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Résuḿe. Onmontreque lesclassesd’isomorphismedefibrésprincipauxsur
unespacedifféologiquesontenbijectionaveccertainesapplicationessurson
espacedeslacets, aussi bien dansuneconfigurationavecconnexions qu'une
configurationsansconnexions.Lesapplications surl’espacedes lacetssont
lisseset satisfont unepropríeté � fusion� à l’ égard de triplets de chemins.
Les bijectionssont établiespar desisomorphismesexplicites, que nousap-
pelons�transgression� et�régression�. Réduits à  une variété différentielle
nosrésultatśetendentdesrésultatspréćedentsdeJWBarrett.

Abstract. Weprovethatisomorphismclassesof principalbundlesoveradif-
feologicalspacearein bijectionto certainmapsonits freeloopspace,bothin
a setupwith andwithout connectionson thebundles.Themapson the loop
spacearesmoothandsatisfya “fusion” propertywith respectto triples of
paths.Our bijectionsareestablishedby explicit groupisomorphisms:trans-
gressionandregression.Restrictedto smooth,finite-dimensionalmanifolds,
our resultsextendpreviouswork of J.W. Barrett.

Keywords. bundle,connection,diffeologicalspace,holonomy, loop space,
thin homotopy, transgression.

Mathematics Subject Classification (2010). Primary 53C29, Secondary
58B25.

1. Intr oduction and Results

We studya relationshipbetweengeometryon a spaceandgeometryon its
loopspace.Weareconcernedwith a fairly generalclassof spaces:diffeolo-
gicalspaces,oneversionof the“convenientcalculus”[Sou81,KM97]. Most
prominently, thecategory of diffeologicalspacescontainsthecategoriesof
smoothmanifoldsandFréchetmanifoldsasfull subcategories,anda lot of
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familiargeometrygeneralizesalmostautomaticallyfrom thesesubcategories
to diffeologicalspaces.

Thegeometrywe studyon a diffeologicalspaceX consistsof principal
bundleswith connection.The structuregroupof thesebundlesis an ordi-
nary, abelianLie groupA, which is allowedto bediscreteandnon-compact.
TheloopspaceLX thatis relevanthereconsistsof so-calledthin homotopy
classesof smoothmapsτ : S1 // X, and is thusbettercalledthe “thin
loop space”of X. Dueto theconvenientpropertiesof diffeologicalspaces,
LX is again anhonestdiffeologicalspace.OnLX, we characterizea class
of “fusion maps”f : LX // A, following an ideaof Stolz andTeichner
[ST]. A fusionmapf is smooth,andwheneverγ1, γ2 andγ3 arepathsin X
with acommoninitial pointandacommonendpoint, it satisfies

f (γ2 ? γ1) ∙ f(γ3 ? γ2) = f(γ3 ? γ1),

where? denotesthecompositionof pathsandγ denotesthe reversedpath.
Fusionmapsform a groupunderpoint-wisemultiplication, which we de-
noteby Fus(LX,A). A detaileddiscussionof fusionmapsis thecontentof
Section2. Ourfirst resultis

Theorem A. Let X be a connecteddiffeological spaceand let A be an
abelianLie group.There is an isomorphism

h0DiffBun∇
A (X) ∼= Fus(LX,A)

betweenthe group of isomorphismclassesof diffeological principal A-
bundlesover X with connectionand the group of fusionmapson the thin
loopspaceLX.

Thebijectionof TheoremA is establishedby groupisomorphismscalled
“transgression”and “regression”. Transgressionbasically takes the holo-
nomy of the given connection,and is discussedin Section5. Its inverse,
regression,reconstructsa principal bundleover X with connectionfrom a
givenfusionmapf : LX // A, andis thecontentof Section4. Theproof
of TheoremA is givenin Section6.

Thegroupsonbothsidesof theisomorphismof TheoremA have impor-
tant subgroups:the oneon the left handsideis composedof bundleswith
flat connections,andtheoneon the right handsideis composedof locally
constantfusion maps. In Propositions4.2.5and3.2.13we shall show the
following:
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Corollary A. Theisomorphismof TheoremA restrictsto an isomorphism

h0DiffBun∇0
A (X) ∼= Fuslc(LX,A)

betweenthegroupof isomorphismclassesof flat diffeological principal A-
bundlesoverX andthegroupoflocally constantfusionmapsonLX.

