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CAHIERS DE TOPOLOGIE ET Vol LVN-3 (2016)
GEOMETRIE DIFFERENTIELLE CATEGORIQUES

LIMITS IN MULTIPLE CATEGORIES
(ON WEAK AND LAX MULTIPLE CATEGORIES, 1)

by Marco GRANDIS and Robert PARE

Résumé. Suite au premier article de cette série, on étudie ici les limites
multiples dans les catégories multiples chirales (de dimension infinie) - une
forme faible partiellement laxe ayant des interchangeurs dirigés.

Apres avoir défini les limites multiples, nous prouvons qu’elles sont en-
gendrées par les produits, égalisateurs et tabulateurs multiples - tous étant
supposés étre respectés par les oprations de faces et dégénérescence. Les
tabulateurs sont donc les limites supérieures de base, comme dans le cas des
catégories doubles.

On considere aussi les intercatégories, une forme plus laxe de catégorie
multiple étudiée dans deux articles précédents. Dans ce cadre plus général
les limites de base ci-dessus peuvent encore €tre définies, mais une théorie
générale des limites multiples n’est pas développée ici.

Abstract. Continuing our first paper in this series, we study multiple limits
in infinite-dimensional chiral multiple categories - a weak, partially lax form
with directed interchangers.

After defining multiple limits, we prove that all of them can be constructed
from (multiple) products, equalisers and tabulators - all of them assumed to
be respected by faces and degeneracies. Tabulators appear thus to be the basic
higher limits, as was already the case for double categories.

Intercategories, a laxer form of multiple category already studied in two pre-
vious papers, are also considered. In this more general setting the basic limits
mentioned above can still be defined, but a general theory of multiple limits
is not developed here.

Keywords. multiple category, double category, cubical set, limit.
Mathematics Subject Classification (2010). 18D05, 55U10, 18A30.

0. Introduction

Strict double and multiple categories were introduced and studied by C.
Ehresmann and A.C. Ehresmann [Eh, BE, EE1, EE2, EE3]. Strict cubical
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categories can be seen as a particular case of multiple categories; their links
with strict w-categories are made clear in the article [ABS].

The present series studies various ‘forms’ of weak or lax multiple cate-
gories, of finite or infinite dimension. They extend weak double categories
[GP1 - GP4] and weak cubical categories [G1, G2, GP5]. More informa-
tion on literature on higher dimensional category theory can be found in the
Introduction of the first paper [GPS8], here referred to as Part 1.

Our main framework, a chiral multiple category, is briefly reviewed here,
in Section 1; it is a partially lax multiple category with a strict composition
gf = f 4o g in direction O (the transversal direction), weak compositions
x +; y in all positive (or geometric) directions 7 and directed interchanges for
the ¢- and j-compositions (for 0 < 7 < 7)

Xij: (@ +iy) +5 (z4iu) —o (245 2) + (Y +j5u) (ij-interchanger). (1)

Part I also considers a laxer form already studied in two previous papers
[GP6, GP7] for the 3-dimensional case, under the name of ‘intercategory’,
that is particularly powerful: it covers duoidal categories, Gray categories,
Verity double bicategories, monoidal double categories, etc. In this frame-
work, extended in Part I to infinite dimension and recalled here in 1.9, there
are also lower interchangers (7;;, |15, 6;;) Where positive degeneracies (i.e.
weak identities) intervene; in particular degeneracies are no longer assumed
to commute, but have a directed interchange for 0 < ¢ < j

Tij 0 eei(x) —o eej(x) (ij-interchanger for identities).  (2)

Here we study multiple limits in the setting of chiral multiple categories.
Part of the theory is briefly extended to intercategories, with the problems
discussed below.

Our general definition of multiple limits (in 4.4) requires their preserva-
tion by faces and degeneracies (as in the cubical case [G2]). We prove that
all of them can be constructed from (multiple) products, equalisers and tab-
ulators. The latter appear thus to be the basic higher form of a limit, as was
already the case for double and cubical categories. In particular this holds in
a 2-category, where tabulators (of vertical identities) reduce to cotensors by
the ordinal 2; the previous result agrees thus with Theorem 10 of R. Street
[St1], according to which all weighted limits in a 2-category can be con-
structed from such cotensors and ordinary limits.
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More analytically, Section 1 contains a review of the basic notions of
strict, weak and chiral multiple categories. We also introduce the ‘lift func-
tors’ that will play a relevant role below.

Then, in Section 2, we begin our study of limits with the simple case of
i-level limits, for a positive multi-index i = {41, ...,4,}. In a chiral multi-
ple category A, i-level limits are ordinary limits in the transversal category
tvi(A). When all these exist, and are preserved by faces and degeneracies
between transversal categories, we say that A has level multiple limits. Of
course, multiple products and multiple equalisers generate all of them.

Non-level limits, where the diagram and the limit object are not confined
to a transversal category, are studied in the next two sections. The main
theorems on the construction and preservation of multiple limits are stated
in 3.6 and 4.5, and proved in Section 5.

The main example treated here is the chiral triple category SC(C) of
spans and cospans over a category C with pushouts and pullbacks (see 1.8,
2.1,2.2,3.7 and 4.6). One can similarly study multiple limits (and colimits)
in other weak or chiral multiple categories of finite or infinite dimension,
listed at the beginning of Section 2.

The relationship with the double limits of [GP1] are discussed in Sections
2 and 4. In the case of level limits (see 2.6) there are only some variations in
terminology; for non-level limits there is a difference (see 4.7).

The general theory of multiple colimits is dual to that of multiple limits
and is not written down explicitly. Showing this requires some technical ex-
pedient because - as we have seen in Part [ - transversal duality turns a (right)
chiral multiple category into a left-hand version where all interchangers have
the opposite direction. Thus, a multiple colimit in the chiral multiple cate-
gory A is a multiple limit in a left chiral multiple category A'; but it can
also be viewed as a multiple limit in a right chiral multiple category (A%™)~
indexed by the integers < 0 (reversing indices).

An extension of the general theory of multiple limits from the chiral
case to intercategories presents serious problems, linked to the crucial fact
that degeneracies no longer commute. Yet, the basic limits can be easily
extended.

To begin with, level limits can be defined as here, in 2.2; one should nev-
ertheless be aware that they do not behave so well as in the chiral case: see
the end of Proposition 2.3. Tabulators can also be extended and even acquire
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richer forms: for instance, the total tabulator of a 12-cube gives now rise to
two distinct notions, the ejes-tabulator and the egeq-tabulator, as already
shown in Part I, Section 6. However it is not clear what a general definition
of limit should be: in a situation where degeneracies do not commute, even
defining the diagonal functor becomes complicated (see 3.1).

Notation. We follow the notation of Part I; the reference 1.2.3 points to its
Subsection 2.3. The two-valued index « (or /) varies in the set 2 = {0, 1},
often written as {—, +}. The symbol C denotes weak inclusion. Categories
and 2- categories are generally denoted as A, B...; weak double categories
as A B...; weak or lax multiple categories as A, B...

Acknowledgments. The authors would like to thank the anonymous referee
for a very careful reading of the paper and detailed comments. This work
was partially supported by a research grant of Universita di Genova.

1. Multiple categories

After a review of the basic notions of strict multiple categories, taken from
Part I, we introduce the ‘lift functors’ that will play a relevant role in the
study of multiple limits. As it will be made clear later (in 4.8) they are a
surrogate for the path endofunctor of symmetric cubical categories. These
notions are then extended to chiral multiple categories, a weak and partially
lax version introduced in Part I.

1.1 Multiple sets

A multi-index i is a finite set of natural numbers, possibly empty. Writing
i C N it will be understood that i is finite; writing i = {41, ..., i,,} we always
mean that i has n distinct elements, written in the natural order i; < 73 <
... < i,; the integer n is called the dimension of i.

We use the following symbols

ij=ji=1U{j} (forjeN\i), ilj=i\{j} (forjei). (3)

A multiple set is a system of sets and mappings X = ((X;), (09), (e;))
under the following two assumptions.
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(mls.1) For every multi-index i = {i, ..., i, }, Xj is a set whose elements are
called i-cells of X and said to be of dimension n. We write X,, X;, Xj,...
instead of Xz, Xy, X(; j3,...; thus X, is of dimension 0 while Xy, X1,... are
of dimension 1.

(mls.2) For j € i and o = + we have mappings, called faces and degenera-
cies of X

8;“: Xi — Xi|j7 €;: Xi\j — Xi, (4)
satisfying the multiple relations
00.00 =008 (i # j), ei.e; = eje; (i 7), -
6?.6]‘ = 6]‘.6? (Z 7é ]), 81-0[.61‘ =id.

Faces commute and degeneracies commute, but 9" and e; do not. These
relations look similar to the cubical ones but much simpler, because here an
index ¢ stands for a particular sort, instead of a mere position, and is never
‘renamed’. Note also that 0 acts on Xj if ¢ belongs to the multi-index i
(and cancels it), while e; acts on Xj if 2 does not belong to i (and inserts it);
therefore 81-0‘.85 and e;.e; make no sense, here: one cannot cancel or insert
twice the same index.

If i = jUk is a disjoint union and o« = (ay,...,q,) iS a mapping
k = {ki,...,k.} — 2, we have an iterated face and an iterated degener-
acy (independent of the order of composition)

61‘{" :8]?11...65:2 Xi —)Xj, €k = €k, ... €, ! Xj —)Xi. (6)
In particular, the total i-degeneracy is the mapping
€ = €j,... €, Xi = Xj. @)

1.2 Multiple categories

We recall the definition, from Part 1.

(mlc.1) A multiple category A is, first of all, a multiple set of components
Aj, whose elements are called i-cells. As above, i is any multi-index, i.e. any
finite subset of N, and we write A,, A;, A;;... for Ag, Agy, Agijio..
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(mlc.2) Given two i-cells z, y which are i-consecutive (i.e. 9 () = 9; (y),

with ¢ € i), the i-composition x +; y is defined and satisfies the following
interactions with faces and degeneracies, for j = i

Oy (x +iy) = 9; (v), Of (x +iy) = 9 (v), ®)

O (x +4y) = 05 () +4 05 (v), ej(z+;y) =ej(x) +; ¢ (y).
(mlc.3) For every multi-index i containing j we have a category cat; ;(A)
with objects in A;, arrows in A;;, faces 8;‘, identities e; and composition +;.

(mlc.4) For 7 < 7 we have
(@+iy)+j (z+iv) = (x+;2)+i(y+;u)  (binary ij-interchange), (9)

whenever these composites make sense. (Note that the lower interchanges
are already expressed above.)

More generally, for an ordered pointed set N = (N, 0), an N-indexed
multiple category A has components A; indexed by (finite) multi-indices i C
N. If N is the ordinal set n = {0,...,n — 1} we obtain the n-dimensional
version of a multiple category, called an n-tuple category. The 0-, 1- and 2-
dimensional versions amount - respectively - to a set, a category or a double
category.

1.3 Transversal categories

The transversal direction, corresponding to the index ¢ = 0, is treated dif-
ferently in the theory: we think of it as the ‘dynamic’ direction, along which
‘transformation occurs’, while the positive directions ¢ > 0 are viewed as
the ‘static’ or ‘geometric’ ones.

A positive multi-index i = {41, ..., 4, } (with n > 0 positive elements) has
an ‘augmented’ multi-index 0i = {0, iy, ..., i, }. The transversal category of
i-cubes of A

tVi(A) = Catho(A), (10)

- has objects in Aj;, called i-cubes and viewed as n-dimensional objects,

-has arrows f: 2= — xt in Ag;, called i-maps, with domain and codomain

B(f) = a,
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- has identities 1, = id(x) = ep(x):  —¢ x and composition gf = f +¢ g.

All these items are said to be of degree n (though their dimension may
be n or n + 1): the degree always refers to the number of positive indices.
In all of our examples, O-composition is realised by the usual composition
of mappings, while the ‘positive’ compositions (also called concatenations)
are often obtained by operations (products, sums, tensor products, pullbacks,
pushouts...) where reversing the order of the operands would only be con-
fusing.

Faces and degeneracies give (ordinary) functors

05 tvij(A) = tvi(A), e tvi(A) = tvi;(A) (€1, a==%). (1D

In particular, the unique positive multi-index of degree 0, namely &,
gives the category tv.(A) of objects of A (i.e. x-cells) and their transversal
maps (i.e. 0-cells).

Ani-map f: x — y is said to be i-special, or special in direction i € i,
if its i-faces are transversal identities (of i|i-cubes)

O f = ep0f'x = ep0'y. (12)

This, of course, implies that the i-cubes z, y have the same i-faces. We
say that f is ij-special if it is special in both directions i, j.
1.4 Multiple functors and transversal transformations

A multiple functor F': A — B between multiple categories is a morphism of
multiple sets F' = (F;) that preserves all the composition laws. For an i-map
f:x —¢ y, we use one of the following forms

F(f): Fz) =0 F(y), Foi(f): Fi(z) =0 Ei(y),

as may be convenient.

A transversal transformation h: F' — G: A — B between multiple
functors consists of a face-consistent family of i-maps in B (its components),
for every positive multi-index i and every i-cube x in A

hx: F(x) = G(x) (hiz: Fi(z) =0 Gi(z)),

h(0x) = 0F (hx) (7 €1i). (13
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The following axioms of naturality and coherence are required:
(trt.1) Gf.hx = hy . F f (for f: z —oyinA),
(trt.2) h commutes with positive degeneracies and compositions:
hie;z) = e;j(hz), h(z +;y) = hx +; hy.
where i is a positive multi-index, j € i, x and y are j-consecutive i-cubes, 2
is an i|j-cube.

Given two multiple categories A, B we have thus the category Mlc(A, B)
of their multiple functors and transversal transformations. All these form the
2-category Mlc, in an obvious way.

More generally for any ordered pointed set N = (/N,0) we have the
2-category Mlcy of N-indexed multiple categories, formed of ordinary cat-
egories Mlcy (A, B).

1.5 Lift functors

For a positive integer j there is a j-directed lift functor with values in the
2-category of multiple categories indexed by the pointed set N|j = N\ {j}

le Mlc — MICN|j. (14)

For a multiple category A, the multiple category @);A is - loosely speak-
ing - that part of A that contains the index 7, reindexed without it:

(Q]A)l = Aij7
(07 (QiA): = (Q;A)ii) = (07: Aij — Ayjpa), (15)
(€5 (QiA)yi — (Q;A):) = (ei: Ayjp — Ayj) (1 € i C N|j),

and similarly for compositions. In the same way for multiple functors F’, G
A — B and a transversal transformation h: F' — G: A — B we let

(QiF)i = Fyj,  (Qjh)i = Iy (i c N[j). (16)

There is also an obvious restriction 2-functor i : Mlc — Mlcy;, where
the multiple category ;A is that part of A that does not contain the index
j. The j-directed faces and degeneracies of A are not used in );A, but yield
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three natural transformations, also called faces and degeneracy, with the fol-
lowing components for i C N|j

D]C-“Z Qj — le Mlc — MICN\]” (D;Y)l = 8;‘: Aij — Ai,

Ejl Rj — jS Mlc — MICN|]', (Ej)i =€;: Ai — Aij7 (17)

D$E; = id.

