit all the key
features of the n-dimensional construction. We are also able to prove that
nerves satisfy the Segal condition in the case n = 2; we do this in Section 6.
We use Leinster’s nerve construction for bicategories as the prototype for
our construction, and also use his notation. As in the previous section, we
write P for the monad for Penon weak 2-categories, and 7' for the free strict
2-category monad.

When defining the nerve of a category, one common method is first to
define a functor /: A — Cat, and then define the nerve N'C of a category
C to be given by NC = Cat(/(—),C). In analogy with this, to define our
nerve functor for Penon weak 2-categories, we first define a functor

I, : ©* — P-Alg.

This functor should give us, for each object of ©2, the corresponding cuboidal
2-pasting diagram, expressed as a freely generated Penon weak 2-category
(recall that cuboidal pasting diagrams were discussed in Section 2, and again,
in-depth, in Section 3). However, we have to be very careful about what we
mean by “freely generated” in this context. Each cuboidal 2-pasting diagram
has associated to it a 2-globular set whose cells are those which we draw in
the pasting diagram. We could simply define /5 to give us the free P-algebra
on these 2-globular sets. Let (j,k) € ©2 and write Fp(j, k) for the free
P-algebra on the corresponding 2-globular set. We would then have, for a
Penon weak 2-category A, the nerve defined by

NA(j, k) = P-Alg(Fp(j, k), A).

Consider the object (2,0) of ©%; writing f and g for the generating 1-cells,
the free P-algebra on the corresponding 2-globular set looks like

[ J
/N
.—}.,
gof
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(omitting identities and any composites involving identities). Thus, for A €
P-Alg, the set P-Alg(Fp(2,0),.A) is the set of all composable pairs of
1-cells in A. However, we want an element of N A(2,0) to consist of a
composable pair of 1-cells together with a choice of alternative composite,
so we want I5(2,0) to look like

[ ]

/ X
gof
o———— e
L%
h

(once again omitting identities, etc.), where h is the choice of alternative
composite. Note that these alternative composites are also required to allow
us to define the face maps in our nerve; we cannot define the face maps using
composition, as in the nerve of a category, because composition of 1-cells is
not strictly associative in a Penon weak 2-category. We can think of this as
weakening the maps in N .A(2,0) on composites, but keeping them strict on
identities. Thus, we may think we want to use a notion of normalised maps
of Penon weak n-categories; that is, maps which preserve identities strictly
but preserve composition only up to coherent isomorphism (note that there
is no established definition of normalised maps of P-algebras, but for the
purposes of this thought experiment this is not important). We would thus
define
NAG, k) = P-Algyoun (Fr(j, k), A),

where P-Alg, .., is the category of P-algebras and normalised maps. In
fact, normalised maps turn out to be too weak, as we will now demonstrate.
Consider the pasting diagram (2, 2) shown below:

If we use normalised maps, each simplicial (2, 2)-cell will include an ex-
tra 1-cell isomorphic to each of the binary composites of f’s, g’s and h’s.
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However, owing to the simplicial nature of Tamsamani—Simpson weak n-
categories, we only wish to specify 1-cells in place of f5 o fi1, g2 © g1, and
hsohy. This is because we should have a 2-simplex of 1-cells at each “level”
of the pasting diagram (here we have three such levels, one containing f; and
f2, one containing g; and g,, and one containing h, and h) to allow us to de-
fine the face maps properly, but there should be no extra interaction between
the levels. Recall from Definition 3.4 that the Segal map S, » divides pasting
diagrams of this shape along the 1-cells ¢g; and g,, and the Segal condition
requires this map to be an isomorphism; if we add extra cells isomorphic to
hy o f1 and hy o f, to the diagram above, these cells are forgotten by S5 5 so
it is not an isomorphism.

We therefore want a method of weakening P-algebras that is biased to-
wards specific choices of simplicial shapes. Such a method cannot be defined
for a general P-algebra, since in general we have no notion of “level” like
we do in a 2-pasting diagram. Thus, we define this weakening by explicitly
stating which extra cells we are going to add. We do so by modifying the
construction of the free Penon weak 2-category on a 2-globular set, using the
construction of Penon’s left adjoint from Part 1 of this series.

Recall from Section 4 that the adjunction inducing the monad P can be
decomposed as

H J
n-GSet z R z Q,
% w
where R is the comma category n-GSet | Ur, and Q is R with the added
condition that the map part of each object is equipped with a contraction.
Thus we can write the free P-algebra functor as the composite

2GSet — >R —1 05 P-Alg,

where K is the Eilenberg—Moore comparison functor. Thus, instead of start-
ing in 2GSet, we can start with an object of R and apply K J to obtain a
P-algebra that is “partially free” in the sense that the constraint cells and
composites are still added freely (by the functor J), but the contraction is
now taken over a different map, rather than a component of 7. This al-
lows us to add the isomorphism 2-cells we want using the contraction, thus
avoiding the need to specify these cells individually.
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Before defining the process in general we first describe a small example;
specifically, we construct the P-algebra [5(2,1). Write X (2,1) for the 2-
globular set illustrated below:

f(())1 f??
IR
ap ﬂaél a ﬂab as
\_/ \_/‘
f&l f112

This is the associated 2-globular set of the pasting diagram, a concept in-
troduced by Batanin [3, Proof of Proposition 4.2]. As explained earlier, we
want I5(2, 1) to be a “simplicially weakened” version of the free P-algebra
on this 2-globular set, and to do so we construct an object of R, then gen-
erate the “partially free” P-algebra on it. We take the strict 2-category part
of this object of R to be the free strict 2-category on X (2, 1). To obtain the
2-globular set part of this object of R we add extra cells to X (2,1) in the
places where we want to weaken the diagram. Specifically, we add 1-cells

f(())z f(%Q
ap ——— a2 and @o——— Q2.

Based on Leinster’s nerve construction for bicategories, we might also ex-
pect that we need to add a 2-cell

0
f02

Qo “aég az,
N
fo
but this will be added automatically as a composite of other 2-cells, as we
shall see later. We write R(2,1) for the resulting 2-globular set; it can be
drawn as:
132
0 o
N
Qo Uaél a Uab%
N

1 1
f()l f12

1
oz
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To get an object of R, we define a map
0(271) : R(Q, 1) — TX(Q, 1)

as follows: 0, 1y leaves cells in (2, 1) that are also in X (2, 1) unchanged;
on the extra cells, we have

i 9(2,1)(f&2> = f112 ° f()ll'

We now explain what happens when we apply the functor
J:R— Q

to
0
R(2,1) =2 TX(2,1),

using the interleaving construction from Part 1 of this series. First we add
contraction 1-cells; since R(2,1) and 77X (2, 1) have the same O-cells, this
just adds identities. We then generate composites of 1-cells freely; this adds
Ity 0 fs fis o fo, flao f8 and f o fg,, as well as composites involv-
ing identities. Next we add contraction 2-cells; this is where the “simpli-
cial weakening” manifests itself. Observe that, after having generated 1-cell
composites, we have pairs of 1-cells:

o [0 and f, o f, which are parallel and are mapped to the same cell
inTX(2,1);

e fJ,and f}, o f},, which are parallel and are mapped to the same cell
inTX(2,1).

Thus, as well as the usual identities, associators, and unitors, generating
contraction 2-cells freely adds the following cells:

BN /N

a0—>a2 ao—>a2
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BN N

a0—>a2 (LO—>(I2

We generate composites of 2-cells, then “add contraction 3-cells”, which
forces all diagrams of 2-cells to commute. In particular, this forces the pairs
of triangular cells shown above to be inverses of one another (and thus iso-
morphisms), and also gives us a 2-cell

i
18 Tor U i
/\ /‘\
ap Ua}u as = Qo Uaél aq Uab a9
\_/ N
1 o |
foo

Observe that this corresponds to the first axiom from Leinster’s nerve con-
struction (see Definition 3.1); adding “contraction 3-cells” also ensures that
the second axiom holds when we perform this construction for longer cuboidal
pasting diagrams.

This whole process gives an object of O, denoted

QUL k) 227X (5, ).

We obtain the P-algebra I5(2, 1) by applying the Eilenberg—Moore compari-
son functor; the resulting P-algebra has as its underlying magma the magma
part of the object of Q above.

Note that the triangular cells added by the free contraction are considered
contraction cells in the object of Q, but when we apply the Eilenberg—Moore
comparison functor they are not contraction cells from the point of view of
the P-algebra action. They retain their commutativity properties, however,
so given any other P-algebra A, a map of P-algebras

]2(2, 1) — A
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can map these cells to any suitably coherent choice of cells in .4; their images
need not be contraction cells.