If X is asmoothmanifold,adiffeological principalbundleoverX is the
sameasa smoothprincipal bundle; similarly, connectionson diffeological
principalbundlesbecomeordinary, smoothconnections.Undertheseidenti-
fications,TheoremA andCorollaryA arestatementsaboutthegeometryof
ordinary, smoothmanifolds.

Oursecondresultis ananalogof TheoremA in asetupfor bundleswith-
outconnection.It reliesontheexistenceof connectionsonprincipalbundles
andis thusonly valid over smoothmanifolds,andnot over generaldiffeo-
logical spaces.Therelevantstructureon thethin loop spaceis now a group
of equivalenceclassesof fusionmaps,which we denoteby hFus(LM,A).
Heretwo fusionmapsareidentifiedif they areconnectedby a paththrough
thespaceof fusionmaps.

Theorem B. Let M bea connectedsmoothmanifold. There is an isomor-
phism

h0BunA(M) ∼= hFus(LM,A)

betweenthe group of isomorphismclassesof smoothprincipal A-bundles
overM andthegroupof equivalenceclassesof fusionmapsonLM .

Our lastresultis thatundertheisomorphismsof TheoremsA andB, the
operationof forgettingconnectionscorrespondspreciselyto the projection
of a fusionmapto its equivalenceclass:

Theorem C. The bijectionsof TheoremsA and B fit into a commutative
diagram

h0Bun∇
A (M) oo

∼= //

��

Fus(LM,A)

��
h0BunA(M) oo

∼=
// hFus(LM,A),

whosevertical arrowsare, respectively, forgetting the connectionand pro-
jectingto equivalenceclasses.
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TheoremsB andC areproved simultaneously. In Sections4 and5 we
definegrouphomomorphismsT andR thatconstitutethe isomorphismof
TheoremB such that TheoremC is true. In other words, T and R are
covered,respectively, by transgressionandregression,whichareinversesof
eachotheraccordingto TheoremA. Sincethe vertical arrows in the com-
mutative diagramof TheoremC aresurjective, it follows thatT andR are
alsoinversesto eachother.

Studying the relationshipbetweenprincipal bundleswith connection
over a smoothmanifold M and their holonomyhasa long history in dif-
ferentialgeometry, includingwork of Milnor, LashofandTeleman.A nice
overview andreferencescanbe found in Barrett’s seminalpaper[Bar91].
In thatpaper, Barrettintroducedthenotionof thin homotopicloopsthatwe
usehere,andprovedaversionof ourTheoremA for smoothmanifolds.We
remarkthat his formulationof the loop spacestructureis slightly different
from our fusionmaps,andrequiresfixing abasepoint in M .

Theresultsof thepresentarticleextendBarrett’s resultin two ways.The
first is thatTheoremA extendsBarrett’s bijectionto a largerclassof spaces
– diffeologicalspaces.For example,TheoremA holdsfor principalbundles
over the thin loop spaceitself. The secondis TheoremB, which extends
Barrett’s bijectionto principalbundleswithoutconnection.

Our resultsaremadepossibledue to new tools that we develop. The
main innovation is a comprehensive theoryof principal bundleswith con-
nectionoverdiffeologicalspaces;this is workedout in Section3. Wefollow
theslogan:evenif oneis only interestedin smoothmanifoldsit is helpful to
usediffeologicalspaces.More specifically, we usenew descent-theoretical
aspects:we introducea Grothendiecktopologyon thecategory of diffeolo-
gical spacesandprove thatprincipalbundleswith andwithout connections
form sheavesof groupoids(Theorems3.1.5and3.2.2). Finally, we show
thatdiffeological principalbundleswith andwithoutconnectionreduceover
smoothmanifoldsconsistentlyto smoothprincipalbundles(Theorems3.1.7
and3.2.6).

In themaintext of this paperwe assumethat thereaderis familiar with
thebasicsof diffeologicalspaces.In orderto make thepaperaccessiblefor
others,wehaveincludedAppendixA with abrief review aboutdiffeological
spaces,emphasizingdifferentialforms,pathspacesandsheaftheory.
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2. Pathsand Loops in Diffeological Spaces

In this sectionwe definefusionmapson thin loop spaces.They appearon
theright handsideof thebijectionsof TheoremsA andB.