In particular, the objects and x-maps of );(A) are the j-cubes and j-maps
of A, so that
tv. (Q;(A)) = tv,A, tv.(R;(A)) = tv.A,

18
tv.(D$) = 051 tv;A — tv.A, tv.(E;) = e;: tv,.A — tvjA. (1%

Plainly all the functors (); commute. By composing n of them in any
order we get an iterated lift functor of degree n, in a positive direction i =

{il, ceny ’ln}
Qi: Mlc — Mlcyy, Qi(A) = Qi,...Qi, (A),
. (@A) = tvs(A).

Again, there are faces and degeneracies (where 7 ¢ i, h C N|ij and
hi =hUji)

19)

D;-Xi Qij — RjQiI Mlc — MlcN|ij; (D]a)h = 8]9‘: Ahij — Ahi7
Eji RjQi — Qij: Mlc — MICN| (Ej)h =€j: Ahi — Ahija

ij»

tv.(Df) = 07 1 tvi;A = tviA, tv.(E;) = e;: tviA — tvi;A. - (21)

1.6 Transversal invariance

We now extend the notion of ‘horizontal invariance’ of double categories
[GP1], obtaining a property that will be of use for multiple limits and should
be expected of every ‘well formed” multiple category.

We say that the multiple category A is transversally invariant if its cubes
are ‘transportable’ along transversally invertible maps. Precisely:

-171 -



GRANDIS & PARE - LIMITS IN MULTIPLE CATEGORIES...

(i) given an i-cube x of degree n and a family of 2n invertible transversal
maps f: y8 —o Ofx (1 € i, a« = =£) with consistent positive faces (and
otherwise arbitrary domains ;"

o (f7) =9 () (fori # jin i), (22)
) N E \ﬁ AN
an —
i x (h=07(f7) =07 (f"),

there exists an invertible i-map f: y —¢ z (a “filler’, as in the Kan extension
property) with positive faces 0 f = f{* (and therefore 08y = y5*).

Of course this property can be equivalently stated for a family of invert-
ible maps g3 : 0%z — y5.

1.7 Weak multiple categories

Weak multiple categories have been introduced in Part I, Section 3.

Extending weak double categories [GP1 - GP4] and weak triple cate-
gories [GP6, GP7], the basic structure of a weak multiple category A is a
multiple set with compositions in all directions. The composition laws in
direction O are categorical and have a strict interchange with the other com-
positions.

On the other hand, the ‘positive’ compositions have transversally in-
vertible comparisons called left i-unitor, right i-unitor, i-associator and 7j-
interchanger, for 0 < i < j

iz (e;0; x) +;x —o x,

T+ (6,0 1) = 1,
p ( ) =0 23)
lﬂ?i(l',y,Z): Xz +1 (3/ +'L Z) —0 (.CL' +z y) +Z Z,

Xij (T, 9, 2,0): (x4 y) +5 (2 +u) =0 (2 +52) +i (y +5 uw),

under coherence conditions listed in 1.3.3 and 1.3.4.
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Our main infinite-dimensional examples are of cubical type (see 1.3.5).
Essentially, this means that components, faces and degeneracies are invari-
ant under renaming positive indices, in the same order. An i-cube can thus
be indexed by [n] = {1,...,n} and called an n-cube; an i-map can be in-
dexed by O[n] = {0, 1, ...,n} and called an n-map; again, such items are of
order n and dimension n or n + 1, respectively. (The examples below are
also symmetric, by a natural action of each symmetric group S,, on the sets
of n-cubes and n-maps, permuting the positive directions; see Part I.)

(a) The strict symmetric cubical category wCub(C) of commutative cubes
over a category C. An n-cube is a functor z: 2" — C (n > 0), where
2 is the ordinal category « — «; an n-map is a natural transformation of
such functors. Applications of this multiple category (and its truncations) to
algebraic K-theory can be found in [Sh].

(b) The weak symmetric cubical category wCosp(C) of cubical cospans over
a category C with (a fixed choice) of pushouts has been constructed in [G1],
to deal with higher-dimensional cobordism. An n-cube is a functor z: A" —
C, where A is the formal-cospan category « — « <— «; again, an n-map is a
natural transformation of such functors.

(c) The weak symmetric cubical category wSpan(C) of cubical span, over
a category C with pullbacks, is similarly constructed over V = A°P, the
formal-span category « < « — o (see [G1]). It is transversally dual to
wCosp(C°P).

(d) The weak symmetric cubical category of cubical bispans, or cubical di-
amonds wBisp(C), over a category C with pullbacks and pushouts, is simi-
larly constructed over a formal diamond category [G1].

1.8 Chiral multiple categories

Our main framework here is more general and partially lax.

A chiral, or x-lax, multiple category A (see 1.3.7) has the same data and
axioms of a weak multiple category, except for the fact that the interchange
comparisons x;; (0 < i < j) recalled above (in 1.7) are not supposed to be
invertible.

Various examples are given in [GP7] and Part I, Section 4. For in-
stance, if the category C has pullbacks and pushouts, the weak double cat-
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egory Span(C), of arrows and spans of C, can be ‘amalgamated’ with the
weak double category Cosp(C), of arrows and cospans of C, to form a 3-
dimensional structure: the chiral triple category SC(C) whose 0-, 1- and
2-directed arrows are the arrows, spans and cospans of C, in this order
(as required by the 12-interchanger). For higher dimensional examples,
like S,C,(C), 5,C(C) and S_C(C) (and the corresponding left-chiral
cases) see 1.4.4; the latter structure is indexed by all integers, with spans in
each negative direction, ordinary arrows in direction 0 and cospans in posi-
tive directions.

Chiral multiple categories, with their strict multiple functors and trans-
versal transformations, form the 2-category StCmec.

As defined in 1.3.9, a lax multiple functor F': A — B between chiral mul-
tiple categories, or lax functor for short, has components F;: A; — B; for all
multi-indices i (often written as F') that agree with all faces, 0-degeneracies
and O-composition. Moreover, for every positive multi-index i and ¢ € i, F’
is equipped with i-special comparison i-maps £’; that agree with faces

Fi(x): e,F(x) =0 F(e;x) (zin Ayp;),
Fi(z,y): F(z) +i F(y) =0 F(2) (z=2+ yl‘n Ai.)> 4
0§’Ei()=E(§“) (J #1),
08 F, (v, y) = (05, 07y) (J #1).

These comparisons have to satisfy some axioms. We write down the
naturality conditions (Imf.1-2), frequently used below, while the coherence
conditions (Imf.3-5) can be found in 1.3.9

(Imf.1) (Naturality of unit comparisons) For an i|i-map f: x —¢ y in A we
have:

Fleif).Ei(x) = Ei(y)-e(Ff): eiF (x) —o F(ewy).

(Imf.2) (Naturality of composition comparisons) For two i-consecutive i-
maps [: x —o 2’ and g: y —o ¢/ in A we have:

F(f+i9).Ei(z,y) = F(a",y).(Ff+i Fg): Fo+; Fy —¢ F(2' +;9/).

A transversal transformation h: F — G: A — B between lax functors
consists of a face-consistent family of i-maps in B (its components), one for

-174 -



GRANDIS & PARE - LIMITS IN MULTIPLE CATEGORIES...

every positive multi-index i and every i-cube x in A
hx: F(x) = G(z), h(0fx) = O (hx), (25)

under the axioms (trt.1) and (trt.2L) of 1.3.9
(trt.1) Gf.he = hy.F'f (for f: x —q yin A),

(trt.2L) for every positive multi-index i and ¢ € i:

h(ex)F,(z) = G;(x).e;(hx): e;F(x) —¢ G(e;x),
h(z +iy).Fi(2,y) = Gi(w,y).(ha +; hy): F(x) +; F(y) =0 G(2).

We have thus the 2-category LxCmc of chiral multiple categories, lax
functors and their transversal transformations. The lax multiple functor F' is
said to be unitary if all its unit comparisons F;(x) are transversal identities,
so that F'(e;x) = e;F'(x) and F' is a morphism of multiple sets.

The lift functor and restriction functor in direction j (see 1.5) are ex-
tended in the same form, for j > 0, j ¢ i:

Q;: LxCmc — LxCmcyy;, (Q;A); = Ajj,

(26)
Rji LxCmc — LX(}ITICNU7 (RJA>1 = A;.

Similarly one defines the 2-category CxCmc for the colax case, where
the comparisons of colax (multiple) functors have the opposite direction. A
pseudo (multiple) functor is a lax functor whose comparisons are invertible
(and is made colax by inverting its comparisons); such functors are the ar-
rows of the 2-category PsCmc.

1.9 Intercategories

The more general case of intercategories, studied in [GP6, GP7] and Part I
(Sections 5 and 6), will only be considered here in a marginal way.

Let us recall that an intercategory A has, besides x;;, other three kinds of
directed ¢j-interchangers (for 0 < 7 < j), where identities intervene:

(a) Tij($>l €j€i(ﬂ3) —0 61'6]'(37),
() pij(x,y): ei(x) +; ei(y) —o e +59),
(©) 0ij(x,y): ej(x +iy) —o ej(x) +iej(y).
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As proved in [GP7], three-dimensional intercategories comprise under a
common form various structures previously studied, like duoidal categories,
Gray categories, Verity double bicategories and monoidal double categories.
Literature on the these structures can be found in [GP7]; the inspiring case
of duoidal (or 2-monoidal) categories can be found in [AM, BS, St2].

As already noted in Part I, various ‘anomalies’ appear with respect to the
chiral case, that make problems for a theory of multiple limits in this setting.
These will be briefly considered below (see 2.3 and 3.1), without further
investigating a situation for which we do not yet have examples sufficiently
rich to have good limits.

Some anomalies can already be remarked here. First, an intercategory A
is no longer a multiple set (unless each 7;; is the identity). Second, a degen-
eracy e; (i > 0) is now lax with respect to every higher j-composition (for
J > 1, via 7;; and p,;5) but colax with respect to every lower j-composition
(for 0 < j < 4, via 75; and 0j;). Therefore, in the truncated n-dimensional
case e; is lax with respect to all other compositions and e,, is colax, but the
other positive degeneracies (if any, i.e. for n > 3) are neither lax nor colax.

2. Multiple level limits

We begin our study of limits with the simple case of i-level limits, for a
positive multi-index i.

In a chiral multiple category A, i-level limits are ordinary limits in the
transversal category tv;(A) (as in the cubical case, see [G2]). When all these
exist, and are preserved by faces and degeneracies, we say that A has level
multiple limits; of course they are ‘generated’ by multiple products and mul-
tiple equalisers.

Examples are given in the chiral triple category SC(C) recalled in 1.8;
they can be easily adapted to the weak multiple categories

wCub(C), wCosp(C), wSpan(C), wBisp(C)
of 1.7, and to the chiral multiple categories
SC(C); $Ce(C), S wCu(C)

recalled in 1.8.
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Note that all of these are transversally invariant, a property of interest for
limits as we show below, in 2.3 and 2.4.

Level limits can be extended to intercategories with the same definitions
(see 1.9). But Proposition 2.3 and its consequences in 2.4 would partially
fail.

Non-level limits, where the diagram and the limit cube are not confined
to a transversal category, will be studied in the next two sections.

2.1 Products

Let us begin by examining various kinds of products in the chiral triple cat-
egory A = SC(C).

Supposing that C has products, the same is true of its categories of di-
agrams, and (using the formal-span category V and the formal cospan A
recalled in 1.7) we have four types of products in A (indexed by a small set

A):
- of objects (in C), with projections in Ay:
C =110}, pa: C =0 Cy,
- of 1-arrows (in CVY), with projections in Ag;:
f=1\fx, pa: f =0 I

- of 2-arrows (in C”), with projections in Agy:
u =1l uy, DAt U =0 U,
- of 12-cells (in CV*), with projections in Ag;s:

m =11 7y, DA T —>0 Ty,

Faces and degeneracies preserve these products. Saying that the triple
category SC(C) has triple products we mean all this. It is important to note
that this is a global condition: we shall not define when, in a chiral triple cat-
egory, a single product of objects I, C'\ should be called ‘a triple product’.

It is now simpler and clearer to work in a chiral multiple category A,
rather than in a truncated case, as above.

Let n > 0 and let i be a positive multi-index (possibly empty). An
i-product a = Il ¢p ay will be an ordinary product in the transversal cate-
gory tvi(A) of i-cubes of A (recalled in Section 1). It comes with a family
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pa: a —o ay of i-maps (i.e. cells of Ay;) that satisfies the obvious universal

property.
We say that A:

(1) has i-products, or products of type i, if all these products (indexed by an
arbitrary small set A) exist,

(i1) has products if it has i-products for all positive multi-indices i,

(ii1) has multiple products if it has all products, and these are preserved by
faces and degeneracies, viewed as (ordinary) functors (see (11))

05 tvi(A) — tvyi(A), ey tvi(A) = tvi(A) (jei,a==%). 27)

Of course this preservation is meant in the usual sense, up to isomor-
phism (i.e. invertible transversal maps); however, if this holds and A is
transversally invariant (see 1.6), one can construct a choice of products that
is strictly preserved by faces and degeneracies, starting from *-products and
going up. This will be proved, more generally, in Proposition 2.3.

A *-product is also called a product of degree 0.

2.2 Level limits

We now let A be a small category.

There is an obvious chiral multiple category A* whose i-cubes are the
functors F': A — tv;(A) and whose i-maps are their natural transformations,
composed as such. The positive faces, degeneracies and compositions are
pointwise (as well as their comparisons):

OFF)(N) =0 (F(N),  (eF)(\) = ei(F(N)),
(F+i G)(A) = F(A) +: G(A).

The diagonal functor D: A — A® takes each i-cube a to the constant a-
valued functor Da: A — tv;(A), and each i-map h: a —¢ b to the constant
h-valued natural transformation Dh: Da — Db: A — tv;(A).

The limit of the functor F', called an i-level limit in A, is an i-cube L € A;
equipped with a universal natural transformation¢: DL — F': A — tv;(A),
where DL: A — tv;(A) is the constant functor at L. It is an i-product if A
is discrete and an i-equaliser if A is the category 0 —=< 1.
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We say that A:
(i) has i-level limits on A if all the functors A — tv;(A) have a limit,
(ii) has level limits on A if it has such limits for all positive multi-indices i,

(iii) has level multiple limits on A if it has such level limits, and these are
preserved by faces and degeneracies (as specified in (27)),

(iv) has level multiple limits if the previous property holds for every small
category A.

Obviously, the multiple category A has level multiple limits if and only
if it has multiple products and multiple equalisers. Finite level limits work
in the same way, with finite multiple products.

In particular, a x-level limit is a limit in the transversal category tv,(A),
associated to the multi-index @, of degree 0; it will also be called a level
limit of degree 0.

Extending the case of multiple products considered in 2.1, if the category
C is complete (or finitely complete) so are its categories of diagrams, and
the chiral triple category SC(C) has level triple limits (or the finite ones).

2.3 Proposition (Level limits and invariance)

Let A be a category and A a transversally invariant chiral multiple category
(see 1.6). If A has level multiple limits on A, one can find a consistent choice
of such limits. More precisely, one can fix for every positive multi-index i
and every functor F': A — tvi(A) a limit of F

L(F) € A;, t(F): DL(F) — F: A — tvi(A), (28)
so that these choices are strictly preserved by faces and degeneracies:

07 (L(F)) = L(O}F), 07 (t(F)) = t(O}F) (i €i),

: (29)
ei( L(F)) = L(e:F), ei(t(F)) = t(e:F) (i ¢1).