We now describe this construction for a general object of ©2. As above,
we use Leinster’s notation from his nerve construction for bicategories (Sec-
tion 3). Recall that the subscripts and superscripts adorning each cell should
be thought of as being the “coordinates” of that cell within the pasting dia-
gram; the subscripts are the horizontal coordinates, and the superscripts are
the vertical coordinates.

Note that an object of ©? is an equivalence class of objects of A2, An
object of A? is in an equivalence class with more than one member if and
only if it has a 0 in the first position. Thus, for the purposes of the following
definition we represent the equivalence class of (0, k) for all £ € N by the
object (0, 0) of A?; all other equivalence classes are represented by their sole
member.

Let (j, k) be an object of ©2; we first define the 2-globular set X (j, k),
the associated 2-globular set of the cuboidal pasting diagram (7, k), as fol-
lows:

o X(j,k)o={au|ueN,0<u<
o X(j k)i ={fiuilu,2eN0<u<j0<2z<k)
o X(jk)o={aZ 1 |u,2eN,0<u<j1<2<k}

with source and target maps given by
S( 5,u+1) = Ay, t(fi,u+1) = Oyt

S(QZ,u+1) = 5,;}%17 t(ai,uH) = 5,u+1'
We then add extra 1- and 2-cells to this to obtain a 2-globular set R(j, k),
defined as follows:

® R(j,k)o={au|ueN0<u<j};
o R(j, k)1 ={f;|uv,zeN0<u<v<yj0<z<k}

o R(j,k)y={aZ 1 |u,z€N0<u<j1<z<k},
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with source and target maps given by
s(fan) = au, t(fia,) = au,

S(QZ,uH) = fi,jﬂ? t(ai,qul) = fuz,u+1‘
It is important to note that, in spite of the notation, this does not define func-
tors X and R into 2-GSet. This is because, at this stage of the construction,
there is no way to define the action on maps in ©2, since we cannot map cells
to identities as we do not have these in the 2-globular sets.
We now construct, for each (5, k) € ©2, an object

0, .
R(j, k) 2 TX (5, k)

of R. We define the map 6, ;) as follows:
e on O-cells, 0; kyo(au) = au;

e on 1-cells, O x)1(f3,) = fi100 fiau10 0 fi i1
e on 2-cells, 0 k)2 (A 1) = Q% i1

This map coincides with nf(( k) the unit for the monad 7', for all cells in
X (7, k); the extra cells in R(j, k) can be thought of as weakenings of the
composites at each level of the cuboidal pasting diagram, and 6; ;) maps
each of these cells to the corresponding freely generated strict composite in
TX(j,k).

We now apply the functor J: R — Q to the object of R described above;
this adds to R(j, k) all the required composites and contraction cells. As
demonstrated in the example above, this includes contraction cells in both
directions between each of the extra 1-cells (those in R(j, k); but not in
X(j,k)1) and the corresponding freely generated composites at the same
level of the pasting diagram (i.e. of cells with the same z-coordinate). The
tameness condition in the contraction ensures that these contraction 2-cells
are isomorphisms. The extra 1-cells will give the necessary 1-dimensional
faces in the nerve, and the contraction cells ensure that these are coher-
ently isomorphic to the composites we originally had in the Penon weak
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2-category whose nerve we are taking. We denote the resulting object of Q
by

QG k) 228 TX (), k).

We now extend this to a definition of a functor Fy: 02 — Q, with the
action on objects as described above. To describe the action on a morphism
in ©2, we first define a morphism in R, and then take its transpose under the

adjunction

J
—
RQVLVQ

to obtain a morphism in Q.

Let (p,q): (j,k) — (I,m) be a morphism in ©%. We define the strict
2-category part of the morphism of R first. Define a map of 2-globular sets
z(p,q): X(j, k) — TX(l,m) as follows:

e on O-cells, z(p, q)o(a,) = Ap(u)>

e on 1-cells, z(p, ¢)1(fi . 11) =

) ) -
Tt ny-1pur1) © 7 0 Syt pa e i P(w) <plu+1),
1ap(u) 1fp(u) = p(u + 1)5

e on 2-cells, z(p, q)2(af , 1) =

{ aggilrl)*l,p(u+l) ok O‘ZE?),p(u)H it p(u) < pv),a(z = 1) < q(2),

Z —
Lox(pg)i (£ i) if g(z — 1) = q(2).

To obtain a map 7X (j, k) — T X (I, m) we apply T" and compose this with
the multiplication for 7°, giving

T
'u’X(l,'m)
—

TX G, k) 2PV 72 x (1 m) T X (1, m)
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We now define a map

%m\ l¢<z,m>

TX(j, k) ——T°X(l,m) — TX(I,m),

Tz(p,q) X (1m)

where the map r(p, ¢) is defined as follows:

e on O-cells, R(p, q)o(au) = Qp(u)>

e on 1-cells,
qa(z) :
Rip,ah(f5,) = { Totwne TP(0) < pL0),
1a‘p(u) if p(u) = p(v);
e on 2-cells,
e (1) <pl0).a(: = 1) < a(2),
R(p,q)2(ag,) = Ly i p(u) <p(v),q(z —1) = q(2),
11ap(u) if p(u) = p(v).

We write €: JW = 1 for the counit of this adjunction, and €, , for the
component corresponding to

DX (L, m).

Q(l,m)

Then the transpose is given by the composite

€ba,m) © J(T’(p, Q), ﬂ§(l,m) © Tl’(p, Q))
This allows us to define the functors E,: ©% — Q and I,: 62 — P-Alg.
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Definition 5.1. Define a functor Fs: ©? — Q as follows:

e given an object (j, k) € ©2, Ey(j, k) is defined to be the object

QUL k) 228 TX (5, k).
of Q;

e given a morphism (p, q) : (j, k) — (I,m) in ©2, FEy(p, q) is defined to
be the map

€o0m © J(1(D: @), Wy 1my © T(p, 0))-

Write K: Q — P-Alg for the Eilenberg—Moore comparison functor for the

adjunction
F
—
n-GSet ; Q.

We define a functor I, := K o £, : ©2 — P-Alg.
We can now define the nerve functor for Penon weak 2-categories.

Definition 5.2. The nerve functor N for Penon weak 2-categories is defined

by
N: P-Alg —  [(©6%)°P, Set]
A P-Alg(Ix(-), A)
fl — lfo
B P-Alg(L:(—-), B).

For a P-algebra A, the presheaf N A = P-Alg(I5(—),.A) is called the nerve
of A.

6. The Segal condition

In this section we prove that the nerve of a Penon weak 2-category satis-
fies the Segal condition, and is therefore a Tamsamani—Simpson weak 2-
category. Recall from Definition 3.4 that N/ A satisfies the Segal condition
if
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(1) forall 5 > 0, the Segal map

S;  NA(j,—) — .\M.A(l, —) XNA0,1) * Xaa1) NA(L —

J

\—

is contractible, i.e. surjective on objects, full and faithful on 1-cells;

(ii) for all j, k > 0, the Segal map

Sik: NA(ja k) — {\/’«4(]} 1) XNA3G0) " XNA®,0) NA(j, 1)/

k

is a bijection.

Our approach is to use the way in which nerve functor is defined to rewrite
the Segal maps in terms of composition with certain maps of P-algebras;
this then allows us to express most parts of the Segal condition (everything
except surjectivity on objects) as statements describing certain P-algebras in
the image of I, as colimits of diagrams in the image of /5.