2.1 Thin Homotopy Equivalence

LetX beadiffeologicalspace.A pathin X is asmoothmapγ : [0, 1] // X
that is locally constantin a neighborhoodof {0, 1}. The latter conditionis
alsoknown underthe name“sitting instants”. Our main referencefor this
sectionis [IZ], wherepathsarecalled“stationarypaths”.Thesetof pathsis
denotedPX; it is itself a diffeologicalspaceasa subsetof thediffeological
spaceof smoothmapsfrom [0, 1] to X, whichwedenoteby D∞([0, 1], X).

A diffeologicalspaceX is calledconnectedif theendpointevaluation

ev : PX // X × X : γ � // (γ(0), γ(1))

is surjective. Onecanshow thatev is thenevena subduction[IZ, V.6], the
diffeologicalanalogof asmoothmapthatadmitssmoothlocal sections(see
Definition A.2.1 andLemmaA.2.2). In the following we assumethatX is
connected.

Becauseof thesitting instants,two pathsγ1, γ2 with γ1(1) = γ2(0) can
becomposedto a third pathγ2 ? γ1 which is definedin theusualway [IZ,
V.2,V.4]. For x ∈ X, wedenoteby idx theconstantpathatx, andfor apath
γ we denoteby γ thereversedpath. A smoothmapf : X // Y between
diffeologicalspacesinducesasmoothmap

Pf : PX // PY : γ � // f ◦ γ

thattakescompositionandreversalof pathsin X to thoseof pathsin Y [IZ,
I.59].
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We wantto forcecompositionto beassociative, theconstantpathsto be
identities,andpathreversalto provide inversesfor this composition. One
solution would be to identify homotopicpaths. However, as is known in
thecaseof manifolds,a lot of thegeometrywill belost: onebetterrestricts
to homotopiesof rank one,so-calledthin homotopies[Bar91, SW09]. In
thefollowing we generalizetheconceptof thin homotopiesto diffeological
spaces.

Definition 2.1.1.Let k ∈ N. A smoothmapf : X // Y betweendiffeo-
logical spaceshas rank k if for every plot c : U // X and every point
x ∈ U there existsan openneighborhoodUx ⊂ U , a plot d : V // Y and
a smoothmapg : Ux

// V such that thediagram

Ux
g //

c

��

V

d

��
X

f
// Y

is commutative, andtherankof thedifferential of g is at mostk.

With a view to TheoremB it is importantto seethat notionswe intro-
ducefor diffeologicalspacesreduceto the correspondingexistentnotions
for smoothmanifolds.

Lemma 2.1.2.For M andN smoothmanifolds,a smoothmapf : M // N
hasrankk in thesenseof Definition2.1.1if andonly if its differential is at
mostof rankk.

The proof is elementary. One can also show that a smooth map
f : X // Y betweendiffeologicalspaceshasrankk if andonly if Laub-
inger’s tangentialmapf∗ hasat mostrankk [Lau08]. Thefollowing lemma
summarizesobviousstatements.

Lemma 2.1.3.Therankof smoothmapssatisfiesthefollowing rules:

(a) If k > l, everyrankl mapalsohasrankk.

(b) Everyconstantmaphasrankzero.

(c) If f : X // Y has rank k and descendsalong a subduction
p : X // Z, thequotientmapf ′ : Z // Y alsohasrankk.
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(d) If f : X // Y hasrankk, andg : W // X andh : Y // Z are
smoothmaps,thenh ◦ f ◦ g : W // Z alsohasrankk.

Usingthenotionof therankof asmoothmap,wedefineasuitableequiv-
alencerelationon thespacePX of pathsin X.

Definition 2.1.4.Let γ1 andγ2 be pathsin X with a commoninitial point
x and a commonend point y. A homotopybetweenγ1 and γ2 is a path
h ∈ PPX with

ev(h) = (γ1, γ2) and ev(h(s)) = (x, y)

for all s ∈ [0, 1]. A homotopyh is calledthin, if theadjointmap

h∨ : [0, 1]2 // X : (s, t) � // h(s)(t)

hasrankone.

An importantexampleof a thin homotopy is an orientation-preserving
reparameterization;or even any smoothmap η : [0, 1] // [0, 1] with
η(0) = 0 and η(1) = 1. A homotopy betweenγ ◦ η and γ can be ob-
tainedfrom a smoothhomotopy betweenη andtheidentity id[0,1]. It is thin
dueto Lemmata2.1.2and2.1.3(d).

Lemma 2.1.5.Beingthin homotopicis an equivalencerelation on the dif-
feological spacePX of pathsin X.