Proof. We proceed by induction on the degree n of positive multi-indices.
For n = 0 we just fix a choice (L(F'),t(F)) of x-level limits on A, for all
F: A — tv,(A). Then, for n > 1, we suppose to have a consistent choice
for all positive multi-indices of degree up to n — 1 and extend this choice to
degree n, as follows.
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For a functor F': A — tv;(A) of degree n, we already have a choice
(L(O¢F),t(08F)) of the limit of each of its faces. Let (L, t) be an arbitrary
limit of F'; since faces preserve limits (in the usual, non-strict sense), there
is a unique family of transversal isomorphisms h$* coherent with the limit
cones (of degree n — 1)

he: L(O°F) —o 0°L, 1(0°F) = (3°).h% (i€i, a==L), (30)

and this family has consistent faces (see (22)), as follows easily from their
coherence with the limit cones of a lower degree (when n > 2, otherwise the
consistency condition is void).

Now, because of the hypothesis of transversal invariance, this family can
be filled with a transversal isomorphism h, yielding a choice for L(F) and
t(F)

h: L(F) = L, t(F)=t.Dh: DL(F) — F. (31)

By construction this extension of L is strictly preserved by all faces.
To make it also consistent with degeneracies, we assume that - in the pre-
vious construction - the following constraint has been followed: for an -
degenerate functor ' = ¢;G: A — tv;(A) we always choose the pair
(e;L(G), e;t(G)) as its limit (L, t). This allows us to take h{ = id(L(G))
(forall 7 € i and o = +), and finally h = id(L), that is

L(F) = eL(G), HF)=et(G): DL(F) — F. (32)

If F'is also j-degenerate, then I’ = e;e;H = eje;H; therefore, by
the inductive assumption, both procedures give the same result: ¢;L(G) =
€i€jL(H) = ejeiL(H) = ejL(eZ-H).

Note that this point would fail in an intercategory with e;ej # eje;. [

2.4 Level limits as unitary lax functors

The previous proposition shows that, if the chiral multiple category A is
transversally invariant and has level multiple limits on the small category A,
we can form a unitary lax functor L and a transversal transformation ¢

L: AN 5 A, t: DL — 1: A — AA, (33)

such that, on every i-cube £, the pair (L(F),t(F")) is the level limit of the
functor F', as in (28).
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Indeed, after defining L and ¢ on all i-cubes F', by a consistent choice
(which is possible by the proposition itself), we define L(h) for every natural
transformation h: ' — G: A — tv;(A). By the universal property of limits,
there is precisely one i-map L(h) such that

L(h): L(F) —o L(G), hit(F) =t(G).DL(h),  (34)

and this extension on i-maps is obviously the only one that makes the family
t(F): DL(F) — F into a transversal transformation DL — 1. The lax
comparison for i-composition (with ¢ € i)

Li(F,G): L(F) +; L(G) = L(F +; G),

(35)
HE +: G).DL;(F,G) = t(F) +: 1(G),

comes from the universal property of L(F +; G) as a limit.

In the hypotheses above we say that A has lax functorial limits on A. We
say that A has pseudo (resp. strict) functorial limits on A if L is a pseudo
functor (resp. can be chosen as a strict functor).

2.5 Level limits and liftings

Let us recall (from (19) and 1.8) that, for a positive multi-index i, the chiral
multiple category A has a lifting Q;(A) such that

tv.(Qi(A)) = tvi(A). (36)

Therefore, an i-level limit in A is the same as a x-level limit in Q;(A).
The chiral multiple category A
(i) has i-level limits on A if and only if its lifting Q;(A) has *-level limits on
A,
(ii) has level limits on A if and only if all its liftings Q;(A) have %-level limits,

(iii) has level multiple limits on A if and only if all its liftings Q);(A) have
*-level limits and these are preserved by faces and degeneracies, namely the
multiple functors D§ = D$(A) and E; = E;(A) for j ¢ iand a = =+ (see
1.5)

D?i QU('A‘) — RjQi<A), Ej3 Rle('A‘) — Qij(A)7

37
tvi(DF) = 0F 1 tvi;A = tviA, tv.(E;) = e;: tviA — tvi;A GD
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(iv) has level multiple limits if the previous property holds for every small
category A.

2.6 Level limits in weak double categories

Let A be a weak double category, viewed as the weak multiple category
sky(A), by adding degenerate items of all the missing types (cf. 1.2.7).

The present %-level limits in A, i.e. limits of ordinary functors A —
tv.(A), correspond to the ‘limits of horizontal functors’ in [GP1]. There
are slight differences in terminology, essentially because the ‘2-dimensional
universal property’ of double limits (see [GP1], 4.2) here is not required
from the start but comes out of a condition of preservation by degeneracies.

As a particular case of the definitions in 2.2, we have the following cases.

(i) A has *-level limits on a (small) category A if all the functors A — tv,(A)
have a limit. By the usual theorem on ordinary limits, all of them can be
constructed from:

- small products IT A, of objects,

- equalisers of pairs f,g: A — B of parallel horizontal arrows.

(i") A has 1-level limits on A if all the functors A — tv;(A) have a limit. All
of them can be constructed from:

- small products ITu, of vertical arrows,

- equalisers of pairs a,b: u — v of double cells (between the same vertical
arrows).

(ii) A has level limits on A if it has x- and 1-level limits on A.

(iii) A has level double limits on A if it has such level limits, preserved by
faces and degeneracies.

(iv) A has level double limits if the previous property holds for every small
category A; this is equivalent to the existence of small double products and
double equalisers.

Let us note again, as in 2.1, that the existence of (say) double products
is now a global condition: it means the existence of products of objects and
vertical arrows, consistently with faces and degeneracies. Here we are not
defining when a single product IT A, should be called a ‘double product’
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(while in [GP1] this meant a product of objects preserved by vertical identi-
ties).

In [GP1] case (i) would be expressed saying that A has 1-dimensional
limits of horizontal functors on A. Case (iii) (resp. (iv)) would be expressed
saying that A can be given a lax choice of double limits for all horizontal
functors defined on A (resp. defined on some small category).

3. Multiple limits of degree zero

We now define ‘multiple limits’ of degree zero - namely those limits that
produce objects. They extend the previous level limits of degree zero (or
*-level limits), and are generated by the latter together with tabulators of
degree zero (Theorem 3.6). The general case - limits that produce cubes of
arbitrary dimension - will be treated in the next section.

3.1 The diagonal functor

Let X and A be chiral multiple categories, and let X be small. Consider the
diagonal functor (of ordinary categories)

D: tvi,A — PsCmc(X,A). (38)

D takes each object A of A to a unitary pseudo functor, ‘constant’ at A,
via the family of the total i-degeneracies (see (7))

DA: X — A,

DA(z) = e;(A) DA(f) =id(e;A) (for z and f in tv;X), (39
DA, (x) =1,4: e;(DA(z)) = DA(e;x) (for z in Xj;),

DA (z,y) = \i: eiA+i i A — A (for z = x 4, y in Xj).

In fact, as required by axiom (Imf.3) of lax multiple functors (in 1.3.9),
the comparison DA, (z,y) above must be the unitor \;(e; A) = p;(e;A) of A,
equivalently left or right (see 1.3.3), that will generally be written as \; for
short.

Similarly, a x-map h: A — B in A is sent to the constant transversal
transformation

Dh: DA— DB: X — A, (Dh)(z) = eih: &4 — ;B (z € X;). (40)
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DA is a strict multiple functor whenever A is pre-unitary (cf. 1.3.2).

Note also that the definition of the diagonal functor D depends on the
commutativity of degeneracies in A, which holds in the present chiral case.
For a general 3-dimensional infercategory A one could define two functors

D15 tv,A — LxCmc(X, A), Doy : tviA — CxCmc(X,A), (41)

where D;;(A) sends a 12-cube z to D;;(A)(z) = e;e;(A) (and any lower

i-cube to €;(A)). In higher dimension the situation is even more complex.
Still, in an intercategory we have level limits, defined as in Section 2,

and some simple non-level limits that can be defined ad hoc, like the e;es-

tabulator and the eqeq-tabulator of a 12-cube considered in Part I, Section
6.

3.2 Cones

Let F': X — A be a lax functor. A (transversal) cone of F' will be a pair
(A,h: DA — F) comprising an object A of A (the vertex of the cone) and
a transversal transformation of lax functors h: DA — F': X — A; in other
words, it is an object of the ordinary comma category (D | F'), where F' is
viewed as an object of the category LxCmc(X, A).

By definition (see 1.8), the transversal transformation ~ amounts to as-
signing the following data:

- a transversal i-map hz: e;(A) — Fz, for every i-cube = in X, subject to
the following axioms of naturality and coherence:

(tc.1) Ff.hx = hy (for every i-map f: z —q y in X),

(tc.2) h commutes with positive faces, and agrees with positive degeneracies
and compositions:

h(0fx) = 0 (hx), (for z in Xj),

h(e;x) = F;(x).e;(hz): e;A —¢ F(e;x) (for z in Xj;;),

h(z) = Fi(x,y).(hx +; hy) A\t e;A —¢ F(2)  (for z = 2 +; y in Xj),
where \;: e;(A) +; e;(A) — ei(A) is a unitor of A (see (39)).

It is easy to see that a unitary lax functor S: A — B preserves diag-
onalisation, in the sense that S.DA = D(SA). Therefore S takes a cone
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(A,h: DA — F)of F: X — Atoacone (SA, Sh) of SF: X — B, and
one can consider whether S preserves a limit. For a ‘general’ lax functor .S
one should transform cones using the comparison S(A), which will not be
done here, for the sake of simplicity.

3.3 Definition (Limits of degree zero)

Given a lax functor F': X — A between chiral multiple categories, the
(transversal) limit of degree zero lim(F') = (L,t: DL — F') is a univer-
sal cone.

In other words:

(t1.0) L is an object of A and t: DL — F'is a transversal transformation of
lax functors,

(tl.1) for every cone (A, h: DA — F) there is precisely one x-map f: A —
Lin Asuchthatt.Df = h.

We say that A has limits of degree zero on X if all these exist.

In particular, if X is the multiple category freely generated by a category
A, at x-level, then A has 0-degree limits on X if and only if it has 0-degree
level limits on A (see 2.2). Here freely generated at x-level refers to a uni-
versal arrow from A to the functor tv, : Mlc — Cat.

3.4 Tabulators of degree zero

A is always a chiral multiple category. Let us recall that every positive multi-
index i gives a ‘total’ degeneracy

e = €4...6;, 1 tV, . A = tv;A. 42)

An i-cube x of A can be viewed as a unitary pseudo functor z: u; — A
where u; is the strict multiple category freely generated by one i-cube wu;.
The pseudo functor x sends u; to z, and has comparisons z, for i-composites
that derive from the unitors of A, as in the following cases

z,;(€;07 uz, uz) = N(x): 0] x +; x — x,

Ez(“i; €i5i+ui) = Pi(aﬁ): T +; eiﬁjx — Z.
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Again, it is easy to see that this unitary pseudo functor x: u; — A is
preserved by a unitary lax functor S: A — B, in the sense that the composite
S.z coincides with S(x): u; — B. All the pseudo functors z: u; — A are
strict precisely when A is unitary.

The tabulator of degree zero of x in A will be the limit of this pseudo
functor z: u; — A; we also speak of the total tabulator, or i-tabulator, of x.

The tabulator is thus an object 7' = Tz (= T;x) equipped with an i-map
ty: e;T —o x such that the pair (T, ¢,: e;T —( z) is a universal arrow from
the functor e;: tv,A — tv;A to the object = of tv;A. Explicitly, this means
that, for every object A and every i-map h: ;A —( x there is a unique
*-map f such that

er(4) — o oy(1) FrA T,
\ Jtz (43)
h
T te.ei(f) = h.

We say that A has tabulators of degree zero if all these exist, for every
positive multi-index i. Obviously, the tabulator of an object always exists
and is the object itself.

When such tabulators exist, we can form for every positive multi-index i
a right adjoint functor

Ti: tviA — tvi, A, e; 1 Ti, 44)

which is just the identity for i = &.
Assuming that the tabulators of x € A; and z = 9w exist (for j € i), the
projection p§x of Tx (= T;ix) will be the following x-map of A

e ( ?m)
e To —2 ey T(052) pia: Ta —o T(0%),
9% (to) ltz @
z =0} tz-ei\j(p]o-‘x) = 3}1(%)‘

3.5 Tabulators and concatenation

We now examine the relationship between tabulators of i-cubes and (zero-
ary or binary) j-concatenation, for j € i.
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(a) If the degenerate i-cube x = ;2 and the i|j-cube z have total tabulators
in A, they are linked by a diagonal transversal x-map d, z, defined as follows

6i(de)

ei(Tz2) ei(T(e;2)) diz: Tz —¢ T(ej2),

\ lt’ o

T =e;z ty.ei(d;z) = ejt,.

This x-map d;z is a section of both projections pjx (defined above) be-
cause

toei(piw.diz) = 0 (t,).€5(d;z) = OF (t,.ei(d;2)) = OF (ejt.) = t..
(b) For a concatenation z = x +; y of i-cubes, the three total tabulators of
z,y, z are also related. The link goes through the ordinary pullback T ;(z, y)
of the objects Tz and Ty, over the tabulator T w of the i|j-cube w = 8;% =
aj— y (provided all these tabulators and such a pullback exist)

) — gt
peme gy e =0
B S

tw-eii(p; y) = 05 (ty).

We now have a diagonal transversal x-map d;(z, y) given by the univer-
sal property of Tz

d](l',y) Tj(xvy) —0 TZ)
(48)
t..ei(dj(z,y)) = teepj(x,y) +; ty.eqi(z,y).

The j-composition above is legitimate, by construction
05 (to-ep;(x,y)) = 0} (tz)-€1;(p; (2, y))
= tu-ei)j(p] ¥)-€1;(p; (7, y)) = tw-ey;(p; y)-ex;(a;(x,y))
= 05 (ty)-ex;(q;(x,y)) = 9y (ty-eiq;(x,y)).
It is easy to show (and it also follows from the proof of the theorem
below) that T (x,y) is the transversal limit of the diagram ‘formed’ by z =

x+;y (based on the multiple category freely generated by two j-consecutive
i-cubes).
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3.6 Theorem (Construction and preservation of 0-degree limits)

Let A and B be chiral multiple categories.

(a) All limits of degree zero in A can be constructed from level limits of
degree zero and tabulators of degree zero, or also from products, equalisers
and tabulators - all of degree zero.

(b) If A has all limits of degree zero, a unitary lax multiple functor A — B
preserves them if and only if it preserves products, equalisers and tabulators
of degree zero.

Proof. See Section 5. [

3.7 Examples

In the chiral triple category SC(C) (over a category C with pullbacks and
pushouts) we have the following three kinds of tabulators of degree zero
(apart from the trivial tabulator of an object), already described in 1.4.3.