Before doing this, we establish some notation for certain free P-algebras
in the image of I, that can be expressed as colimits of others; these P-
algebras arise in the reformulation of the Segal condition described above.
Observe that the free P-algebra functor F'p can be factorised as

2-GSet — " P_Alg

N

Thus, we see from the construction of I, that, for (j, k) in ©2, if R(j, k) =
X(j,k), then Iy(j, k) = FpX(j, k). Since R(j,k) and X (7, k) differ only
on 1-cells, this happens precisely when R(j, k), = X(j,k);. This is true
when 7 = 0 and j = 1, since

e forj =0, R(]v k)l =0= X(]a k)l;
o forj =1, R(j, k) ={f5 |0<2<k}=X(j k)
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Thus 15(0,0) = FpX(0,0), and Ix(1,k) = FpX(1,k) for all & € N. For
J > 2, we have f, € R(j,k), but f, & X (j, k), so this does not hold for
J =2
Recall that, for all £ > 0,0 < i < k, we have amap d;: [k — 1] — [k] in
A given by
) if 5 <1,
dily) = { J4 1 ifj >,
and consider the following diagram in P-Alg:

15(0,0) 15(0,0)

I2(CV Ix(d1,1) 12(0V I3(d1,1)

I(1,0) L(1,0) ... Iy1,0) I,(1,0).

j copies of I2(1,0)

Write I5(1,0)™ for the colimit of this diagram in P-Alg. By the observa-
tions above, this diagram is the image under F'p of the diagram

X(0,0) X(0,0)

X(1,0) X(1,0) ... X(1,0) X(1,0)

TV
7 copies of X (1,0)

in 2-GSet, where ay: X (0,0) — X(1,0) maps the single O-cell of X (0, 0)
to ag, and similarly for a;. The colimit in 2-GSet of this diagram is X (j,0),
and thus

I(1,0)Y = FrX(j,0),

the free P-algebra on a composable string of 7 1-cells.
Similarly, write I5(1, 1)1 for the colimit in P-Alg of the diagram

1,(0,1) 15(0,1)

IQ(V I2(dy,1) Iz(zy I>(dy,1)

L(1,1) L(1,1) ... L(L1) L(1,1),

(. s
g

Jj copies of I2(1,1)

-74 -



T. COTTRELL PENON WEAK 71-CATEGORIES: PART 2

which is the image under F'p of the diagram

X(0,1) X(0,1)

PN PN

X(1,1) X(1,1) ... X(11) X(1,1)

(. S

~
j copies of X (1,1)

in 2-GSet. The colimit in 2-GSet of this diagram is X (j, 1), and thus
L1, )Y = FpX(5,1),

the free P-algebra on a string of j 2-cells composable along boundary 0-
cells.

We now rewrite the Segal maps of the form S; in terms of composition
with certain maps of P-algebras.

Lemma 6.1. Let A be a Penon weak 2-category. For all j > 0, we have

NA(L =) Xxa0-) - Xnao-) NA(L =) = P-Alg(I(1, -)', A)

J

and the Segal map S; is given by
S;=-odV: P-Alg(L(j,—), A) — P-Alg(L5(1,—)", A),

where dV: I,(1, )Y — I,(j,—) is a map in [A, P-Alg)] induced by the
universal property of I(1, =), defined in the proof.

Proof. We have the following functors:
N2A(, =) AP — [A°P Set]
P_Alg(IQ(ka _)7 A)

l-o[g(a,—)

P-Alg(Iy(j,—), A),

LIS
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L(—): A — [A, P-Alg]

j IQ(j7 _>
aJ/ — l]g(a,)
k I2(k7 _)7

and
P-Alg(—, A): [A, P-Alg|®® — [A°P Set)|

X P-Alg(X(—), A)
{ — J—ozs
Y P-Alg(Y(—), A).
We can factorise N A(-, —) as follows:

NA(—)

AP (A, Set]

I(,—) P-Alg(—,A)
A, P-Alg)™

For each, [j] € A, we consider the actions of the functors N A(-, —) and
I5(-, —) on the diagram

in A.
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Applying N A(-, —) to this diagram gives

P-Alg(Iy(1,-), A) P-Alg(Iy(1,-), A)
P-Alg(I5(1,—), A) P-Alg((1,-), A)
P-Alg(1,(0,—), A) P-Alg((0,—), A)

which is a cone over the diagram

P-Alg(I,(1,-), A) P-Alg(I(1,-), A)
PAl g(l(1,=),A) - P-Alg(l(1,-), A)
P-Alg(I5(0,—), A P-Alg(1,(0,-), A)

Applying I5(-, —)°P to the original diagram gives

/IQ( jj)\
12(17)/12(1,) 12(1\12(17)
NwA ™A
1,(0,—) 1,(0,—)

>

L1, -) L(l,—) ... L(1,—) L, —)
N oA N A
12(07_) [2(07_)
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The limit of this diagram is I5(1, —)", and this limit induces a unique map
d" such that the diagram

Ild
(1, -) =) ...

™

t s
[2(07 _)

Applying P-Alg(—, A) to this diagram, we get:

|

|

I—odUJ
/P Alg(L(1, ) A)\

P- Alg L(1,— o P-Alg(l5(1,-),.A)
t

P- Alg(fz(o ) A)

Since P-Alg(—, A) is representable, it preserves limits [27, V.6 Theorem
3], so we have that

P-Alg(I5(1

s ) A) XpAlg(12(0,-),4) " X P-Alg(10,-),4) P-Alg(L (1, —), A)

~
k

= P_Alg<l2(17 _)Hj7~’4)

and the Segal map S; is given by composition with d", as required
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Similarly, we now rewrite the Segal maps of the form S, in terms of
composition with certain maps of P-algebras.

Lemma 6.2. Let A be a Penon weak 2-category. For all j, k > 0, we have

NA(Jv 1) XNA(j,O) e XN.A(]',O) NA(]7 1) = P_Alg<]2(ja 1>Hk7 A)

k

and the Segal map S . is given by
Sik =-od"™: P-Alg(I>(j, k), A) — P-Alg(L(j,1)", A),

where dY%: I,(5, )" — I,(j, k) is a map of P-algebras induced by the
universal property of I5(j, 1)1%, defined in the proof.

Proof. We take a similar approach to that used in the proof of Lemma 6.1.
For each j > 0, we have the following functors:

N2A(j,): AP — [A°P, Set]

aJ/ — l~0[g(1j,0&)
k P_Alg(IQ(.]a k)7~’4>a

and
L(j,—): A — [A, P-Alg]

k [2(j7 k)
ozl — lb(lj»a)
l [2(j7 l)a

and we can factorise N A(7, -) as follows:

NAG) [A°P, Set]

Acp
m m)

[A, P-Alg]*®
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For each, [k] € A, we consider the effects of the functors N A(j, -) and
I5(j,-) on the diagram

1] 1]
R /?f\ A N e
[0] [0] [0]
in A. By exactly the same argument as the case of S;, we have a unique map
d"* such that

IQ(.ja k)
|
| 1gLlk
4
[2(j7 1)Hk
]2(j71) [2(71) [2<.]7 1) ]2(j71>
N N
[2<]70> [2(j70)
and applying the functor P-Alg(—, A) gives us the diagram
P-Alg(I,(j
|
: de
<
P-Alg(I,(5,1)1% A)
P- Alg 12 .77 7 \ P- Alg I2
PAlg ]2]7 )7 PAlg 12]7 7
/ t
P- Alg ]2 .]7 a P- Alg(IQ(]70)7~’4)
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Thus we have that

P'Alg(lz(j, 1), A) X P-Alg(I2(5,0),4) *°° X P-Alg(I2(4,0),4) P'Alg(IQ(]} 1)7 A)

S

*
= P_Alg(IQ(.]a 1)Hk7~’4>
and the Segal map S; ;. is given by composition with d"¥, as required. [

We now use Lemmas 6.1 and 6.2 to prove that the nerve of a Penon weak
2-category satisfies the Segal condition. We begin with the Segal maps of
the form 5.

Proposition 6.3. Let A be a Penon weak 2-category. For all j > 0, the Segal
map

Sj: NA(G, =) = NA(L, =) Xnao.-) - Xnao,—) NA(L, —)

(. J
v~
J

is surjective on 0-cells, i.e. the map

(Sj)o: NA(4,0) — {\[«4(1, 0) XA 400,0) *** Xaa(0,0 NA(L,0)

J

N
J
is surjective.

Proof. By Lemma 6.1, the Segal map 5, is given by

S;=-o0d": P-Alg(L(j,—), A) = P-Alg(L(1,—)", A),
so we need to show that

(Sj)o =-od"V: P-Alg(I5(j,0), A) — P-Alg(I>(1,0)", A)

is surjective. Let ¢: I5(1,0)"YV — A be a map of Penon weak 2-categories.
We must find a map ¢: I5(j,0) — A such that (Sk)o(¢) = ¢, i.e. such that

the diagram
I»(1,0)W d A
'% /
12 (]7 0)
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comimutes.
Write the P-algebra A as

PA-25 4

so UpA = A. We define v by first defining a map into the free algebra Fp A,
then composing this with the algebra action . Define a map

R(j,0) J » PA

f’(jml }’A

TX(j,0) = T2A——TA
Ha

in R as follows:
The map ¢g: R(j,0) — PA is defined by:

e forall a, € R(j,0)0, go(au) = do(ay);
e for f0 € R(4,0); withv =u+1,

gl( 31)) - ¢1( 31))7

o for f0 € R(j,0); withv >u+1
g1(10) = (- (a0r) 0 (S aui)) 0+ ) 0 1(f2)).