Proof. Firstof all, theidentity idγ ∈ PPX is thin, sinceid∨
γ factorsthrough

[0, 1], andthushasrankoneby Lemmata2.1.2and2.1.3(d). If h ∈ PPX
is a thin homotopy, h is also thin since(h)∨ factorsthroughh∨. Finally,
we have to show that if h1 ∈ PPX andh2 ∈ PPX arecomposablethin
homotopies,the compositionh2 ? h1 is again thin. For this purposewe
recallthatthepathcompositionh2 ? h1 : [0, 1] // PX is definedusingthe
subductionU := U1 t Uε t U2

// [0, 1], where

U1 := [0, 1
2
) , Uε := (1

2
− 1

2
ε, 1

2
+ 1

2
ε) and U2 := ( 1

2
, 1],

and ε is chosensuchthat h1(t) = h1(1) for all t > 1 − ε and h2(t) =
h2(0) for all t < ε. We defineh̃ : U // PX by h1(2t) over U1, h1(1) =
h2(0) over Uε andh2(2t − 1) over U2. Obviously, h̃ descendsto [0, 1]; this
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definesh2 ? h1 (seeLemmaA.1.4). Sinceh1 andh2 arethin, it follows that
h̃∨ : U × [0, 1] // X hasrankone.Furthermore,it descendsto (h2 ? h1)

∨.
Thus,(h2 ? h1)

∨ hasrankoneby Lemma2.1.3(c). �

Denotingby ∼ the equivalencerelation of being thin homotopic,the
diffeologicalspaceof thin homotopy classesof pathsis

PX := PX/ ∼ .

It remainsto show thatPX hasthedesiredstructure:

Proposition2.1.6.Pathcompositionandreversal descendto smoothmaps

? : PX ×X PX // PX and (..) : PX // PX.

Thecompositionis associativeand the constantpathsare identities. Fur-
thermore, reversingpathsprovidesinversesfor thecomposition.

Proof. Compositionandreversalof pathsin PX aresmoothmaps[IZ, V.3,
V.4]. By LemmaA.1.4, a smoothmap that descendsalong a subduction
descendsto a smoothmap. Sowe only have to show thatcompositionand
reversalarewell-definedunderthin homotopies.

In orderto do so,we introducea “pointwise” compositionandreversal
for pathsin pathspaces.If h ∈ PPX is suchapath,r(h) ∈ PPX is defined
by r(h)(s) := h(s). Sincer(h)∨ factorsthroughh∨, r(h) is thin wheneverh
is thin. Thus,if h is a thin homotopy betweenγ1 andγ2, thenr(h) is a thin
homotopy betweenγ1 andγ2.

The compositiongoessimilarly; here one constructsfrom two paths
h1, h2 ∈ PPX suchthat h1 × h2 is a path in PX ×X PX a new path
c(h1, h2) by c(h1, h2)(s) := h2(s) ? h1(s). This is thin by thesamereason-
ing asin theproof of Lemma2.1.5. Summarizing,if h1 is a thin homotopy
betweenγ1 andγ′

1, andh2 is a thin homotopy betweenγ2 andγ′
2, whereγ1

andγ2 arecomposable,c(h1, h2) is well-definedsince

h1(s)(1) = γ1(1) = γ2(0) = h2(s)(0)

for all s ∈ [0, 1], andthusis a thin homotopy betweenγ2 ? γ1 andγ′
2 ? γ ′

1.
Compositionis associative: onefindsfor threecomposablepathsγ1, γ2

andγ3, a thin homotopy (γ3 ? γ2) ? γ1 ∼ γ3 ? (γ2 ? γ1) constructedfrom
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theevident reparameterization.In thesameway onefinds thin homotopies
γ ? idx ∼ γ ∼ idy ? γ for apathγ with ev(γ) = (x, y).

Inversionprovidesinverses:wehave to constructthin homotopies

γ ? γ ∼ idy and idx ∼ γ ? γ

for any pathγ with ev(γ) = (x, y). To do so,considera smoothingfunction
ϕ, i.e. a smoothmap ϕ : [0, 1] // [0, 1] suchthat thereexists ε > 0
with ϕ(t) = 0 for t < ε and ϕ(t) = 1 for t > 1 − ε. Notice that for
s ∈ [0, 1], Γs(t) := γ(ϕ(s)ϕ(t)) is a pathin X with ev(Γs) = (x, γϕ(s)),
whereγϕ := γ ◦ ϕ is the reparameterizedpath. Furthermore,it can be
regardedasapath