(a) The tabulator of a 1-arrow f (i.e. a span) is an object T4 f with a universal
I-map e1(T1f) —o f; the solution is the (trivial) limit of the span f, i.e. its
middle object.

(b) The tabulator of a 2-arrow u (a cospan) is an object T yu with a universal
2-map es( Tou) —¢ u; the solution is the pullback of w.

(c) The total tabulator of a 12-cell 7 (a span of cospans) is an object T 157
with a universal 12-map ej5(T12m) —o ; the solution is the limit of the
diagram, i.e. the pullback of its middle cospan.

The two (non total) tabulators of degree 1 of the 12-cell = will be re-
viewed below, in 4.6.

4. Multiple limits of arbitrary degree

We now introduce general limits in a chiral multiple category A, taking ad-
vantage of the iterated lift functors @); (see 1.5), where i is a positive multi-
index of degree n > 0. X is always a small chiral multiple category.

Let us recall that u; denotes the multiple category freely generated by
one i-cube u; (as in 3.4).
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4.1 A motivation

For a positive multi-index i of degree n > 0, the limits (of degree 0) of
multiple functors with values in the lifted chiral multiple category ;A will
be called limits of type i (and degree n) in A; their results are thus i-cubes of
A. They extend the limits of degree zero considered above, for i = & and
QA =A.

Let us begin with some simple examples, based on a 2-dimensional cube
x € Ay, introducing definitions that will be made precise below.

(a) The cube = € Aj, is the same as a unitary pseudo functor z: u;s — A.
We have already considered its tabulator of degree zero, namely an object
Ta = Tiox with a universal 12-map t: ej5(T122) —¢ = (Where ejp =
e1eo = eger: A, — Ajs is the composed degeneracy).

(b) But = can also be viewed as a 1-arrow of ()5A, i.e. a unitary pseudo func-
tor x: u; — (oA, Its ej-tabulator (of degree 1) will be the total tabulator
of x as a 1-arrow of (J2A; this amounts to a 2-arrow Tz of A with a uni-
versal 12-map ¢: e;(T1z) —¢ x (where e;: Ay — Ajs is the degeneracy

e1: (Q2A) — (Q2A)1).

(c) Symmetrically, x can be viewed as a 2-arrow of ()1 A, i.e. a unitary pseudo
functor x: us — QA. Its es-tabulator (of degree 1, again) will be the total
tabulator of x as a 2-arrow of () A; this amounts to a 1-arrow T ,x of A with a
universal 12-map t: ey(Tox) —o = (Where ey: A} — Ajs is the degeneracy

ezt (Q1A)s = (Q1A)2).

(d) The 2-dimensional cube x is also an object of QQ2A. Its tabulator of
degree two is x itself. This is a (trivial) level limit, while the previous limits
are not level, i.e. are not limits in some transversal category of A.

4.2 General tabulators

An i-cube z € A; is a unitary pseudo functor x: u; — A. For every k C i
we can also view z as a pseudo functor u; — QA where j = i\k, so that x
can have an e;-tabulator, namely a k-cube 7' = T;x € Ay with a universal
i-map ¢, : €;(T;jz) —o x. (Total tabulators correspond to j = i, while j = @
gives the trivial case T gz = x.)
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The universal property says now that, for every k-cube A and every i-
map h: ej(A) —o x there is a unique k-map w such that

es(A) — o ey (T) w: Ao T,
\ ltw (49)
h
x ty.ej(u) = h.

We say that the chiral multiple category A has tabulators of all degrees
if every i-cube x € A; has all j-tabulators Tjz € Ay (fori = j Uk, disjoint
union). We say that A has multiple tabulators if it has tabulators of all
degrees, preserved by faces and degeneracies.

In this case, if A is transversally invariant, one can always make a choice
of multiple tabulators such that this preservation is strict (as we have already
seen in various examples of Part I):

O (Tyw) = T5(07x), Tilewy) =e(Tyy) (G Cii€ilNj), (50)

forr € Ajand y € Ay;.

Note that these conditions are trivial if j = @ or j = i, whence for all
weak double categories (where there is only one positive index). This remark
will be important when reconsidering double limits, in 4.7.

4.3 Lemma (Basic properties of tabulators)
Let A be a chiral multiple category.
(a) For an i-cube x and a disjoint union i = j U k we have

Til’ = TijI', (51)

provided that T iz and Ty (T;x) exist.

(b) A has tabulators of all degrees if and only it has all elementary tabulators
Tz (for every positive multi-index i, every j € i and every i-cube x).

(c) If all ej-tabulators of i-cubes exist in A there is an ordinary adjunction

e tvy;(A) == tvi(A) : T, e; 1T (J €1), (52)
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and e;: tvi;A — tviA preserves colimits.

(d) If all ej-cotabulators of i-cubes exist in A, then e;: tvi;A — tviAis a
right adjoint and preserves the existing limits (so that a condition on multiple
level limits in 2.2(iii) is automatically satisfied).

(e) In a weak double category A the existence of cotabulators of vertical
arrows implies that all ordinary limits in tv,(A) are preserved by vertical
identities. (This has already been used in 1.5.5.)

Proof. (a) Composing universal arrows for
€ = €jek: tv,A — thA — tViA,

one gets (a choice of) T;z from (a choice of) T;x and Ty (T;x). The rest is
obvious. [

4.4 Definition (Multiple limits)

We are now ready for a general definition of multiple limits in a chiral mul-
tiple category A.

(a) For a positive multi-index i C N and a chiral multiple category X we say
that A has limits of type i on X if );A has limits of degree zero on X.

(b) We say that A has limits of type i if this happens for all small chiral
multiple categories X.

(c) We say that A has limits of all degrees (or all types) if this happens for all
positive multi-indices i.

(d) We say that A has multiple limits of all degrees if all the previous limits
exist and are preserved by the multiple functors (see 1.5)

DS Qy(A) = RiQi(A), Ej: RjQi(A) — Qy(A)  (j ¢i). (53)

In this case, if A is transversally invariant, one can always operate a
choice of multiple limits such that this preservation is strict (working as in
Proposition 2.3).

We do not speak here of completeness: this notion should also involve the
existence of ‘companions’ and ‘adjoints’ for all transversal maps, as shown
by our study of Kan extensions in the domain of weak double categories
[GP3, GP4].
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4.5 Main Theorem (Construction and preservation of multiple limits)

Let A and B be chiral multiple categories.

(a) All multiple limits in A can be constructed from level multiple limits and
multiple tabulators, or also from multiple products, multiple equalisers and
multiple tabulators.

(b) If A has all multiple limits, a unitary lax multiple functor S: A — B pre-
serves them if and only if it preserves multiple products, multiple equalisers
and multiple tabulators.

Similarly for finite limits and finite products.

Proof. Follows from Theorem 3.6, applied to the family of chiral multiple
categories (;A, together with the multiple functors of faces and degeneracies
(see (53)) and the lax multiple functors Q;.5: Q;A — );B. L]

4.6 Examples

For a category C with pushouts and pullbacks we complete the discussion
of tabulators in the chiral triple category SC(C), after the three types of
tabulators of degree zero examined in 3.7. We start again from a 12-cube
m: VXA — C (aspan of cospans in C).

(a) The e;-tabulator of 7 is a 2-arrow T ;7 (a cospan) with a universal 12-map
ey 11m —¢ m; the solution is the middle cospan of 7.

(b) The e,-tabulator of 7 is a 1-arrow Tom (a span) with a universal 12-
map e; [ om — m; the solution is the obvious span whose objects are the
pullbacks of the three cospans of 7.

These limits are preserved by faces and degeneracies. For instance:

- 0y (Tam) = Ty(0; ™), which means that the domain of the span Ty (de-
scribed above) is the pullback of the cospan 0] T,

- To(equ) = e1(Tau), i.e. the ep-tabulator of the 1-degenerate cell e;u (on
the cospan w) is the degenerate span on the pullback of w.

Finally, putting together the previous results (in 2.2 and 3.7): if C is a
complete (or finitely complete) category with pushouts, then the chiral triple
category SC(C) has multiple limits (or the finite ones).
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4.7 Limits in weak double categories

We now complete the discussion of limits in a weak double category A, after
the case of level limits examined in 2.6.

Here a consistent difference appears between the present analysis and
that of [GP1]. In that paper all limits, including tabulators, were assumed to
satisfy also a ‘two-dimensional universal property’ (namely condition (dl.2)
in Definition 4.2). On the other hand multiple tabulators are here subject to
preservation properties that only become non-trivial in dimension three or
higher (as already remarked at the end of 4.2); the examples above (in 4.6)
show that at least two positive indices are required to formulate non-trivial
conditions of this type.

In other words, tabulators in a weak double category A are here double
tabulators, and the only limits that must be preserved by faces and degen-
eracies are the level ones, generated by products and equalisers of objects or
vertical arrows of A.

The present terminology, a particular case of the definitions in 4.2 and
4.4, can thus be summarised as follows.

(a) A has tabulators if every vertical arrow u (a 1-cube) has an object Tu =
T1u with a universal double cell 1 (T u) — w.

(b) A has limits of degree zero (namely the limits that produce objects) if all
the functors X — A (defined on a small weak double category) have a limit.
Theorem 3.6 says that this condition amounts to the existence of:

- all products IT A, of objects,

- all equalisers of pairs f,g: A — B of parallel horizontal arrows,

- all tabulators Tu of vertical arrows.

(c) A has limits of degree 1 (namely the limits that produce vertical arrows)
if all the functors A — tv;(A) = Q1A defined on a small category) have a
limit. By the usual theorem on ordinary limits, this condition amounts to the
existence of:

- products ITu) of vertical arrows,

- equalisers of pairs a,b: u — v of double cells (between the same vertical
arrows).

(d) A has limits of all degrees if both conditions (b) and (c) are satisfied.
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(e) A has double limits if all the previous limits exist and are preserved by
the ordinary functors

DY tviA — tv, A, Ep: tvi, A — tviA, (54)

inasmuch as this makes sense (i.e. for ordinary limits in tv,A and tv,A,
which amount to x- and 1-level limits of A).

Theorem 4.5 says that A has double limits if and only if it has: double
products, double equalisers and tabulators. Concretely, this amounts to the
existence of the limits listed in (b) and (c), together with the conditions:

- products are preserved by domain, codomain and vertical identities,
- equalisers are preserved by domain, codomain and vertical identities.

If this holds and A is transversally invariant (‘horizontally invariant’ in
[GP1]), Proposition 2.3 says one can always choose double limits such that
this preservation is strict. For products this means that:

- for a family of vertical arrows uy: Ay — B, we have [Tuy: [1 Ay — I B),
- for a family of objects A, the product of their vertical identities is the
vertical identity of [T A,.

4.8 The symmetric cubical case

As analysed in [G1], weak symmetric cubical categories (with lax cubical
functors) have a path endofunctor

P: LxWsc — LxWsc,
P((tVnA), (8204% (62)7 <+z)7 (Sz)7 ) (55)
= ((tvi41A), (a?+l)7 (€iv1), (Fit1)s (Six1)s ),

which lifts all components of one degree and discards 1-indexed faces, de-
generacies, transpositions and comparisons (the latter are omitted above).
The discarded faces and degeneracy yield three natural transformations

P = 1:e, ey = id, (56)

which make P into a path endofunctor, from a structural point of view.
The role of symmetries is crucial (without them we would have two non-
isomorphic path-functors, and a plethora of higher path functors, their com-
posites, see [G1]).

-194 -



GRANDIS & PARE - LIMITS IN MULTIPLE CATEGORIES...

This situation cannot be extended to chiral multiple categories: the path
endofunctor was replaced by the lift functors @;: LxCmec — LxCmcy;
and the restriction functors R;: LxCmc — LxCmcyy; of 1.8, with faces
and degeneracy

DY:Q; &= R;:Ej, D .E; = id. (57)

The whole system is consistent, by means of commutative squares

LxWsc —2~ LxWsc LxWsc —— LxWsc
Ul/ JU;‘ Ul lUj (58)
LxCmc o LxCmcyy; LxCmc " LxCmcyy;

where U: LxWsc — LxCmc is the embedding described in 1.2.8 (that
gives rise to weak multiple categories of a symmetric cubical type) and U; =
R;U.

In this way, cubical limits in weak symmetric cubical categories, dealt
with in [G2], agree with multiple limits as presented here.

5. Proof of the theorem on multiple limits

We now prove Theorem 3.6. The argument is similar to the proof of the
corresponding theorem for double limits [GP1], or its extension to cubical
limits [G2].

5.1 Comments

Of course we only have to prove the ‘sufficiency’ part of the statement.
We write down the argument for the construction of limits; the preservation
property is proved in the same way.

The chiral multiple category A is supposed to have all level limits of
degree zero and all tabulators of degree zero (or total tabulators). The proof
works by transforming a lax functor F': X — A of chiral multiple categories
into a graph-morphism G: X — tv,A and taking the limit of the latter. The
(directed) graph X is a sort of ‘transversal subdivision’ of X, where every
i-cube of X is replaced with an object simulating its total tabulator.
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The procedure is similar to computing the end of a functor S: C° x
C — D as the limit of the associated functor S%: C¥ — D based on Kan’s
subdivision category of C ([Ka], 1.10; [Ma], IX.5).

5.2 Transversal subdivision

The transversal subdivision X of X is a graph, formed by the following
objects and arrows, for an arbitrary positive multi-index i of degree n > 0,
with arbitrary j € i and o = +. (Note that this graph is finite whenever X
1s.)

(a) For every i-cell x of X there is an object x in X. For every i-map f: v —
y of X there is an arrow f: x — y in X.

(b) For every i-cell x of X, we also add 2n arrows pir:x — 8;"95 (that
simulate the projections (45) of the total tabulator of x, for j € iand o = +).

(c) If z = e;z is degenerate (in direction j) we also add an arrow d;z: z —
e;z (that simulates the diagonal map (46)).

(d) For every j-concatenation of i-cells z = x +; y in X, we also add an
object (z,y); in X and three arrows
pj:pj($7y>: (l’,y)j—>(l}, QjZQj(xay): (xay)j_)yv (59)
dj((lf,y)l (Imy)j — Z,

that simulate the pullback-object T ;(z,y) of (47), with its projections and
the diagonal map (48).
5.3 The associated morphism of graphs

We now construct a graph-morphism GG: X — tv,A that naturally comes
from F' and the existence of level limits and tabulators (of degree zero) in A.

(a) For every i-cell z of X, we define Gz as the following total tabulator (a
*-cube) of A

G(x) =T (Fx) (tpe: eiG(z) = F(x)). (60)
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For every i-map f: x — y of X, we define G f as the transversal map of A
determined by the universal property of ¢, as follows

ei(Gf)

e; T (Fx) ei T(Fy) Gf: T(Fx) —o T(Fy),
tpxl ltFy 61)
Fx Fy tFy-€i<Gf> = FftFx

Ff

(b) For 2z = 05z we define G(p?‘x) : Gx —g Gz as the following transversal
map of A

s (Gpoo)

eij; T (Fx) eil; T (F2) G(pfx): TFx — TFz,
\ lth (62)
8?(tFT)
Fz tr.-e);(G(pie)) = OF (trs).
(c) For a degenerate i-cube x = e;z (where z is an i|j-cube) the map

G(djz): Gz —o G(e;2) is defined as follows

e(TEz) altd?) ei(TFe;z) G(djz): TFz —o T(Fejz),

Ejthl Jth (63)
e Fz Fejz=Fr  tpp.ei(G(d;z)) = Fz.e(tr.).