Note that R(j,0)s = (), so we do not need to define g on 2-cells.
The map h: X (k,0) — T'A is defined by:

e forall a, € X(j,0)0, ho(ay) = ¢o(ay);

e for all f37u+1 € X(j, 1)1,

h(faus1) = Pao O1(fa i)
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Note that X (j,0)2 = (), so we do not need to define / on 2-cells.
This defines a map in /R. We then take the transpose of this map under

the the adjunction

;)

R, L 'Q
w

We write €: JW =- 1 for the counit of this adjunction, and ¢4, for the
component corresponding to

?(,0)

Q(4,0) —=TX(j,0).

Then the transpose is given by the composite

€50 © I (9 phoTh).

Finally, we apply the Eilenberg—Moore comparison functor K : Q — P-Alg
to this; we write

X = K(€¢>(j,o) © J(g, ,u£ o Th)),
and define
Y:=0o0x:I(j,0) = A.

We now check commutativity of the diagram

Ib(1,0)1 ¢ A

Since I5(1,0) = FpX(4,0), this commutes if the diagram

P
X (5,0) Upo

X(]vO) _>UPFPX<jJ O) —>[]P~'4

n)}z(j-,(x /\]P"Z’

UpFpX(j,0) WUP[2(j> 0)

in 2-GSet commutes; we check this using an elementary approach. Since
X (4,0)2 = 0, we do not have to check commutativity on 2-cells. We have
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e fora, € X(4,0)o,
Uptho o Updy” o1k (;.0)(au) = Uptbo(au) = Updo © 0 (j.0)(au);
o for f7, 1 € X(j,0),
UP¢IOUPd]1_[jOn§(j7O)< {f,uﬂ) = UP%(fi,uH) = UP¢1077§(J',0)( 5,u+1);

hence the diagram commutes. Hence S is surjective on 0-cells. [

We now use Lemma 6.1 to express the fullness and faithfulness part of
the Segal condition in terms of colimits of P-algebras. Recall from Defini-
tion 2.3 that, given a map of simplicial sets a: A — B, we have an induced
map &, in Set, as shown in the diagram below:

S

Aoa—())Bo

and that « is full and faithful on 1-cells if the map &; is an isomorphism. We
wish to show that, for all 5 > 0, the Segal map

S;: P-Alg(Iy(j,—), A) — P-Alg(Iy(1,—)", A)

is full and faithful on 1-cells. By the description of fullness and faithfulness
above, this happens when the diagram

P-Alg(Ix(j, 1), A) _ : P-Alg(I5(4,0), A)
< l—o(dﬂj)o
t P_Alg<12(1?1>H]7A) T>P—Alg(12<170>ujw/4)

~

|

P'Alg<[2(]a O)? A) _ﬁdj)f'Alg([Z(la O)Hj7 “4)
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is a limit cone in Set. This cone lies in the image of the functor
P-Alg(—, A): P-Alg®® — Set,

and this functor is representable, so it preserves limits [27, V.6 Theorem 3].
Hence S; is full and faithful on 1-cells if the diagram

I5(1,0)13

,0) 1,0)%
V wHS V w

1,(3,0) 1)us 15(3,0)

o(1,
\ l dH3/
1 d1 1 dO)
2(3,1

)

is a colimit cocone in P-Alg.
Before proving this, we describe what this means in the case 7 = 3. The
P-algebra I5(1,1)"3 consists of three 2-cells composed horizontally:

& 12 2
N T N T
() ﬂaél ai ﬂo&? Q2 ﬂagg as,
f(h f112 f112

with the copies of I5(1,0)" in the diagram giving its source and target
strings of 1-cells. The P-algebra I5(3,0) is a tetrahedron whose faces are
isomorphism 2-cells:

a1—>a2

SRVARAN

Qo as
fo3 ’

Taking the colimit of the diagram glues one of these tetrahedra to the string
of source 1-cells of I(1,1)13, and the other to the string of target 1-cells.
Thus the fullness and faithfulness condition tells us that /5(3, 1) can be ob-
tained this way; it is a simplicially weakened version of the cuboidal pasting
diagram (3, 1).

-85 -



T. COTTRELL PENON WEAK 71-CATEGORIES: PART 2

Lemma 6.4. For all j > 0, the diagram

I5(1,0)" I(1,0)1
(d)o wﬂj IQ(W (@),
IQ(]70) IQ(L]-)Hj IQ(jv O)
L(1,d1) l(d“j%

]2(j7 1)

is a colimit cocone in P-Alg.

To prove Lemma 6.4, we check directly that I5(j, 1) satisfies the univer-
sal property for the colimit. In order to do this we must specify maps out
of I5(j,1) and I5(j, k), which we define dimension by dimension, starting at
dimension 0 and working up.

In this proof we write down the cells of I5(j, 1) explicitly. We are able to
do this using the description of the functor J: R — Q (which is used in the
definition of /) given in Part 1 of this series.

Recall from the construction of I5(7, k) that at each dimension (excluding
dimension 0), we have three types of cell: generating cells (those in R(j, k)),
contraction cells, and composites. We use the following notation: for com-
posites we write o for composition of 1-cells and vertical composition of
2-cells, and * for horizontal composition of 2-cells; for contraction cells, we
write [a, b] for the contraction cell from a to b. Since we are defining a map
of P-algebras, once we have defined the effect of the map on generating cells
and contraction cells, the effect on composites is determined by the fact that
the map must preserve the P-algebra structure (in a way that we will make
precise later). A similar statement is true for some of the contraction cells,
but not all of them; due to the fact that (for j > 1) I5(j, k) is not a free
P-algebra, only certain contraction cells are required to be preserved by the
P-algebra structure. We refer to these cells as “algebraic contraction cells”.

To see which contraction cells are algebraic contraction cells, suppose we
are defining a map v¢: I5(j, k) — .A. This consists of a map of 2-globular
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sets : Uply(j, k) = Q(J, k) — A such that

PQUL k)~ pA

commutes, where the left-hand map is the algebra action for I5(j, k). The
commutativity of this diagram is what ensures that the P-algebra structure
is preserved. Thus, the contraction cells that must be preserved are precisely
those which are recognised as contraction cells by the P-algebra structure,
i.e. a contraction cell in ()(j, k) is an algebraic contraction cell if it is the
image under the algebra action PQ(j, k) — Q(j, k) of a contraction cell in
PQ(j, k). Since the only contraction 1-cells in I5(j, k) are the identities, all
contraction 1-cells are algebraic. The algebraic contraction 2-cells in I5(j, k)
consist of the identities, and any contraction cells that alter the bracketing of
a composite, or alter the number of identities that appear in a composite, but
do nothing else. In particular, the source and target of a non-identity alge-
braic contraction 2-cell in I5(7j, k) are always composites of cells in I5(7, k),
and these composites feature the same generating cells in the same order.

Another pivotal fact about I5(7, k) is that, in the construction, the functor
J: R — Q “adds contraction 3-cells” (as well as adding other contraction
cells and composites). This has the effect of identifying all parallel 2-cells,
so in I5(j, k) there are no distinct parallel 2-cells. This allows us to write
many of the contraction cells as composites of others.

Proof of Lemma 6.4. In this proof, we present the case 7 = 3, before moving
on to the case of general j, since for a fixed value of j we are able to write
down all of the cells in /5(j, 1) (though note that we still omit certain com-
posites). We use j = 3 rather than 7 = 2 (the simplest case of the lemma)
because I5(2,1) is too small for this case to exhibit all the features of the
general case.
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Suppose we have a P-algebra A and a cocone

H3

I,(1,0)™
W wﬂiﬁ V W

I5(3,0)
\A l /

in P-Alg. We define a map of P-algebras

b I(3,1) — A
such that the diagram
I(1,0)1 I(
V wlﬁ) IQ(W %
15(3,0) 2(1,1) 113 15(3,0)
ldHS/
1,do

2(3,1

[

K"

\l/

A

commutes.