L,z

(d) For a concatenation z = z +; y of i-cubes, the object G(z,y);, =
T,(Fz, Fy) is the pullback of the objects T Fx and T Fy, over the tabu-
lator T F'w associated to the i|j-cube w = Q;Tx = 0, y (see (47)).

The arrows p;(z,y): (z,y); — = and ¢;(z,y): (z,y); — y of X are
taken by G to the projections (47) of T (Fx, F'y)

G(pj(z,y)): G(z,y); =0 Gr, G(gi(z,y)): G(v,y); =0 Gy, (64

so that (G(z, y);; Gp;(x,y), Gg;(x, y)) is the pullback of (p; (Fx), p; (Fy))
in tv,A.
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Finally, the arrow d;(x,y): (x,y); — z of X is sent by G to the diagonal
(48) of G(x,y); = T,(Fz, Fy), determined as follows
G(dj(z,y)): T;(Fz,Fy) =0 TF(2),
tr..ei(G(d;(z,y)) (65)
— Fy(@,9)-(tre G 03 (5, ) +5 by G g (0, )) A,

(G, y)) —CGED T (Fa)) L Ry

A;ll TFj(x,y)
ei(G(x, )i +5 (G, y)i) Fx+; Fy

tpz.eiGpj 4+ try.eiGq;

The limit of this diagram G: X — tv,A exists, by hypothesis.

5.4 From multiple cones to cones

In order to prove that the limit of GG gives the limit of degree 0 of F' we
construct an isomorphism

(DLF) - (D'LG),

from the comma category of transversal cones of the lax functor £ to the
comma category of ordinary cones of the graph-morphism G. We proceed
first in this direction, and then backwards.

Let (A, h: DA — F) be a cone of F'. For every i-cube z of X, we define
k(z): A —¢ Gx = T(Fx) as the x-map of A determined by the i-map hz,
via the tabulator property

tpyz.ei(kx) = hx. (66)

Further, we define k(z,y);: A —¢ G(x,y); by means of the pullback-
property of G(z,y);

pi(x,y).k(z,y); = kx: A = G,

(67)
q(x,y).k(z,y); = ky: A —o Gy.

Let us verify that this family £ is indeed a cone of G: X — tv,A.
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(a) Coherence with an i-map f: © —( y (viewed as an arrow of X) means
that G f.kx = ky, which follows from the cancellation property of ¢z,

tpy-ei(Gf.kx) = Ffipy.ei(kr) = Ffhr =hy =tp,.ei(ky). (68)

(b), (c) Coherence with the X-arrows p(r):  — 0fx and d;z: 2 — e;z =
x follows from (62) and (63)
G(p§(x)).kx = k(0fx),
tre-i(G(dj2).kz) = Fiz.ei(tp.).ei(kz) = Fiz.ej(tp..e;;(kz))  (69)
= I;z.ej(hz) = h(ejz) = h(v) = tpy.ei(kx).

(d) Coherence with the X-arrows p; = p;(z,y) and ¢; = g;(x,y) holds by
construction (see (64)). For d;(z,y) and z = = +; y we have

(
= E](33>3/> (tre-€ip; +J try-€igj). )‘ ik (2, y); (70)
= Ej(a:,y) (tre-eipj +j try-€iq;)-(ek(x,y); +; esk(z,y);)- )‘71
= F;(z,y).(he +; hy) \;' = hz = tp..e;(kx).
Finally, a map of multiple cones

f:(Ah: DA—F)— (A'I): DA — F)
determines a map of G-cones f: (A, k) — (A’, k'), since
trg-ei(K'w.f) = Nw.e(f) = hx = tpg.e(kz). (71)

5.5 From cones to multiple cones

In the reverse direction (D' G)) — (D] F') we just specify the procedure on
cones. Given an ordinary cone (A, k: D'A — @) of G, one forms a multiple
cone (A, h: DA — F) by letting

he = tp,.ei(kr): e;(A) — x (x € 4). (72)
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This satisfies (tc.1) (see 3.2) since, for f: x —¢ y in X
Ffhx =Fftp,.e(kr)=tp,.e;(Gf.kx) =tp,.ei(ky) =hy.  (73)

Finally, to verify the condition (tc.2) for j-units and j-composition in X
we operate much as above (with z = ¢;z in the first case and 2 = x +; y in
the second)

F(2).ej(hz) = F;(2).e(tr..ei5(kz)) = F;(2).e(tr.).ei(kz)
= tpy.€i(G(dj2).kz) = tpy.ei(kz) = hx.

kz) = tr..ei(G(d;(2,y)) -k(2,y);) =
y)-(tra-€ipj +; try-€1;). )‘ eik(z,y);
X
X

(74)

hz = tp,.e;

F(z,
:E(
:E(

., 5)
t Fz-€iPj +j 7ny iQJ) (6 k(‘T y) +J €i k(x y) ))‘ !

ha 45 hy). At

\_/\_/\_//_\

N
N
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GEOMETRIE DIFFERENTIELLE CATEGORIQUES

THE COMPLETION OF A QUANTUM B-ALGEBRA
by Wolfgang RUMP

Résumé. On monte que les quantdes sont les objes injectifs dans la
catégorlie des quantum B-algébres, et que chague quantum B-algébre a une
enveloppe injective. Par une condruction explicite, I'enveloppe injective
se révéle comme une complétion, plus générale que la complétion de
Dedekind-MacNeille. Un resultat recent de Lambek et al., ou des structures
résidudles surviennent de maniére surprenante, est expliqué a la lumiere
des quantum B-algébres, foumissant un autre exemple de leur ubiquité.
Des connions aux structures promondadaes et aux multi-catégories sont
indiquées.

Abstract. It is shown that quantales are the injective objects in the category
of quantum B-algebras, and that every quantum B-algebra has ativiajec
envelope. By an explicit construction, thgjective envelope is revealed

as a compldion, more general than the Dedekind-MacNeille compldion.

A recent result of Lambek et a., where residud structures unexpectedly
arise, is explained in the light of quantum B-algebras, which gives anothe
instance for thdr ubiquity. Connetions to promonoida structures and
multi-categories are indicated.

Keywords. Quantum B-algebra, quantde, compldion, injective envelope,

patially ordered monoid promonoid# category, Day corvolution, multi-
pos, ternary frame.

M athematics Subject Classification (2010) 08B30,68R01,06F07, 06F05,
03B47,20M50, 20M50,03G27.

1. Introduction

Recently, J. Lambek et al. [20] proved that the injective hull of a partially
ordered monoid, viewedas an object in asuitable category, isaquantale, and
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that quantales are injective in that category. The construction is natural, but
not straightforward. For example, morphisms are submultiplicative rather
than multiplicative, which appears to be natura in the presence of a partial
order. Surprisingly, the construction depends on the left and right residuals
of a quantale, which led to an unexpected solution, as Lambek remarks:
“mirabile dictu, it worked!”

In this paper, we show that the reason behind this mystery is the covert
presence of a quantum B-algebra. Recall that a quantum B-algebra [30, 31]
isapartially ordered set X with two binary operations — and ~» satisfying

r<y—z = y<r~z Q)
T (y~z)=y~ (r—2) )
y<z = x—y<zT—2 (3)

A certain ubiquity of quantum B-algebras was observed in [30] and [31].
To mention the two extreme cases: A group is equivaent to a quantum B-
algebra with trivial partial order, while on the other hand, any partial or-
der with a greatest element determines a quantum B-algebra. In terms of
non-commutative logic, the operations — and ~» stand for one-sided impli-
cations, while < interprets the logical entailment relation. By [30], Theo-
rem 2.3, quantum B-algebras can be characterized as systems with two op-
erations —,~» and a partial order which can be embedded into a quantale.
Note that quantales can be viewed in several respects as non-commutative
spaces[4, 3, 6, 5, 24, 25, 26].

We prove that quantal es are the injective objects in the category of quan-
tum B-algebras, and that every quantum B-algebra X has an injective enve-
lope (Theorem 1). Moreover, we give an explicit construction of the injective
envelope, generalizing varioustypes of completions (Theorem 2). For exam-
ple, the Ded&ind-MacNeille completion of a poset, or of an archimedean
|attice-ordered group, occurs as a special case.

A particular instance is Lambek’s above mentioned construction [20] of
the injective hull of a partial ordered monoid M. As a first step of this
construction, M is embedded into the quantale L(A) of lower setsin M.
We consider the slightly more general issue where M is a partially ordered
semigroup. The injective hull Q(M) of M is then obtained as a quantalic
quotient ¢: L(M) — Q(M) with anatural embedding ¢|y,: M — Q(M).
We show that the map ¢ is determined by the quantum B-algebra X, C
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L(M) generated by M, and that ¢|x,,: Xy — Q(M) isnothing else than
the completion of X, as a quantum B-algebra. This reveals the nature of
Q) (M) and explains the occurrence of residuals in a context of semigroups.
In particular, ¢|x,, is injective, i. e. the quantum B-algebra X, remains
unaffected by passing to the quotient L(M) — Q(M).

Following areferee’s suggestion who pointed out that unital quantum B-
algebras form a specia instance of a promonoidal category, we explain in
Section 6 how quantum B-algebras X and their enveloping quantales U (X)
fit into the much broader framework of enriched categories. In particular,
we relate the multiplication in U(X) to the Day convolution of U(X) asa
functor category. It turns out that promonoidal posets can be characterized
asaspecial class of multicategories, enriched over the two-element quantale.
Unital quantum B-algebras form areflective full subcategory of the category
of promonoidal posets (Proposition 11). In the context of multi-posets, the
universal property of enveloping quantalesis derived in Proposition 12.

Some eamples are given in afinal section. For instance, we exhibit
a quantum B-algebra X for which the underlying partially ordered set is
a complete lattice, but where X is not a quantale. This aso provides an
example where the completion of X is strictly larger than the Dedekind-
MacNeille completion. On the other hand, we show that the completion of
a quantum B-algebra does not coincide with the canonical extension [14].
Another example shows that the isomorphism class of a partialy ordered
monoid M need not be determined by the quantum B-algebra X ,,, though
M can be recovered from the quantale L(M).

2. Quantum B-algebrasand quantales

Quantum B-algebras form a category gBAIg [31], morphisms f: X — Y
being monotone and satisfying the equivalent inequalities

flx—=y) < flz) = fly), flx~y) < flx)~ fly). @)

If theseinequalitiesare equations, wecall f: X — Y astrict morphism. For
example, every quantale [23], that is, a complete lattice with an associative
multiplication that distributes over arbitrary joins, is a quantum B-algebra.
More generally, every residuated poset, that is, apartially ordered semigroup
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with binary operations — and ~» satisfying
r<Yy =2 = ry<z <= y<Lr~z, ()
is aquantum B-algebra.

Definition 1. Let X be a quantum B-algebra. We say that a product zy of
edementsz,y € X existsif theset {z € X |2 < y — 2z} hasasmallest
element. This element will be denoted by xy.

Thus, if zy exists, it isunique and satisfies (5).

Proposition 1. Let X be a quantum B-algebra and z,y,z € X. Assume
that the products xy and yz existin X. Then (zy)z extstsif and only if z(y2)
exists, and in case they exist, these products are equal.

Proof. Assumethat (zy)z exists. Then (zy)z <t < 2y < z > t &
y<rz~(zot)eoy<zo(r~vt)eyz<r~tes o<y -t
which shows that z(yz) exists and is equal to (xy)z. The converse follows
by symmetry. O

By Proposition 1, it makes sense to speak of a submanoid or a sub-
semigroup of a quantum B-algebra. The latter means a subset M with ex-
isting products zy € M for each pair z,y € M. As usua, we endow any
subset of X with the induced partial order.

Definition 2. We defineamarphism f: M — N of partially ordered semi-
groups to be a monotone map satisfying f(a) f(b) < f(ab) fordl a,b € M.

The following result shows how the inequalities (4) have to be changed
in terms of existing products.

Proposition 2. Let X be a quantum B-algebra with a sub-semigroup M such
that every a € X satisfiesa = \/{z € M |z < a}. Let f: X — Q) beamgp
into a quantale @ with f(a) = \/{f(z) |a > z € M} for all a € X. Then
f isamarphism of quantum B-algebrasif and only if f|,; isa marphism of
partially ordered semigroups.
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Proof. Clearly, f ismonotone. Assumethat f satisfies(4). Foral x,y €
M,wehaver < y — zy. Hene f(z) < f(y — zy) < f(y) — f(xy),
which gives f(z)f(y) < f().

Conversely, assume that this inequality holds for x,y € M. For given
a,b € X, assumethat r < aandy < a — b. Then (1) implies that
r<a<(a—>b~bhencey<a—b<z—b Thusyr < b. SO
we obtain f(y)f(x) < f(yz) < f(b), whichyields f(a — b)f(a) < f(b).
Whence f(a — b) < f(a) — f(b). O

As an immediate consequence, we have

Corollary. Let (Q and ' be quantales. Amap f: Q — @’ isa maphism
of quantum B-algebras if and only if f is a marphism of partially ordered
semigroups.

Note that such a morphism f: @ — Q' sdtisfies\/ f(A) < f(V A)
for subsets A C . Thus, a quantale homanarphism is obtained if the
inequalities are replaced by equations. f(\/ A) = \ f(A) and f(ab) =
fla)f(b)for ACc Qanda,b € Q.

Let X be a quantum B-agebra, and z,zq,...,2, € X withn > 1.
Inductively, we define

Tl Ty KT 5= X1 Tpo1 < Tp — T. (6)

The fundamental réle of this relation will become apparent in Section 4.
From (5) it follows that (6) becomes a true fact if the products on both sides
exist. Note that every morphism f: X — Y of quantum B-algebras satisfies

T xy KT = f(x1)-- fzn) < fl2) (7)

foradl x,x,...,x, € X. Indeed, thisistrivia forn = 1. Now z; - - - x,, <
rgiveszy---r,1 < x, — x. Hene, by induction, we can assume that
f(@1) - f(@no1) < flan = x) < f(2n) = flz). Thus f(z1) - f(zn) <
f(z).

Definition 3. We define an embedding X — Y of quantum B-algebras X, Y’

tobeamorphisme: X — Y for whichtheimplication (7) isan equivalence.
If X — Y isastrict embedding, we call X aquantum B-subalgebra of Y.
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In particular, an embedding X — Y isinjective, and X can be regarded
as asubposet of Y. The converse holds for strict morphisms:

Proposition 3. Lete: X — Y be a strict marphism of quantum B-algebras
suchthat z < y <= e(z) < e(y) holds for z,y € X. Then e is an
embedding.

Proof. We have to show that e(z4) - - - e(x,,) < e(z) impliesx; - - -z, <
x for given z,xy,...,z, € X. Forn = 1, this follows by the assump-
tion. Otherwise, e(z;) - - - e(x,) < e(z) yiddse(zy) - --e(x,—1) < e(x,) —
e(z) = e(x, — x). Thus, by induction, we can assume that = - - - x,,_; <
x, — x. Whencez; - - - z,, < z. O

3. Theinjective envelope

In this section, we construct an injective envelope for every quantum B-
algebra. We say that an object () in qBAIlg is injective if every morphism
X — (@ factors through any embedding X — Y of quantum B-algebras.

Proposition 4. With respect to embeddings, quantales are injective objects
in the category qBAI g of quantum B-algebras.

Proof. Let X — Y beanembedding, andlet f: X — () beamorphism
into aquantale Q. By [30], Theorem 2.3, Y embeds into a quantale )'. So
it sufficesto provethat f factorsthrough X — @'. Define f': Q' — Q by

fila) = \/{f(@) - flaa) |21, .2p € X a2y -2, < a}.
Fora,b € @), thisgives
f(a)f'(b) =
VAT @) F@a) f ) - fym) |2y, € Xy an < a,y1 -+ g < b}
S\ @) f@a) fyn) - fym) |21 @ntn -+ Y < ab} = f(ab).

Since f’ is monotone, the corollary of Proposition 2 shows that f’ isamor-
phism of quantum B-algebras. Furthermore, f'|x = f follows by (7) since
X — (' isan embedding. O
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Definition 4. We call an embedding e: X — Y of quantum B-algebras
essential if every morphism f: Y — Z in gBAlg for which fe isan em-
bedding isitself an embedding. If, in addition, Y isinjective, we call e an
injective envelope of X.

As uaial, aninjective envelope is unique, up to isomorphism.

Proposition 5. Every essential embeddinge: X — Y of quantum B-algebras
IS strict.

Proof. By [30], Theorem 2.3, there is a strict embedding i: X — @
into a quantale (). Therefore, Proposition 4 implies that ¢ = fe for some
morphism f: Y — . Sinceeisessential, f isanembedding. For z,y € X,
we have

fe(z = y) < fle(z) = e(y)) < fe(z) = fely) = fe(r = y).

Hene fe(x — y) = f(e(x) — e(y)), and thuse(x — y) = e(x) — e(y).
O

Recall that a nucleus [27, 28] of a quantale () is defined to be an endo-
morphism j: @ — @ which satisfiesa < j(a) = j?(a) foral a € Q. There
Is a natural one-to-one correspondence between quantic nuclel j: Q — @
and congruence relations on : For any surjective quantale homomorphism
p: Q — Q', every fiber p~(p(a)) of p has a greatest element j(a), which
gives anucleus j, and every nucleus arisesin this way.

A specia type of nucleus is obtained as follows. For a subset X of
a quantale (), let X* denote the sub-semigroup generated by X. So the
subquantale generated by X is{\/ A| A C X*}.

Proposition 6. Let () be a quantale, generated by a quantum B-subalgebra
X.Thenj(a) .= N{z € X |a < x} definesanucleusj: Q — Q.

Proof. By definition, j is aclosure operator, that is, j is monotone with
a < j(a) = j%(a) foral a € Q. For given a,b € Q, assume that ab < z
for somex € X. Foradl y € X* with y < b, thisgives ay < z, hence
a <y — x. Thusj(a) < y — =z, which gives j(a)y < z. Since
b=\{y e X*|y <b},weobtain j(a)b < z. Similarly, every z € X* with
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z < j(a) stisfies zb < x, which givesb < z ~ x. Thusj(b) < z ~ =,
whichyields zj(b) < x. Soweget j(a)j(b) < z foral z € X withab < z.
Whene j(a)j(b) < j(ab). O

Definition 5. We say that an embedding X — () of aquantum B-algebra X
into aquantale Q isdense if X generatesthe quantale Q and every a € @) is
of theforma = A\ Awith A C X.

Proposition 7. An embedding X — @ of a quantum B-algebra X into a
guantale ) isessential if and only if it is dense.

Proof. Assume that X — () isdense, and let f: Q — Y be a mor-
phism of quantum B-algebras such that f|x isan embedding. By [30], The-
orem 2.3, there exists a strict embedding Y — @’ into aquantale @)’. Now
assume that a,ay,...,a, € Q and f(ay)--- f(an) < f(a). To verify that
X — (@ isessentia, we have to prove that a; - --a,, < a. To thisend, it
is enough to show that z7--- 2> < x holds for al z7j,...,z € X* and
r € Xwtha <ag, anda < 2. If 27 = 25125, Withz,; € X,
then f(z;1) - f(@im,) < f(@i1-- Tim,) < f(a;). Therefore, the inequal-

ity f(x11) - f(@img) - f@n1) - f(@nm,) < f(x) holdsin Q'. Since

x % v <5 ' isan embedding, this yields

* *
xl...xn:xlyl...xl’ml...xn’l...wnqmngw'

Conversely, assume that X — () isessential. By Proposition 5, X isa
guantum B-subalgebra of (). Let (), be the subquantale of () generated by
X. Then Qg — @ isan embedding. By Proposition 6,

j(a)::/\{xeX\agx}

definesanucleus j: QQy — Qo. So the quantale homomorphism @y — Qo
factors through @y — @, which gives a commutative diagram

X & > Qo © Q

NLA

JQo

-210 -



RUMP - THE COMPLETION OF A QUANTUM B-ALGEBRA

with an embedding i. Hence f is an embedding, and thus j is the identity
map. So f is an injective retraction, which shows that ), = . Conse-
querly, X — @ isdense. O

Now we are ready to prove
Theorem 1. Every quantum B-algebra X has an injective envelope.

Proof. By [30], Theorem 2.3, thereisastrict embeddinge: X — @ into
aquantale ). As in the preceding proof, let (), be the subquantale gener-
ated by X. Sothenucleus j: Qg — Qo On Q) yields a dense embedding
X <= jQq into the quantale j Q. O

Corollary. For a quantum B-algebra @, the following are equivalent.
(8 @ isaquantale.
(b) @ isinjectivein gBAlg.
(c) Every essential embedding (Q — X isanisomarphism.

Proof. (a) = (b) follows by Proposition 4.

(b) = (c): Lete: Q@ — X be an essential embedding. Then thereisa
morphism f: X — Q with fe = 1. Sincee isessential, f isan embedding.
Hene e isinvertible.

(c) = (&: Thisfollowsimmediately by the proof of Theorem 1. O

4. The completion

By [30], Theorem 2.3, every quantum B-algebra X admits a strict embed-
ding
X = UUX))

into a quantale, where U (X') denotes the quantale of upper sets of X, with
multiplication

A-B:={reX|3dyeB:y—xe A} (8)
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for A,B € U(X). Together with the proof of Theorem 1, this leads to
an explicit construction of the injective envelope. In this section, we give
a direct approach, without using the embedding X — U(U(X)). As a
byproduct, thisyields an independent proof of the strict embeddability of X
into a quantale.

Let X/ denote the free semigroup generated by X. Then (6) defines a
relation a < z betweena € X/ and x € X. For subsets A ¢ X/ and
Y C X, wewrite

ALY = Vae A yeY:a<y. 9

If AorY isasingleton, wesmply writea < Y or A < yinsteadof {a} <Y
or A < {y}, respectively. The relation (9) induces a Galois connection
between the power sets B (X /) and B(X), given by
Al ={re X|A<Lz}
Yv={ae X/ |ag<Y}
for A € P(X/)andY € P(X). Thusevery Y C X hasaclosure Y+ We

call Y closed if Y/ = YT and denote the set of closed subsets of X by X.
ForY, Z € X, wedefine

Y- Z:={zxeX|Vb<Y,c< Z: be <z}, (10)

and for afamily of Y; € X, we set

VY=Y (11)

Note that (Y; is again closed. Finally, thereisanatura injection X — X
which maps » € X totheupper set 1z := {y € X |z < y}. We endow X
with the partial order

Y7 <= YDZ

Theorem 2. Let X be a quantum B-algebra. Then X isa guantale, and
X — X isaninjective envelope of X.

Proof. Eq. (11) makes X into a complete lattice. For B,C' C X/, we
Set
BC :={bc|be B, ce C}.
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Then Eqg. (10) can be written as
Y- Z=(YYzZ4hH
To prove the associativity of (10), we thus have to verify
(VY)Y = (1 (5! (12)

for Vy,Ys,Ys € X. Fora € X/ andz € X, wedefinea — 2, a~ z € X
inductively by

ay — z:=a— (x — y), ya~> = a~ (y~ x),
fory € X. Then
<z <= a<b—2r <<= b<a~vz
holdsfor a,b € X/ andz € X. Now

YY) <z <= VeeVy: (VYO <e—a
—= VeeVy: VWi <e—u
— YW = VaeY VY <a~a
= VaeV]: (YY) <a~a
= (LYt <

isvalid for al z € X. Thisproves Eq. (12).
Next assumethat YV, Y; € Xforiel # @. Then Yi C Uies Y¢ implies

<U@Y¢> C oYM = Yy foral j € L Hen@ (U, YT C e Yi =
(Nyes Yo)¥". For b € Y¥andz € X, thisgives

Viel: V! <b~oao = (V) <b~w (13)

el

Thereverseimplicationistrivial. Thus

Viel: YW} <z < YY) <z

el
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holdsfor al = € X. Soweobtain ,.,(Y*Y;)" = (Y*(N,; Y))")', which
provesthat \/,_,(Y-Y;) =YV, , Yi. If wereplaceb ~ z in(13) by b — «,
weobtain \/,_,(Y; - Y) = (V,, Y;) - Y. Thus X is aquantale.
Forz,y € X andY € X, we have
Y <fr =ty <= Voo <ty < tyC (VHa) <= Y <y
= YViI<r sy = o=y CY =Y <Nz —vy),

which showsthat 1(x — y) =T — Ty. Furthermore,

Te <ty =Ty Clr <=z <.
Hene X — X isastrict embedding. In particular,

Ty e, <t <= 212, < (14)
holdsfor z,z1,...,2, € X.ForY € X andz € X,

Y<fTr <= v CY <= z €Y. (15)
Hen®Y = A, ., Tz. Furthermore, with the abbreviation a' := {a}",

\/{aﬂanf,agY}éTx —= Vae X' (a<Y=2xca)

— Vaec X' (a<Y=a<un)
< reY << Y <1z

HeneY = \/{a'la € X/, a<Y}.Fora:= ;- -x,andzy,...,x, € X,
the equivalences (14) and (15) show that a' =1, --- tx,. Therefore, X is
densein X. Thus Proposition 7 completes the proof. O

Note that the construction of X exhibits a strong similarity to the Dede-
kind-MacNeille completion, with the main difference that the partial order is
replaced by the fundamental relation (6). Therefore, we call X the compe-
tion of the quantum B-algebra X'. Thisimproves the same-named concept in
[30], which was shown to be closely related, but not equivalent to the canon-
ical extension [14] of X. The correctness of our adjustment, which makes
use of the nucleus in Proposition 6 to pass to a quotient quantale, is now
apparent by its affinity to the Dede&ind-MacNeille completion.
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5. The caseof partially ordered sanigroups

Lambek et al. [20] constructed injective hulls in the category PoM of par-
tially ordered monoids and showedthat they coincide with unital quantalesif
morphisms f in PoM are declared to satisfy Definition 2 and f(1) = 1. We
will show now that the construction in [20] makesimplicit use of a quantum
B-algebra.

Let M be a partially ordered semigroup. As in [20], we embed M into
the quantale L(M ) of lower sets A € M, thatis, A=|A:={zx e M |3y €
A:x < y}. Thusa € M is mapped to the lower set La :=|{a} € L(M).
Let X, be the quantum B-subalgebra of L(A/) generated by M. Thus X,
consists of all terms built from elements of M by using the residuals

A— B:={ce M|cAC B}, A~ B:={ce M|AcC B}

in L(M). For example, Ja ~ (Ib —lc) = {d € M | adb < ¢} isan element
of X,;. Weidentify M with theimageof M — X,,. Thus X, = M if and
only if M isaresiduated poset.

Following [20], we say that amorphism f: M — N of partially ordered
semigroups is an embedding if the implication

flxr) - flon) < flz) = 212, <2
holdsfordl x, x,...,z, € M.

Proposition 8. A maphism f: M — N of partially ordered semigroups
Is an embedding if and only if every marphism M — (@ into a quantale ()
factorsthrough f.

Proof. The necessity follows by the same argument as in the proof of
[20], Theorem 4.1. Conversely, let f: M — N be amorphism of partially
ordered semigroups. Assume that the embedding i: M — L(M) factors
through f. So there is a morphism g: N — L(M) with gf = i. Sup-
posethat f(z1)--- f(z,) < f(x) holdsfor some z, xy,...,x, € M. Then
i(x1- - ap) = gf(x) - gf(xn) < g(f(@1) - flan)) < gf(z) = i(2).

Henex; -z, < x. O

As in [20], we define injectivity with respect to embeddings. We call an
embedding e: M — N essential if every morphism f: N — N’ for which
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fe isan embedding isitself an embedding. An essentia embedding into an
injective object will be called an injective envelope.

Theorem 3. Let M bea partially ordered semigroup, and let X, be the as-
sociated quantum B-algebra. The comgetion of X, isan injective envelope
in the category of partially ordered semigroups.

Proof. By Proposition 8, The quantale )/(]\\4 isinjective as a partially or-
dered semigroup. Thus, it remains to verify that M — X, — )/(\M is
an essential embedding. By Proposition 2, every morphism M — @ into
a quantale () extends to a morphism X,;, — @ of quantum B-algebras,
which further extends to a morphism f: X — @ in gBAIlg. By the corol-
lary of Proposition 2, f is a morphism of partially ordered semigroups. So
Proposition 8 impliesthat M — X, — )/(E is an embedding. Now let
f: )/(E — ) be amorphism of partially ordered semigroups such that f|,

is an embedding. If the composed map Xur AN Q — L(Q) is an embed-
ding, f isan embedding, too. So we can assume, without loss of generality,
that () isaquantale.

Next we show that f|x,, isan embedding of quantum B-algebras. Since

Xy — Xy isstrict by Proposition 5, we have to verify
fla) -+ flan) < fla) = a1---an < a (16)

for a,aq,...,a, € X, where the product a, - - - a,, can be taken in XAM
Thusay---a, = V{z1 -2, | a; > x; € M}. Hene, without loss of
generality, we can assume that a,,...,a, € M. So the implication (16) is
validfora € M. If a ¢ M, then eithera = b — cora = b ~ ¢, with
terms b,c € X, of smaller complexity than a. If a« = b — ¢, we have
flar) -+~ flan) < fla) < f(b) = f(c), which gives f(a1) - - f(an)f(b) <
f(c). Thus, by induction, we can assume that a; ---a,b < c¢. Whence
a---a, <b—c=ua.Thecasea = b~ cistreated similarly.

So we have proved that f|x,, is an embedding. Since X, — )/(\M is
essential, this shows that f is an embedding of quantum B-algebras, hence
an embedding of partially ordered semigroups. O

Remark. The construction in [20] embeds M into L(M) first and than
passes to some quotient quantale p: L(M) — Q(M) with p|,, invertible.
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The preceding proof shows that p|x,, isinvertible, too, which highlights the
relevance of the quantum B-algebra X, as an intermediate step toward the
injective envelope of M. A minor point isthat Lambek et a. [20] deal with
monoids instead of semigroups. We briefly address this special case now.