To define the map 1, we first list the cells in I5(3, 1). We list the cells by
dimension, and for dimensions above 0, we break the list down further, into
generating cells, contraction cells, and composites.

e (O-cells: a, forall 0 < u < 3;
o 1-cells:

— Generating cells:

fi forall0 <u<wv <3 0<2<1;
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— Contraction cells:
[ay, a,] =id,, forall 0 < u < 3;

— Composites: Although we don’t need to define the action of ) on
composites, since this is determined by the fact that ¢/ preserves
the P-algebra structure, it is useful to list them here since we
need to know what they are in order to write down the contraction
2-cells. Note that this list does not include composites involving
identities.

froofy forall0<u<wv<w<3, yze {01}

(f330 J%) o fors faz© (f1y2 o fgy) forall z,y, 2z € {0, 1}
o 2-cells:

— Generating cells:

al, forall 0 <u < v < 3;

— Contraction cells: There are three different types of contraction
cell in I5(3,1) — the algebraic contraction cells, the triangular
contraction cells corresponding to the cells denoted ¢7,,, in Le-

inster nerve construction (see Section 3), and those which are
composites of cells of the two other types.

The algebraic contraction cells are those of the form:
[(f33 0 fi2) © far, f33 © (fia © fo)],
[f35 0 (fia 0 for): (f35 0 fia) © faul,

for all z, y, z € {0, 1}, as well as identities on all 1-cells. The

triangular contraction cells, all of which lie in the image of either
Ir(1,dy) or I5(1,dy), are those of the form:

[31117 'L(;]wo 31)]:]2(17d1)[ 311)7 Swo 31}]7
[Bwo 31)7 Sw]:[2(17d1)[ 1()]11)0 3117 1?11}]7

[fziw7f1}wo 111)]:]2(17d0)[ Sw? Swo 3@]7
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[f&w ° fiv?f'iw] = 12(17d0)[f1?w o 31}7 fi?m]?

Forall 0 < u < v < w < 3. The remaining contraction cells are
composites of those above:

150 for, (fgs o f1a) © forl = [f?:s?fgs o fio] * [f&lvf&l]?
[(fa50 fia) © fors iz © for] = [f25 © fis, fia) * [fors foul,
[f113 © f(())lv (f213 o fiy) o f(())1] = [f1137f213 o fia) * [f(())lvfgl]v
[(f23 0 fi2) © for, fiz © for] = [faz © fias Fia] * [fons foul;
[fa3 0 foz: faz 0 (fia © for1)] = (23, fou] * [foos fiz © foul,
[fg?, o(fipo foll)afg?, © f(}z] = [f2037f§3] *[fig0 f()llaf(}2]’
[fa3 0 foos faz © (fiz © fo1)] = [fas, faa) * [fon, f1z © foul;
[f213o(f{)20f(())1 >f213of(())2] = [f2137f213]*[ ]

We now define the map ¢: I5(3,1) — A:

0 0 £0
J12 © for» foal-

e On O-cells:
Yo(au) = go(au) = ho(au) = Ao(au).

e On 1-cells: (Y it 0
oy Joalfe) ifz=0,
¢1(fuv) T { hl(lqu;l) if 2z = 1;

wl [au, au] = w(ldau) = /\1 (ldau> = gl(idau) = hl (1dau)

We do not need to define the action of ¢; on composites explicitly;
this is automatic since v must preserve the P-algebra structure.

e On 2-cells:
Ya(an,) = Aoy, );
V2[(f35 0 f12) © for, fo3 0 (fiz © fo1)]
::[wl«fzzy, o fiy) 0 fgl)v¢1 (f223 o(ffyo févl))];
Vo[ f35 0 (fia 0 f51), (35 0 fia) © foi]
=[t)y (fgz3 o(ffyo féc1))>¢1((f2zg o fly) o f(ﬁ)];
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Dol frurs Forw © Fto) 7= G2l Fas Foro © Fibo;
Vo fow um ww) = 9l fon um )i
¢2[fuw, v uv] half,) uuﬂ o © Ju)i
Ul fyw © Faws Faw) 7= Mol frs © Fits Fino)-

As with 1-cells, we do not need to define the action of ¢)s on compos-
ites, including those contraction cells that are composites of others,
since ¢ must preserve the P-algebra structure.

We see by definition of ¢ that it is a map of P-algebras, and that it makes
the required diagram commute. It is clear that, at each stage of the construc-
tion of v, if we defined the map differently it would not have satisfied these
conditions; in the case of the cells on which % is defined explicitly, any other
definition would fail to make the diagram commute, and in the case of all
other cells, any other definition would fail to give a map of P-algebras.

Thus, v is the unique map of P-algebras making the required diagram
commute, so /5(3, 1) is the colimit in P-Alg of the diagram

I5(1,0)1 I5(1,0)1
W wus Ty (do,1)13 w

15(3,0) I(1,1)1 15(3,0)

We now prove the lemma for a general value of j. Suppose we have a
P-algebra A and a cocone

I(1,0)" 0)™
V wuj V w

I5(5,0)
\}Al /

in P-Alg. We define a map of P-algebras

1/}: 12(j71> — A
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such that the diagram

IQ(LO)H- Hj
V 2(dy, 1)1 m% w
15(3,0) o(1, 1) I5(3,0)
12(17d1) ldﬂj/
A 2(7,1)
|
g ﬂ
A

commutes.

To define the map 1, we first list the cells in I5(j,1). As for the case
J = 3, we list the cells by dimension, and for dimensions above 0, we list
generating cells and contraction cells separately. Note that in this case we
do not list the composites, since the notation would become very unwieldy;
the action of 1) on composites is determined by the fact that it must preserve
the P-algebra structure, so we do not need to list the composites explicitly.

e (O-cells: a, forall 0 < u < 7;
o l-cells:

— Generating cells:
Zforall0<u<v<j, 0<2z<1;
— Contraction cells:
lay, a,] =id,, forall 0 < u < j;

o 2-cells:

— Generating cells:

aiyfora110§u<v§j;
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— Contraction cells: As in the case j = 3, we have algebraic con-
traction cells and triangular contraction cells corresponding to
the cells ¢7,,,; since all diagrams of contraction 2-cells commute
in I5(j, 1), all other contraction cells can be expressed as com-
posites of contraction cells of these two types.

The algebraic contraction cells are those mediating between dif-
ferently bracketed composites of the same 1-cells, and also iden-
tities on all 1-cells. The triangular contraction cells are those of

the form:
[ uw7 ] = [2(17d1)[ uw7 ]7
[ uv? ]: 12(17d1)[ uvv ]v
[fuw? ’U ] = ]2(17d0)[ uw? J vw ]7
[ ijv? ]_ [2(1>d0)[ uv7 ]v

forall 0 < u < v < w < j. All remaining contraction cells are
horizontal composites of those of the form

z z z z z
O ... O O .« .. O f ]
[ Um—1,Um V1,02 V0,17 JUj—1,U] ul,u2 fUO,m )

foralll,m > 2,0 < uyp < up < --- < w < J,u = vy <
v < e < Uy = u, 0 < 2z < 1. Note that we omit the choice
of bracketing in the contraction cell above; there is one such cell
for each choice of bracketing of the source and target. Each of
these contraction cells can be written as a composite of algebraic
contraction cells and the triangular contraction cells above.

We now define the map ¢: I5(j,1) — A:
e On O-cells:

Yolaw) == go(au) = ho(au) = Ao(ay).

e On 1-cells: ( )
L g1(fz,) ifz=0,
Q/}1( u’u) T { hl( z—l) ifZ — 1;

¢1[au7 (lu] = @b(ldau) = /\l(idau) = gl(idau) = hl(idau)-
As in the case j = 3, we do not need to describe the action of ) on
composites explicitly, since it must preserve the P-algebra structure.
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e On 2-cells:
( o) = AMag,);
%[ Juws Jow ] :g[uun vw ]7
wQ[ uv? ] = 92[ uw ]7
¢2[fuwa vw uv] = h?[ uw7 vw ]a
Vol fow © Favs Fawl = Mol Fow © Fous Fal-

As in the case j = 3, we do not need to describe the action of ¢ on the
remaining 2-cells explicitly, since they are either algebraic contraction
cells, or composites involving the algebraic contraction cells and those
above.

We see by definition of ¢ that it is a map of P-algebras, and that it makes
the required diagram commute. It is clear that, at each stage of the construc-
tion of v, if we defined the map differently it would not have satisfied these
conditions; in the case of the cells on which v is defined explicitly, any other
definition would fail to make the diagram commute, and in the case of all
other cells, any other definition would fail to give a map of P-algebras.

Thus, v is the unique map of P-algebras making the required diagram
commute, so /5(7j, 1) is the colimit in P-Alg of the diagram

I,(1,0)W I(1,0)"
y wuj D(W %‘
0 L1, 16 L

as required. 0

The following is now an immediate corollary of Lemma 6.4, via our
characterisation of fullness and faithfulness of the Segal maps in terms of
colimits in P-Alg.

Corollary 6.5. Let A be a Penon weak 2 category. For all j > 0, the Segal
map

S;: P-Alg(I(j, —), A) — P-Alg(I5(1,—)", A)
is full and faithful on 1-cells.
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We now apply a similar argument to the Segal maps S ;, and reformulate
the remaining part of the Segal condition in terms of colimits of P-algebras,
as we did for S;. By Lemma 6.2, S, is given by

Sj,k =-0 de: P-A]g([z(j, k),A) — P_Alg(]2(jv 1)Hk7“4)'
This is a bijection if I5(j, 1)"* = I5(j, k), and the map
d": L5, )" = L(j,k)

is the identity. This tells us that I5(j, k) can be obtained by gluing k copies
of I5(j,1) along their boundary copies of /5(j,0). Thus, the Segal map S
is a bijection if the following lemma holds:

Lemma 6.6. Forall j > 0, k > 0, the diagram

I,(5,0) 2(7,0)

12(16y I(1,d1) IQ(le Nl 1)

]71) 12

[2 o
12(1,& A Sk —
) k)

1 Lk 1)
12(].,[,1 12(]" 12(17"/6)

is a colimit cocone in P-Alg,

Proof. Let A be a Penon weak 2-category, and suppose we have a cocone

12(17 \1 (1,d1) 1Cy \1 d1)

I2 ]7 U 12 .77

9& g(k=1)
9(k)

in P-Alg. We define a map of P-algebras
77Z): 12 (]7 k) — A
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such that the diagram

g

commutes, and show that this is the unique such map of P-algebras. We take
the same approach as in the proof of Lemma 6.4, defining the map by an el-
ementary approach, and using the fact that it must preserve the P-algebra
structure to avoid having to define it explicitly on every cell of I(j, k).
To do so we now list the cells of I5(j, k); we use the same notation as in
Lemma 6.4, and note that, as before, we do not list composites or algebraic
contraction cells.

e (-cells: a, forall 0 < u < 7;
o l-cells:

— Generating cells:

wforall0 <u<ov <y 0<2<k;

— Contraction cells:
lay, a,] =id,, forall 0 < u < j;

e 2-cells:

— Generating cells:

a,,forall0 <u<v<j 1 <z<Fk;
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— Contraction cells: As in Lemma 6.4, we have algebraic con-
traction cells and triangular contraction cells corresponding to
the cells ¢7,,, from Leinster’s nerve construction for bicategories
(Section 3); since all diagrams of contraction 2-cells commute in
I5(j,1), all other contraction cells can be expressed as compos-

ites of contraction cells of these two types.

The algebraic contraction cells are those mediating between dif-
ferently bracketed composites of the same 1-cells, and also iden-
tities on all 1-cells. The triangular contraction cells are those of

the form:

[fows Fow © Fan);
and

[ © uv’ y ]7

forall0 <u<ov<w< g, 0< 2z <k Asin Lemma 6.4, all
remaining contraction cells are composites of those above.

We now define the map ¢: I1(j, k) — A:

e On O-cells:

e On 1-cells:
wl( uv) = (2)/ r1 e
91" (fun) otherwise;
{23} [aw au} = Q/J(idau) = 91 (ldau>

As in Lemma 6.4, we do not need to describe the action of ¢) on com-
posites explicitly, since it must preserve the P-algebra structure.

e On 2-cells:
z _ (2 .
¢2(Of )_ 2 (auv>
Dol f00, £o0 0 F0] == 05" [f00, £o 0 F2;
Dol f0 0 £, £O0 = g5 110 o £2,, £O.1:
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andforl < z <k,

77Z)2[f5w7f5wofvjv} =g [fuw?fvwo uv}
77Z)2[fjwo 5v7fuzw} =g [f fu’u?fuw}

As in Lemma 6.4, we do not need to describe the action of 1) on the
remaining 2-cells explicitly, since they are either algebraic contraction
cells, or composites involving the algebraic contraction cells and those
above.

w/\ w/\

We see by definition of ¢ that it is a map of P-algebras, and that it makes
the required diagram commute. It is clear that, at each stage of the construc-
tion of v, if we defined the map differently it would not have satisfied these
conditions; in the case of the cells on which v is defined explicitly, any other
definition would fail to make the diagram commute, and in the case of all
other cells, any other definition would fail to give a map of P-algebras.

Thus, v is the unique map of P-algebras making the required diagram
commute, so /5(j, k) is the colimit in P-Alg of the diagram

2(1,do) Xl d1) 2(1,do) xl 1)

as required. 0

=4

The following is now an immediate corollary of Lemma 6.6:

Corollary 6.7. Let A be a Penon weak 2-category. For each j, k > 0, the
Segal map

Sik: NAG k) = NA(G, 1) Xna60) - Xvago NAJ, 1)

~
k

is a bijection.

We now have all the results we need to show that the nerve of a Penon
weak 2-category is a Tamsamani—Simpson weak 2-category.
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Theorem 6.8. Let A be a Penon weak 2-category. Then the nerve N' A satis-
fies the Segal condition, and is thus a Tamsamani—Simpson weak 2-category.

Proof. Let A be a Penon weak 2-category, and consider its nerve N A. For
all 7 > 0, the Segal map

Si : NAG, =) — NAQL, =) Xnae) - Xvaen NA(L -)

J

is surjective on objects by Proposition 6.3 and full and faithful on 1-cells

by Corollary 6.5; hence S; is contractible. Note that the proposition and

corollary are valid only for 7 > 0, but for 7 = 0 the result holds trivially.
For all 5, k£ > 0, the Segal map

Sik : NAG k) — NA(J, 1) Xnago) - Xnvago) NAG, 1)

~
k

is a bijection by Corollary 6.7. As above, this corollary is only valid for
k > 0, but for k£ = 0 the result holds trivially.

Hence N A satisfies the Segal condition, so it is a Tamsamani—Simpson
weak 2-category. 0

7. The nerve construction for general n

In this section we generalise the nerve construction for Penon weak 2-cate-
gories from Section 5 to a nerve construction for Penon weak n-categories
for all n € N. As in Section 5, we write P for the monad for Penon weak
n-categories, and ' for the free strict n-category monad.

The construction proceeds analogously to that for n = 2. Since we
are potentially working with a greater number of dimensions in the general
case, we have to weaken composition in each cuboidal n-pasting diagram
at every dimension (apart from dimensions 0 and n). The greater number
of dimensions entails that the notation for the cells of the P-algebras we
construct necessarily becomes more complicated and unwieldy.

In analogy with the case n = 2, when defining the nerve functor for
Penon weak n-categories, we first define a functor 1,,: ©” — P-Alg which
gives us, for each object of ©", the corresponding cuboidal n-pasting dia-
gram expressed as a freely generated Penon weak n-category. We obtain the
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functor /,, by defining a functor F,,: ©" — Q, then composing this with the
Eilenberg—Moore comparison functor K : Q@ — P-Alg for the adjunction
F 4 U defining the monad P.

As in the 2-dimensional case, for each object j = (j1, jo, - . ., jn) of O™,
we define two n-globular sets, X (j) and R(j); X (j) is the associated n-
globular set of the cuboidal pasting diagram j, while R(j) also contains extra
cells to weaken the composition structure on certain simplicial shapes of
composite. We then define an object of R

R(j) —2— TX (k),

and define E,,(j) to be the image of this under the functor J: R — Q; that
is, the left adjoint to the forgetful functor W: Q — R.

Before giving the construction, once again we discuss the notation we
will use. We will use a coordinate system similar to that used in the 2-
dimensional construction. The difference is that, since higher dimensional
cells require a greater number of coordinates, instead of using subscripts and
superscripts, the coordinates of a cell will be written as a string in brackets.
Thus, the m-cell

™ (U, Vo; UL, V15 -« o 3 U1y U1} 2)
has source (m—1)-cell with coordinates (ug, vo; . . . ; Um—2, Um—2; Umpm—1) and
target (k — 1)-cell with coordinates (ug, vo; . .. ; Um—2, Um—2; Um—1). The z-

coordinate indicates the position of this cell in relation to the other m-cells
parallel to it, and the superscript m indicates the dimension of the cell. As in
the 2-dimensional construction, each n-cell has the same coordinates as its
target (n — 1)-cell.