Recdl that a quantum B-algebra X is said to be unital if there is an
element © € X with
U—>T=U~>T =T

for al x € X. Such aunit elementu is unique [31].

Proposition 9. If M is a partialy ordered manoid, then X, is unital. If X
Isa unital quantum B-algebra, X isa unital quantale.

Proof. Let M be a partialy ordered monoid with unit element . For
ac€ Xyandz € M,wehaver <u —a <= 2u<a<= 1< a<+=
wr <a<<=zx<u~a Heneuv — a=a=u~ a. Nowlet X bea
unital quantum B-algebra. For z,y € X, thisgivesz < u — y <z < y.
Thus zu exists, and ru = z. Similarly, ur = z. Since X — X isstrict,
ur = zu = z holdsin X. Now every element of X isajoin of elements
from X. Whenceua = au = afordl a € X. O

6. A categorical perspective

The preceding theorems admit far-reaching generalizationsin the framework
of enriched categories. We follow a referee’s suggestion to put the above
results into that wider perspective. All of this section is based upon the
referee’s detailed remarks.

First, every preordered set A can be regarded as a category, enriched over
the cartesian monoidal category 2 with two objects and a single non-identity
morphism. Since any such category A is equivalent to its skeleton, we can
restrict ourselves to partially ordered sets. Then a 2-distributor ¢: A——+ B
between posets A and B in the sense of Bénabou [1] is given by amonotone
map ®: B® x A — 2. In other words, ®~1(1) is an upper set of B® x A,
an ideal relation between A an B. By adjunction, ¢ can be viewed as a
functor A — 25% into the category of 2-valued presheaves over B, that is,
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amonotone map ®: A — L(B) into the set of lower sets of B. If I denotes
the inclusion B — L(B), the composition ¥ @ ® of a second distributor
V: B—e» C with ¢ corresponds to (Lanﬂf!)tf): A — L(C), where the left
Kan-extension Lan; ¥ : L(B) — L(C) isgiven by

Lan,O(b) = \/ U(z)

b>zxeB

forb € L(B). Equivdently, ¥ ® ® can be computed as a coend

qf@&):/bEB U(—,b) x ®(b, —), (17)

corresponding to the product of ideal relations
(T®®) (1) =01 (1)od (1).

Let 1dl denote the category of posets with ideal relations as morphisms. For
aposet B, we regard L(B) as an object of Sup, the category of sup-lattices
[19], that is, complete lattices with set-indexed join-preserving morphisms.
So the morphisms ®: A—e+ B in Idl can be viewed as morphisms L(A) —
L(B) in Sup, which exhibits | dl as areflective full subcategory of Sup.

Let X be aquantum B-algebra. Theideal relation P C (X x X)® x X
with

(x,y,2) EP <= x<y—=z2 (18)

gives a 2-functor X x X x X — 2. Recall that apromanoidal category
<7 (over 2) [9, 10, 11] isdefined by apair of 2-functors

P.APRQdPRd -2 and J: o —2

with natural isomorphisms
Qabed: / P(a,b,x) ® P(z,c,d) == / P(b,c,z) ® P(a,z,d) (19)
Mo / J(x) ® P, a,b) =2 Hom,, (a, b) (20)

Pab: /x J(z) ® P(a,z,b) =~ Hom,(a,b) (21)
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satisfying two coherence conditions [9, 11]. Accordingly, a promomadal
functor [12] between promonoidal categories.o/, % isafunctor ¢: &7 — A
with two natural transformations ¢, ;.: P(a,b,c) — P(®a, ®b, oc) and
vq: Ja — JPa satisfying certain relations [8, 11]. For the base category 2,
we speak of a promanoidal poset. Then a promomoidal 2-functor between
promonoidal posets A, B isjust amonotone map ¢: A — B which satisfies
o(J) c Jand

(x,y,2) € P = (®(x),P(y),P(2)) € P. (22)

Proposition 10. Wth respect to (18), every quantum B-algebra X satisfies
the associativity condition (19). If X isunital, X isa promaonoidal poset.

Proof. Intermsof ideal relations, (19) statesthat for givena, b, ¢, d € X,
thereexistsanz < ¢ — dwitha < b — zif and only if thereisanx € X
withb < ¢ - xanda < =z — d. The second condition is equivalent to
the existenceof anz < a ~ dwithb < ¢ — z. So we have to check the
equivalence

a<b—=(c—=d < b<c— (a~d).
Indeed, a < b — (c > d)<=b<a~ (c—=d) <= b<c— (a~d).
If X isunital, the upper set 1tu defines a morphism J: X — 2. Then (20)
and (21) are equivalent to
de>uz<a—b << a<b << dz>2u:a<z—b
This can be rewritten as

a<u~b << a<b < a<<u—b,

whichisequivdenttou~b=5b=u — b. O

Proposition 10 sheds some light upon the enveloping quantale U (X) =
2%, Let X be aposet with adistributor P: X —+ X x X. In Sup this gives
amorphism L(X) — L(X x X) = L(X) ® L(X), or dually, a morphism
UX)®U(X) = U(X). Then (19) states that U (X) is a semigroup object
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in Sup, aquantale. Interms of (18), themap L(X) — L(X x X) isgiven
by z — {(z,y) |z <y — z}forz € X, or

C—A{(r,y)|FzeC:x<y— 2}

for C € L(X). Thedua f°: U(Y) — U(X) of amorphism f: L(X) —
L(Y) isgiven by f°(A) :=1f*(A). So the multiplication on U(X) be-
comes

A-B={ze X |3 (r,y) e AxB:o<y—z}

23
={z€X|3yeB:y—ze A} 23)

in conformity with formula (8). According to R. K. Meyer [22], the mul-
tiplication (8) is well known to logicians. Following L. Powers, he calls it
madus ponens product. Fine [16] calsit fusion. If weregard A, B € U(X)
asfunctors X — 2, thefirst equation in (23) can be written as

A-B= /x,y P(z,y,—) ® A(x) ® B(y), (24)

which identifies the multiplication in U(X') with the Day convolution in 2
[9].

It remains to clarify the difference between a promonoidal poset and a
unital quantum B-algebra. By [31], Theorem 1, the category of quantum B-
algebrasis equivalent to the category of logical quantales, that is, quantales
of theform U (X') for some poset X with

x'(/\ai):/\(xwti), (/\ai)~$:/\(ai-x)

i€l i€l i€l el
foral z € X and a; € U(X). Thus, in comparison with a promonoidal
poset, aunital quantum B-algebras satisfies this extra condition. The pointis
that the promonoidal structure does not guarantee that X C U(X) isclosed
under — and ~». In other words, a promonoidal poset is an implicational
algebrawithout implicational operations.

To make this precise, let usinterpret the relation (6) in the framework of
multicategories [21]. Let X/ denote the free semigroup generated by a set
X. We define a muti-poset to be a set X with abinary relation a < x for
r € X anda € X/, such that the following are satisfied for =, 3, z; € X and
a; € X/
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@ (1 <z1,...,ap, <zpandzy -z, <) = aj---a, <.
b)) r<y<zr < z=y.

Morphisms of multi-posets are multi-functors, that is, maps f: X — Y
satisfying (7). For quantum B-algebras, the case n = 2 is equivalent to the
first inequality of (4). Thus quantum B-algebras form a full subcategory
gBAlg of the category mPos of multi-posets.

Just asin (18), we can define a distributor X —e—+ X x X for any multi-
poset X by the corresponding relation P € X x X% x X with

(x,y,2) € P <= a2y < 2. (25)

The convolution formula (24) then makes U (X) into a quantale with multi-
plication
A-B={ze€ X |3(z,y) € Ax B:zy < z}.

Define atruth set of amulti-poset X to be an upper set U C X such that for
adlz,y e X,

r<y < dtelU:te <y < dteU: xt<y.

If X admitsatruth set, wecall X unital. Let uscall amulti-poset X coherent
if theimplication

ary <z — dte X:ay<t, at <z (26)

holds for z,7,2 € X and e € X/. Not every multi-poset is coherent. For
example, let {x} beasingleton with z - - -z < z if and only if the length of
x---xisodd. Then X isnot coherent.

Proposition 11. The category of promanoidal posets is equivalent to the
category of unital coherent muti-posets. The category of unital quantum
B-algebras admits a full embedding into each of these categories.

Proof. For a promonoidal poset X, note first that with (25), condition
(19) turnsinto the equivalence

(ab)e < d < a(bc) < d (27)
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which definesauniquerelation abe < dfora,b, c,d € X. Asthereverseim-
plication in (26) holds for multi-posets, we use (26) to definexy -+ -z, < =
viainduction. By (27), this gives a coherent multi-poset X. Moreover, (20)
and (21) state that X isunital. Therefore, promonoidal posets are equivalent
to coherent unital multi-posets. For amap ®: X — Y between multi-posets,
the implication (22) states that zy < z implies ®(z)®(y) < ®(z). By in-
duction, this proves the first statement of the proposition. By (6), quantum
B-algéoras are coherent as multi-posets. This gives the second statement. O

To determine the full subcategory of unital quantum B-algebras, let us
denote the one-element poset by 1. Then apromonoidal poset X isgiven by

apair of distributors 1 X B xxx , that is, monotone functions
J: X — 2, P: (X xX)®Px X —2 (28)

satisfying (19)-(21). Let us call X representable if J and the presheaves
P(—,y,z) and P(x,—, z) are representable for all z,y,2z € X. Then we
have

Corollary. A promanoidal poset (28) is representable if and only if it isa
unital quantum B-algebra.

Proof. Representability of J meansthat thereisan element v € X with
J~1(1) =tu. Similarly, the presheaves P(—,y, z) and P(z, —, z) are repre-
sentable if and only if there are binary operations — and ~» on X with

P(—y,2) () =Wly —2),  Pla,—2)7'(1) =Lz~ 2)
fordl x,y, 2z € X. Thus, asaternary relation, P is given by
(,y,2) EP <= x<y—z < y<r~ 2

in accordance with (18). As shown in the proof of Proposition 10, condition
(19) is equivaent to Eq. (2), while (20) and (21) statethat v — =z = u ~
x = x holds for dl x € X. As the monotonicity condition (3) holds for
every promonoidal poset, the proof is complete. O

Remark. Note that with the above notation, a quantum B-algebra X ad-

mits a product zy for x,y € X (Definition 1) if and only if the presheaf
P(z,y, —) isrepresentable.
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For a complete and cocomplete symmetric monoidal closed base cate-
gory 7, the main theorem of [18] gives a universal property for the category
7 “® of presheaves over amonoidal category <. For ¥ = 2, thisimplies
the obvious universal property of L(X) = 2% " for a partialy ordered semi-
group X viathe Yonedaembedding X — L(X). The next result shows that
amultiplication in X isnot needed if L(X) isreplaced by U(X).

Let Qu be the subcategory of mPos consisting of the quantal es with set-
indexed join-preserving morphisms, and let

M : Qu — mPos (29)

be the functor which associates the multi-poset M () := Q° to aquantale ().
So the defining relation in MQ isxy - - - x,, > .

Proposition 12. The functor (29) makes Qu into a reflective subcategory of
mPos with reflector U.

Proof. For a multi-poset X, we show that the morphism nx: X —
MU(X) withny(x) :=Tz isaunit of anadjunctionU 4 M. For A € U(X),
wehave A = | J, .4 To. Heneg, if f: X — M@ isamorphismin mPos and
fU(X) — @ amorphismin Qu with M f' onx = f, we necessarily have
J'(A) = V,ea f(x). For A, B € U(X), thisgives

F(A)f(B)=\/{f@)f(y) |z €A ye B}
>\/{/(z) |z €A ye B, ay<z}=f(AB). O

At first glance, the replacement of (X)) by U(.X) appears to be counter-
intuitive. However, it alows to embed arbitrary multi-posets X into a quan-
tale U(U(X)). A similar switch led to the invention of quantum B-algebras
[31].

Finally, we remark that a 2-promonoidal structure givesriseto aternary
frame[29, 13, 22], that is, aternary relation R on a poset X, with a com-
patibility condition which states that R is an upper set in X x X% x X.
The logical connectives can then be realized as operations on U(X). For
example, the linear imgication is given by

A—-B:={reX|Vyec AVze X: (x,y,2) € R= z € B}.

Associativity of R isgiven by therelational analogueto (19). For details, we
refer to [13, 15, 17, 22].
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7. Further examples

In theintroduction, partially ordered setswith agreatest element, and groups
(with no partial order) were mentioned as two extreme types of quantum B-
algebras. Let us discuss these two casesfirst.

Example 1. Every partially ordered set {2 with greatest element 1 isaquan-
tum B-algebrawith

1 forx<y
r—>Y=T~»1Y:=
y forz Ly
for z,y € €. The fundamental relation (6) is given by
x1ox, ST <= x; < xforsomei € {1,...,n}.
We introduce atopology on €2 by taking the sets
D(z):={yeQ|z Ly}

as a subbasis of open sets. Then Q consists of the cl osed sets, with reverse
inclusion as partial order. The natural embedding €2 — €2 is given by

x e {z} =1z

Thus ) isalocae. If is totally ordered, Q) coincides with the Dedekid-
MacNeille completion of €.
As a special case, consider the poset

O =w+w ={0,1,2,3,...,3%,2", 1%, 0"}.

Here () has exactly one additional element, represented by the upper set w*.
By contrast, the canonical extension [14] of (2 has two additional elements
between w and w*.

Example 2. A quantum B-algebra GG with trivial partial order is equivalent
to agroup (see [30], Theorem 4.2). More generally, every semigroup M de-
termines a quantum B-algebra X,. For example, consider the commutative
semigroup M = {z,y, z} with multiplication table
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x Yy z
x|y =2y
y|z y z
ZlYy zZ Yy

Then X, has six elements, and its residuals coincide siicess commuta-
tive. PreciselyX,, = {0, x,y, z, t, 1} with table for— and Hasse diagram

10 z v 2z t 1

01 1 1 1 1 1 /1
z |0 0 t vy y 1 t

y |0 0 y t t 1 e

z |10 0 ¢t vy y 1 x\,lz/y
t 10 0 t vy y 1 0
110 0 0 0 O 1

Here X, = )/(\M but X, isnot asubmonoid of L(M).

Example 3. For a cancellative semigroup M with |M| > 1 which is not
a group, the quantum B-algebra X, is obtained from A by adjoining a
greatest element 1 and a smallest element 0. For =,y € M,

. z ifzr=yforsomez e M
€T =
Y 0 otherwise,

and similarly for = ~» y. Furthermore,
O0—=2=0~zx=2x—1=2x~1=1

foralz ¢ Xy, ande - 0 =2~ 0=0forz #0,and1 — z =
1~ 2z =0forz # 1. Here X, isthe injective envelope of M. In particu-
lar, N := X, satisfies X = X, which shows that in general, a partially
ordered semigroup M cannot be recovered from the quantum B-algebra X ;.

Example 4. Between the two extreme cases, every partially ordered group

G isaunital quantum B-algebrawith residudlsa — b := ba~" and a ~ b :=
a~'b. As apartially ordered set, GG coincides with the Dedekind-MacNeille
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completion. If G is lattice-ordered and archimedean, G ~. {0,1} is an ¢-
group. Thisgroup isusualy called the competion of G (see[2, 7]).