Recall that an object of ©" is an equivalence class of objects of A”.
An object of A" is in an equivalence class with more than one member
if and only if it has a 0 in the kth position for some & < n. Thus, for
the purposes of the following definition we treat the equivalence class of
(lhyo o lm—1,0, b1, - - -, 1), with m < n, as the object

(s b1, 0,0, ..., 0)

of A"; all other equivalence classes are treated as their sole member.
Let j € ©™ and define n-globular sets X (j) and R(j) as follows: the sets
of cells of X (j) are defined by
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e X(j)o={au|ueN,0<u<j}
e forO0<m<n,
X(§)m = {a™(ur,ur + Liug,us + 1005 Uy Uy + 15 2)
|0<wuy <gjforall <1 <m,0<z<jnn};
e form =n,
X ={a™(ur,ur + Lug,ug + 1; ... 5 Up_1, Up_q + 15 2)
|0<uy <gjforall <I<n-—1,1<z2<j,};
and those for R(j) are defined by
o R(jlo={au|ueNO0<u<j}
o for0 <m < n,
R(j)m = {a™(u1, v1; U2, V2; . . . Uy, Vs 2)
[0 <wuy <y <jforalll <1 <m,0<z<jn1};
e form = n,
R(j)n = {a"(u1, v1;u2,V9; . .. jUp_1,Vp_1; 2)
|O§ul<’Ul§jlf01‘3.111§l§n—1,1Széjn}.
For both X (j) and R(j), the source and target maps are defined by:
e for all 1-cells o' (uy, vy; 2),

s(a (uy,v1;2)) = au,, ot (ur, 015 2)) = ay,;

e forall 1 < m < n,and forall m-cells o™ (uy, v1; Uz, Va5 . . . 5 U, U 2),
S(Oé (Ul,Ul,Ug,UQ,... ,Um,Um,Z))
m—1 . . . .
= o™ (ur, V15 U2, Va5 - 5 Ui, U1 U ),
and
t(Oé (u17v17u27v2a"' 7umavm>z))
m—1 . . . .
= o (U1, V13 U2, V25 - U1, V15 U ),
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e for all n-cells o™ (uq, vy; ug, Vo . .. ;Up_1,
s(a™(uq, v1; U, Vo .o Up_1,Vp1; 2))
= " Mg, v1; Uz, Va5 . U1, Upo1; 2 — 1),
and
t(a”(ug, v1; Uz, Va; . . Un—1,Un-1; 2))

— an—l(

Ui, V13 U2, V25 ... ; Up—1, Upn—1; 2’)

Once again we note that, in spite of the notation, this does not define functors
R and X into n-GSet.

We now wish to construct, for each j € ©", an object of R which will
consist of a map from R(j) into the free strict n-category on X (j). Before
doing so, we must first establish notation for the freely generated composite
cells in T X (j). Following Penon’s notation for composition in an n-magma
(see Definition 4.2), given m-cells ay, o and 0 < p < m, where the target
p-cell of ay coincides with the source p-cell of as, we write oy oy @ for
their composite along boundary p-cells. For composites involving greater
numbers of cells we extend this to summation-style notation; for m-cells «;,
1 <@ < k for some k, satisfying the appropriate source and target conditions
to be composable, we write

m’p
O aj=apoy ag_10)" -+ o) az o)t ay.
1<i<k

We now define 6;: R(j) — T X (j) by:

o fora, € R(j)o, (05)0(an) = au;

o for 0 <m < n, (6;)m(a™(ur,v1; Uz, Vo; ... U, Vs 2)) =
m,m—1 m,0
O e O a™w,wr+Lwg,wa 15 W, Wy + 1 2)
Umn SWm <Um u1 <wi <vi
o form =n, (6;)n(a™(ur, v1; U, Va; ... JUK_1, V13 2)) =
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n,n—2 n,0
O o O a™wy, witlwe, w1 w1, w1 2)
Up—1SWp—1<Up—1 u1 <wi<vy

Similar to the 2-dimensional case, ¢; coincides with ngp((j) whenever v; =
w+ 1forall0 <[ <m—1.

To complete the construction of the action of the functor F,,: ©" — O
on objects, we apply the functor J: R — Q to 0;: R(j) — TX(j). This
adds to R(j) all the required composites and contraction cells, including
those which ensure that the weakened composites (those cells in R(j) but
not in X (j)) are coherently equivalent to the corresponding freely generated
composites at the same level in the pasting diagram. We denote the resulting
object of Q by

Q) —2—TX(j).

We now define the action of the functor £,,: ©" — Q on morphisms.
As in the 2-dimensional case, to do so we first define a morphism in R, then
take its transpose under the adjunction

R0
W

to obtain a morphism in Q.

Let p : j — k be a morphism in ©". We define the strict n-category part
of the morphism of R first. Define a map of 2-globular sets z(p): X (j) —
TX (k) as follows:

e fora, € X(j)o. 2(P)o(au) = ap, (w);

o for0 <m < n,a™(uy,ur + 1;... 5 Upm, U + 15 2) € X(j)m, if for all
1 <1 < m we have p;(u;) < pi(v;), then

x(p)m(am(ulaul + 1; o 3 U, Uy + 1; Z)) =

m,m—1 m,0
O O [0 (U}l,wl—f—l,... 7wm,wm—0—1,pm+1(z)),
an(UnL)Sw'm pP1 (ul)gwl
<pm (um+1) <p1(u1+1)

otherwise, for the smallest / such that p;(w;) = p;(v;) we define

‘T(p)m(am(ulaul + 1; e 3 Uy, Uy + 1; Z))
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to be the identity m-cell on the (I — 1)-cell

1—1,1—2 1-1,0
O oMwy, w415 w, wim 4+ 1 p(w));
pr—1(u—1)<wp_1 p1(u1)<w
<pr—1(w—1+1) <p1(u1+1)
o fora™(up,ur+1;... ;up_1,up_1+1;2) € X(j)n,ifforalll <1 <m

we have p;(u;) < pi(vi), and p, (2 — 1) < pp(z), then

(P (ur,uy + 15000 5 U1, Upg + 1;2)) =

n,n—2 n,0
O O Q (w17w1+1a"' awn—17wn—1+]—apn<z))7
Pr—1(un—1)<wn—1 p1(ur)<wy
<pn-1(un—1+1) <p1(u1+1)

if for all 1 <1 < m we have p;(u;) < pi(v;), and p,(z — 1) = pn(2),
then we define

x(p)n(an(uhul + L cee 3 Up—1,Up—1 + 17 Z))

to be the identity n-cell on the (n — 1)-cell

n—1,n—2 n,0

O a™(wy,wi+1; .y wa—1, wa1+15pa(2));
Pr—1(Un—1)<wn—1 p1(u1)<wi
<prn—1(Un—1+1) <p1(u1+1)

otherwise, for the smallest [ such that p;(u;) = p;(v;), we define
fE(P)n(an(UhUl + ]-a cee 3 Up—1, Up—1 + 17 Z))

to be the identity m-cell on the (I — 1)-cell

1—1,1—2 n,0
m . . .
O 0 O a™w,wi+ 1w, wim + 1 p(w).
pr—1(w—1)<wi_1 p1(u1)<wi
<pr—1(ug—1+1) <p1(u1+1)

To obtain a map T X (j) — T X (k) we apply 7" and compose this with
the multiplication for 7', giving

HX (10

TX () 2% 72 x (1) -2 7x (k)
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We now define a map

R() e Qk)

TX(j) —— T?X (k) —— TX (k),
Tz(p) Ng(k)

where the map r(p) is defined as follows:

e fora, € R(j)o, 7(p)o(au) = (p, (u)>

o for0 <m < n, ™ (uy,v1;...;Un,Vm;2) € R(§)m,ifforall 1 <1<

m we have p;(u;) < pi(v;), then

r(P)m (™ (U1, V15 . U, U 2)) =

o™ (pr(ur), pr(vr)s -5 P (), P (U ); P (2));
otherwise, for the smallest [ such that p;(u;) = p;(v;), we define
r(P)m (@™ (ur, 015 - - 5 U, Vs 7))
to be the identity m-cell on the (I — 1)-cell

o' py(ur), pr(1); - s pre (W), proa (-1 po(w));

o for " (uy,v1;. .. ;Up_1,05-1;2) € R(j)p,if forall 1 <1 <n-—1we

have p;(w;) < pi(v), and p,,(z — 1) < p,(z), then

r(P)n(a™(ug, v1;. .. J U1, Up152)) =

™ (pr(ur), pr(v1); - Pn—1(Un—1), Pae1(Vn—1); Pn(2));

ifforall 1 <! <n—1wehave p;(u;) < pi(v;), and p,(z—1) = pn(2),

then we define

T(P)n(am(uh U1y... ;Up—1,Un-1; Z))

to be the identity n-cell on the (n — 1)-cell

an_l(pl(ul)apl(vl); v (), Pao1(Unm1); pi(2));
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otherwise, for the smallest [ such that p;(u;) = p;(v;), we define

T(P)n(am(uh U1y... ;Up—1,Un-1; Z))

to be the identity m-cell on the (I — 1)-cell
Oél_l(pl (u1),p1(v1); - s o1 (wier), pea (Vi ); po()).

Finally, we take the transpose of this map under the adjunction

J
e

R, L Q.
W

We write e: JW = 1 for the counit of this adjunction, and €4, for the
component corresponding to

Q(k) —2 TX (k).
Then the transpose is given by the composite

€ © J(1(P); x o) © Tx(P)).
This allows us to define the functors F,,: ©" — Qand [,,: ©" — P-Alg.
Definition 7.1. Define a functor E,,: ©™ — Q as follows:

e given an object j € O", E,,(j) is defined to be the object

20)

QU) ——TX().

of Q;
e given a morphism p: j — kin ©", E,,(p) is defined to be the map

€6, © J(r(P); k) © Tz(p))-

Write K: Q@ — P-Alg for the Eilenberg—Moore comparison functor for the

adjunction

F
—
n-GSet ; Q.

We define a functor /,, := K o E,, : ©" — P-Alg.
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We can now define the nerve functor for Penon weak n-categories.

Definition 7.2. The nerve functor N for Penon weak n-categories is defined

by
N:P-Alg —s  [(©")°F, Set]
A P-Alg(l,(—), A
fl — lfo—
B P-Alg(I,(-),B).

For a P-algebra A, the presheaf VA = P-Alg(1,(—), A) is called the nerve
of A.

8. Directions for further investigation

In this section we discuss the questions that arise from this nerve construc-
tion, and what further results need to be proved in order to make a more
complete comparison between Penon weak n-categories and Tamsamani—
Simpson weak n-categories. The central question is whether the following
conjecture holds:

Conjecture 8.1. Let A be a Penon weak n-category. Then the nerve N' A
satisfies the Segal condition, and is thus a Tamsamani—Simpson weak n-
category.

We have proved this only in the case n = 2 (Theorem 6.8). As in the
2-dimensional case, for general n we can express the Segal maps in terms of
composition with wide pushouts of face maps, allowing us to rephrase some
parts of the Segal condition in terms of colimits of P-algebras in the image
of the functor [,,: ©" — P-Alg (for the 2-dimensional version, see Lem-
mas 6.1 and 6.2). However, it is not practical to generalise the proofs from
the 2-dimensional case to the general case by hand, due to their elemen-
tary approach. The use of computers in mathematical proofs has become
more prevalent in recent years, and it may be possible to generalise these
elementary proofs for low values of n, by using a computer to perform the
calculations of the cells in the P-algebras /,,(j). To prove Conjecture 8.1 in
general we would need a more abstract approach. The author believes that
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this would require a deeper understanding of the “partially free” P-algebras
(those generated from an object of R rather than an n-globular set) used in
the nerve construction; colimits of free P-algebras are easy to work with,
since the free P-algebra functor preserves colimits, but this is not true for
“partially free” P-algebras. Coherence for “partially free” Penon weak n-
categories would likely play a key role in this, though we have not yet made
this precise.

Another natural question to ask is whether the nerve functor for Penon
weak n-categories is full and faithful. We now prove that it is faithful, then
argue that it is not full and explain why this is the case.

Proposition 8.2. The nerve functor N': P-Alg — [(©™)°P, Set| is faithful.

Proof. The idea of the proof is as follows: every presheaf (©™)°® — Set has
an underlying n-globular set, and in the case of the nerve of a Penon weak
n-category, this is isomorphic to the underlying n-globular set of the original
P-algebra. A map of P-algebras is a map of the underlying n-globular sets
satisfying a certain commutativity condition, and when we apply the nerve
functor to such a map the action on underlying n-globular sets remains un-
changed.
For all 0 < k < n, write

(14,0) := (1,1,...,1,0,0,...,0) € O™
—

k times

Observe that R(1;,0) = X (14,0), so I,,(1;,0) = FpX(1,0), where
Fp: n-GSet — P-Alg
is the free P-algebra functor. Furthermore, for k£ € G,
X(14,0) = Hy, = Gu(—, k),

i.e. X (14, 0) is a representable functor. Thus, by the Yoneda lemma, for any
A € n-GSet,

Ak = n—GSet(Hk, A) = n—GSet(X(lk, 0, A)),
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naturally in A and k. Let A = (04: PA — A) be a P-algebra. Then, by the
adjunction Fp 4 Up,

n-GSet(X(1y,0), 4) = P-Alg(L,(1,,0), A),

naturally in A.

Now suppose we have P-algebras A = (04: PA — A),B= (0g: PB —
B), and maps of P-algebras u, v: A — B such that N'u = Nv. Thus, for
each 0 < k£ < n we have

uwo—=wvo—: P-Alg(l,(14,0), A) — P-Alg(l,(14,0),B).

We can write uy, as the composite shown in the diagram below:

Uk

Ak Bk

o) o)

n-GSet(Hy, A) ——n-GSet(Hj, B)

o) o)

N

n-GSet(X(1x, 0), A) —— n-GSet(X (14, 0), B)

1R

o)

P-Alg(I,(1x,0), A) —— P-Alg(1,(14,0), B)
and similarly, we can write vy, as:

Vi

A

By,

oY o7

n—GSet(Hk, A) T> n-GSGt(Hk, B)

oY oY

n-GSet(X (14,0), A) —— n-GSet(X (14,0), B)

R

oY

P'Alg(ln(1k70)7“4> TP_Alg(In(]-k»O)aB)

-109 -



T. COTTRELL PENON WEAK 71-CATEGORIES: PART 2

Since uo— = vo—, these diagrams give us that u;, = v; forall0 < k < n, so
u = v. Hence the nerve functor N': P-Alg — [(©™)°P, Set] is faithful. [J

To see that the nerve functor is not full, consider the P-algebra illustrated

below:
[ )
[ ) % [ ]
\V

k

where go f = h. Any endomorphism of this P-algebra that sends f to f and
g to g must also send h to h, since maps of P-algebras preserve composition,
and h = g o f. However, when we consider endomorphisms of the nerve of
this P-algebra, we see that there are endomorphisms sending f to f and g
to g that send h to k; such endomorphisms are not in the image of the nerve
functor.

This illustrates a key difference between algebraic and non-algebraic def-
initions of weak n-category: in the algebraic case the natural notion of map
preserves the composition structure, but in the non-algebraic case there is no
specified composition structure to preserve. In the example above, once we
have applied the nerve functor we no longer remember which cell was go f,
and morphisms can now map h to any legitimate choice of composite.

Note that maps of nerves are still required to preserve identities, how-
ever, since these are specified by degeneracy maps. This means that maps
of Tamsamani—Simpson weak n-categories behave like normalised maps,
1.e. those that preserve identities strictly, but are only required to preserve
composition weakly. This has been formalised in the 2-dimensional case by
Lack and Paoli [22]. There is currently no definition of normalised maps
of Penon weak n-categories, and we believe that such a definition would
be necessary to adapt our nerve construction to give a full nerve functor for
Penon weak n-categories.

One final question raised by this work is whether every Tamsamani—
Simpson weak n-category arises as the nerve of a Penon weak n-category. To
answer this question we would need to construct a Penon weak n-category
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from a Tamsamani—Simpson weak n-category. Note that there will be no
canonical way to do this, since it would involve making choices of compos-
ites.

This nerve construction is a first step towards understanding the relation-
ships between algebraic and non-algebraic definitions of weak n-categories.
We have made a connection between the algebraic definition of Penon weak
n-categories and the non-algebraic setting in which Tamsamani—Simpson
weak n-categories are defined, allowing for the relationship between these
definitions to be studied. Our nerve construction is the first to allow for such
a comparison, and we believe that it should pave the way for more connec-
tions to be made between algebraic and non-algebraic definitions of weak
n-category.
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