Example 5. If a quantum B-algebra is a complete lattice, it need not be a
quantale. For example, the quantum B-algebra X := {0,..., 3, 5,1} with
the natural order and

{O forz #0andy =0
r—>Yy=x~>Yy: = )
1 otherwise
is a complete lattice. However, 1 < 1 — & for al positive integers n.
Suppose that the product - 1 exists. Thenl - 1 < % for al n. Hence
1-1=0,andthus1 < 1 — 0 = 0, acontradiction. So the product 1 - 1 does
not exist in X.

The completion of X is obtained by adjoining an element £ > 0 with
e < L forall n. Indeed, the multiplication

{5 fora,b#0
ab =

0 otherwise

makes X := X LI {¢} into a quantale. Moreover, X is densein X since
e = A\ +, anditiseasily checked that X isaquantum B-subalgebra of X..
Note, however, that ¢ isnot ajoin of elements from X.

Acknowledgement. We thank an anonymous referee for detailed re-
marks, especially for pointing out connections to promonoidal structures,
multicategories, and ternary frames.
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Résumé. Dans cette note nous prouvons une conjecture de Degos a propos
des groupes engendrés par des matrices compagnons dans GL,,(q).
Abstract. In this note we prove a conjecture of Degos concerning groups
generated by companion matrices in GL,,(q).
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1. Introduction

Let F be a field, and let f € F[X] be a polynomial of degree n, i.e.
f(X)=a, X" +a, 1 X1+ +aX +ag

where aq, . ..,a, € F. Recall that the companion matrix of f isthe n x n
matrix
0 o+ cee oo 0 —ag ]
1 0 0 —Qa
0 1 0 0 —as
Cf = . . .
: .1 0 —ap—o
0 -« - 0 1 —ap_1

The matrix C'; has the property that its minimal polynomial and its character-
istic polynomial are both equal to f. Conversely, if ¢ € GL,,(IF) has minimal
polynomial and characteristic polynomial both equal to some polynomial f,
then g is conjugate in GL,,(IF) to CY.

Recall in addition that if F has order ¢ and f € F[X] has degree n, then
f 1is called primitive if it is the minimal polynomial of a primitive element
x € F. In [Degl3], J.-Y. Degos makes the following conjecture.
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Conjecture 1. Let F be a field of order p a prime, let g = X" — 1 and let
[ € F[X] be a primitive polynomial of degree n. Then (Cy,Cy) = GL,(p).

We will prove a stronger version of this conjecture. Specifically, we
prove the following.

Theorem 2. Let F be a finite field of order q and let f, g € F|X]| be distinct
polynomials of degree n such that f is primitive, and the constant term of g
is non-zero. Then (Cy,Cy) = GL,(q).

For the rest of this paper [ is a finite field of order q.

2. Field-extension subgroups

Let K = F(a) be an algebraic extension of F of degree d. Let W = K¢,
and observe that 11/ is both an a-dimensional vector space over K and an
ad-dimensional space over .
A K /F-semilinear automorphism of W, ¢, is an invertible map ¢ : W —
W for which there exists o € Gal(K/F) such that, for all v;,v, € W and
kl, ky € K,
d(k1v1 + kavg) = kT p(v1) + kS p(v).

We define a group
ILgp(W) = {¢: W — W | ¢ is a K/F-semilinear automorphism of 1/}

The group 'Lk z(WV) can be written as a product GL,(K).F where F'is a
cyclic group of degree d generated by the automorphism

W =W, (wi,...,wg) — (wi,...,wh).

We will refer to elements of I as field-automorphisms of W .
Now, for B = {v1,...,vsq} an ordered F-basis of W and ¢ € 'Lk x(1V),
we define the following matrix

(¢)B = [ ¢(U1) ‘ ¢(U2) ‘ ‘ ¢(Uad) } .

It is a well-known fact that the map

CI)B . FLK/F(W) — GLad(Q)? ¢ = (¢)B
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is a well-defined injective group homomorphism, the image of which is a
group F known as a field-extension subgroup of degree d in GL,4(q). Indeed,
more is true: if we define

0:W — F w s [wg,

and consider ®5 to be a map 'Lk /(W) — E, then the pair (®,6) is a per-
mutation group isomorphism. (Here, and throughout this note, we consider
groups acting on the left.)

Note that the group I'Lk #(/) contains a unique normal subgroup N
isomorphic to GL,(K). Then H = ®5(N) is a subgroup of GL,4(q) isomor-
phic to GL,(K) and, writing G = GL,4(q), one can check that Ng(H) =
E, the associated field-extension subgroup. (To see this, note, firstly, that
E < Ng(H) < Ng(Z(H)); now [KL90, Proposition 4.3.3 (ii)] asserts that
Ne(Z(H))) = E and we are done.)

3. Singer cycles

Recall that a Singer subgroup of the group GL,(q) is a cyclic subgroup of
order ¢" — 1. In this section we prove the following lemma.

Lemma 3. Let g € GL,,(q) and let f be its minimal polynomial. Then (g) is
a Singer subgroup if and only if f is primitive of degree n.

What is more, if S = (g) is a Singer subgroup, then (g) is conjugate to
(Cy), and S = ®p(GL,(K)), where K is a degree n extension of F, and B
is an ordered F-basis of K.

Proof. Suppose that S = (g) is a Singer subgroup. Then g contains an eigen-
value « that lies in K, a degree n extension of I, and no smaller field. What
is more, since g has order ¢" — 1, so does « and so the minimal polynomial
of g is primitive of degree n as required.

Suppose, on the other hand, that f is primitive of degree n. Then the
eigenvalues of g are o, a4, . . .| o ' in particular they are all distinct. El-
ementary linear algebra implies that g is conjugate to C'y, the companion
matrix of f. It is enough, then, to prove that (C) is a Singer cycle.

Let a be a primitive element of degree n over [F and a root of f; let K =
F(«), an extension of F of degree n. We construct a field-extension subgroup
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G of degree n in GLy,(¢) as the image of the map ®5 : I'Lk /r(K) — GL,(q)
where B = {a,a?,...,a" "1},

By construction H is isomorphic to I'Lg /#(K) and, in particular, contains
a subgroup isomorphic to GL;(K) = K*. This subgroup is cyclic of order
q" — 1 and is generated by the invertible linear transformation

Ly, K=K x— a- .

Now our construction guarantees that ®5(L,) = C; and we conclude, as
required, that C'y generates a cyclic subgroup of GL,(¢) of order ¢" — 1.
In fact we have shown that (C;) = ®z(GL,(K)) and the final statement
follows. [

4. Two companion matrices

Lemma 4. Let H be a field-extension subgroup of degree a in GL,4(q). A
non-trivial element of H fixes at most (q*)*~! elements of V = (IF)*?.

Proof. We observed in §2 that the action of H on V' is isomorphic to the
action of I'Lg/r(WW) on W = K* where K is a degree d extension of F.
Thus we set ¢ to be a non-trivial element of I'Li /z (V).

If ¢ lies in GL,(K) and is non-trivial, then basic linear algebra implies
that the fixed-point set is a proper K-subspace of I/ and so fixes at most
(q*)?* elements of .

Suppose that ¢ does not lie in GL,(K). Thus we can write ¢ = ho where
h is linear and o is a non-trivial field automorphism of TV that fixes (IF)*.

Thus if v € K* and v® = v we obtain immediately that v" = v7 .
Now if ¢ is a scalar that is not fixed by o, then we obtain immediately that
(cv)" # (ev)? . Since v and ¢ were arbitary we conclude immediately that
g fixes at most (¢°)? elements where b is some proper-divisor of a. The result
follows. 0

Corollary 5. If Cy and C, are companion matrices of distinct monic polyno-
mials f, g € Flx] of degree n, then (Cy, C,) does not lie in a field-extension
subgroup of GL,(q).

Proof. We consider the action of GL,(q) on V' = F". Observe that the
images of the first n — 1 elementary basis vectors are the same for both
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Cy and (. In particular, then, the matrix Cf_ng fixes the [F-span of these
n — 1 vectors and so fixes at least ¢"~! vectors. The previous lemma implies
that, since C'y # C,, we can conclude that (C I3 C’g) is not a subgroup of a
field-extension subgroup of GL,,(q). H

5. A result about subgroups

To complete the proof of Theorem 2 we will need the result below, Theo-
rem 7. In an earlier draft of this article, we attributed this result to Kantor
[Kan80]. We are grateful to Peter Mueller who pointed out that Kantor’s re-
sult relies on another paper — [CK79] — which has subsequently been found
to contain a number of errors.

In fact it is clear that the errors in [CK79] are not fatal and that, with a
little adjustment, the result still holds [Cam]. However, since no proof exists
in the literature, we will sketch one below. Our approach uses a theorem
of Hering [Her85], a proof of which can be found in [Lie87, Appendix 1].
The disadvantage of our proof is that it relies on the Classification of Finite
Simple Groups (CFSG), which Kantor’s original approach did not.

Lemma 6. Suppose that S is a Singer cycle in GL,,(q). Then, for each inte-
ger d dividing n, there is a unique field-extension subgroup ®z(I'Lg /x(W))
(where K is a field extension of F of degree d) that contains S.

Proof. Let H be a subgroup of GL,(g) that contains S and suppose that
H = GL,4(¢") for some divisor d of n. Now S is a Singer cycle in H and
50 S = ®¢(GL; (L)) where L is a degree n/d extension of IF 4.

Write Z for the unique subgroup of S of order ¢ — 1. Direct calcula-
tion confirms that Z coincides with the center of H. Thus H < Cg,, (o) (2).
But Z is precisely the F q-scalar maps on IL, and so (as we saw earlier, us-
ing [KL90, Proposition 4.3.3(ii)]) NGLn(q)(Z ) is a field-extension subgroup
Pp(I'Lk/r(IL)) where K is a field extension of I of degree d. But now H
must be the unique normal subgroup of this field-extension subgroup that is
isomorphic to GL,,/4(¢%) and we are done. O

In the proof above we refer to two ordered F-bases of L, namely 5 and
C. It is an easy exercise to see that we can take B to be equal to C.
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Theorem 7. Let L be a proper subgroup of G = GL,(q) that contains a
Singer cycle. Then L contains a normal subgroup H isomorphic to GL,(q°)
withn = ac and ¢ > 1. What is more H is equal to ®5(GL,(K)) for K some
field extension of F of degree c, and B some ordered F-basis of K.

Proof. 1t is convenient, first, to deal with the case when n = 2. If L lies
inside the normalizer of a non-split torus, then L contains a normal subgroup
H = GL(q?), as required. Furthermore, order considerations imply that L
is a subgroup of neither the normalizer of a split torus, nor a Borel subgroup
of GLy(q).

The remaining subgroups of GLs(¢) can be deduced from a classical the-
orem of [Dic58]. In particular, L N SLy(q) is isomorphic to either Ay, Sy, As
or a double cover of one of these. In particular the maximal order of an ele-
ment of LN SLy(g) is 10. Since L NSLy(q) must contain an element of order
q + 1, we conclude that ¢ < 9. Now computation in the remaining groups
(using, for example, [GAP15]) rules out the remaining possibilities.

Assume, then that n > 3, and we refer to Hering’s Theorem, as presented
in [Lie87, Appendix 1]. This result lists those subgroups of GL,(p) (for
¢ € 7Z7) that act transitively on the set of non-zero vectors of (F,)*. Since
GG embeds naturally (inside a field extension subgroup) in GL,(p) for ¢ =
nlog, q and, since a Singer cycle acts transitively (via this embedding) on
the set of non-zero vectors in (IF,))", this list contains all the possible groups
L. In what follows we fix a field-extension embedding

Pp G — GLg(p)

for £ = nlog, ¢, and D an ordered IF-basis of (IF)". We obtain an associated
action on the vector space V' = (IF,,)%, and apply the theorem.

According to Hering’s Theorem, the group L lies in one of three class
(A), (B) and (C). Given that £ > n > 3, the classes (B) and (C) reduce to the
following possibilities:

1. L= A6, A7 or SL2(13>, G = GL4(2), GL6<3) or GL3(9>
2. L has a normal subgroup R = Dg o Qg, L/R < S5 and G = GL4(3).

In the first case, we note that all elements of L have order less than or equal
to 14, and this case is immediately excluded. Similarly, in the second case,

-234 -



NICK GILL - ON A CONJECTURE OF DEGOS

all elements of L have order less than or equal to 48, and this case is imme-
diately excluded.

We are left with groups in Liebeck’s class A. These come in four fam-
ilies; we examine them one at a time. For family (1), L is a subgroup of
the normalizer of a Singer cycle. The result follows immediately in this
case. For the remaining families, L has a normal subgroup /N isomorphic to
SL4(q0), Sp,(qo) or Ga(qo) with go = p? and £ = ad.

By examining the proof in [Lie87], we find that, in all cases, L lies in
a field-extension subgroup ®¢(I'Lg,/r, (W)) of GL¢(p), for K,y some field
extension of F, of degree d € Z* and C some ordered [F,-basis of W =
(Ko)®. What is more ¢y = ¢% and N < ®¢(GL,(Kop)).

In the symplectic case, this means that the action of N on (K¢)* yields
the natural module for Sp, (Kj) (see, for instance, [KL90, Proposition 5.4.13]).
Now one can check that an irreducible cyclic subgroup of Sp,(qo) in the nat-
ural module has size dividing qg/ 41 (see, for instance, [Ber0O]). Now
Schur’s Lemma implies that an irreducible cyclic subgroup of L has order
dividing (¢&"* + 1)2(go — 1) log,(qo). Since this must be at least g§ — 1, one
immediately obtains that a/2 = 1 and, since Sp,(KKq) = SLy(Ky) we are in
one of the remaining cases.

If G = G2(qo), then the proof in [Lie87] implies that, in fact, N is a
subgroup of a symplectic group Spg(qo) that acts on (K)® via its natural
module. Thus this situation can be excluded via the calculation of the previ-
ous paragraph.

We are left with the case where

N = SLa(qO) <L S (I)C(FLKO/]FP(W)) S GLg(p)

Direct computation inside I'Lg,/r, (V) confirms that, since L contains a
cyclic group of order p* — 1, L must contain M = &¢(GL(W)) = G La(qo)
as a normal subgroup.

Observe, then, that the Singer cycle S lies in two field extension sub-
groups of GL4(p), namely Ngr, () (G) and N, () (M). Notice, though, that
by Lemma 3, S = ®5(GL; (L)) for some ordered F,-basis 55 of L, a degree
n extension of IF,. Clearly the groups ®5(I'Lg/r, (IL)) and ®5(I'Lk,/r, (L))
are also field extension subgroups that contain S.

Now Lemma 6 implies that M = $5(GL,(Ky)) and G = $(GL,(F)).
The second occurrence of the monomorphism @ here is simply a restriction
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of the first; it is an easy exercise to check that, in this situation, M is a field-
extension subgroup of GG as required. [

6. Proving Theorem 2

Observe that if f and g are as in Theorem 2, then they both have non-zero
constant term and hence are invertible and so lie in GL,,(¢). Now Lemma 3,
Corollary 5 and Theorem 7 imply that (C'y, C,) does not lie in a proper sub-
group of GL,,(¢). In other words (C, C,;) = GL,(q), as required.
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