Γ : [0, 1] // PX : s � // Γs

with ev(Γ) = (idx, γϕ). The adjoint mapΓ∨ hasrank onesinceit factors
through[0, 1]. Then,c(r(Γ), Γ) in the notationintroducedabove is a thin
homotopy betweenidx = idx ? idx andγϕ ? γϕ. Sinceγ andγϕ arethin
homotopy equivalent,thelatter is thin homotopy equivalentto γ ? γ. Thus,
we have constructedoneof theclaimedthin homotopies.Theotheronecan
beconstructedanalogously. �

Finally we remarkthat thespacePX of thin homotopy classesof paths
in X is functorial in X: for f : X // Y a smoothmap,the inducedmap
Pf : PX // PY on pathspacesdescendsto thin homotopy classesto a
smoothmap

Pf : PX // PY ,

respectingcomposition,reversalandidentity paths.An alternative formula-
tion of Proposition2.1.6is thatPX is thespaceof morphismsof a diffeo-
logical groupoidcalledthepathgroupoidof X (see[SW09,SW11]).From
thispointof view, themapsPf definefunctorsbetweenthesegroupoids.

2.2 FusionMaps

In thissectionwegivethedefinitionof afusionmap,basedonarelationship
betweenpathspacesandloop spacesthatwe introducefirst. A loop in X is
asmoothmapτ : S1 // X. Loopsin X form thediffeologicalspace

LX := D∞(S1, X).
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The following definition generalizesBarrett’s notion of thin homotopies
[Bar91] from smoothmanifoldsto diffeologicalspaces.

Definition 2.2.1. A homotopybetweenloops τ1 and τ2 in X is a path
h ∈ PLX with ev(h) = (τ1, τ2). A homotopyh is called thin, if the ad-
joint map

h∨ : [0, 1] × S1 // X : (t, z) � // h(t)(z)

hasrankone.

For any smoothmapf : S1 // S1 that is homotopicto the identity –
in particularany rotationandany orientation-preservingreparameterization
– thereexistsa thin homotopy betweenτ ◦ f andτ . Analogouslyto Lemma
2.1.5onecanshow thatbeingthin homotopicis anequivalencerelationon
the diffeologicalspaceLX of loopsin X. We denotethis equivalencere-
lation by ∼, andthe diffeologicalspaceof thin homotopy classesof loops
by

LX := LX/ ∼

andcalledthethin loopspaceof X.
Now we cometo theafore-mentionedrelationshipbetweenpathspaces

andloop spaces.Denotingby PXcl ⊂ PX the subspaceof closedpaths,
a smoothmapcl : PXcl

// LX is obtainedby performinga gluing con-
structionsimilar to theonefrom theproof of Lemma2.1.5.Considera pair
(γ1, γ2) of pathswith a commoninitial anda commonendpoint; suchpairs
of pathsform thefibre productPX [2] := PX ×X×X PX, takenalongthe
evaluationmapev : PX // X × X. We have a mapse : PX [2] // PXcl

thattakesthepair (γ1, γ2) to theclosedpathγ2?γ1, andis smoothsincepath
compositionandinversionaresmooth[IZ, V.3, V.4]. All together, we have
asmoothmap

l := cl ◦ se : PX [2] // LX.

Sinceevery loop in theimageof l is constantin a neighborhoodof 1 ∈ S1,
it is clearthat l is not surjective. It induces,however, a subductionon thin
homotopy classes:

Lemma 2.2.2.There is a subductioǹ : PX [2] // LX such that thedia-
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gram

PX [2] l //

pr2

��

LX

pr

��
PX [2]

`
// LX

is commutative. In particular, ` is surjective. Moreover, ` satisfiestherela-
tions

`(γ1, κ ? γ2) = `(κ ? γ1, γ2) and `(γ1, γ2 ? β) = `(γ1 ? β, γ2)

for all possibleγ1, γ2, κ, β ∈ PX.

Proof. We show thatpr ◦ l descendsto theclaimedmap`; this makesthe
diagramcommutative. With Proposition2.1.6 it remainsto prove that cl
descends.Indeed: the compositionof a thin homotopy h ∈ PPXcl with
cl definesa thin homotopy cl ◦ h ∈ PLX . Thefirst relationsfollow since
alreadyse(γ1, κ ? γ2) = se(κ ? γ1, γ2). Thesecondfollows sincetheloops
cl(β ? γ2 ? γ1) andcl(γ2 ? γ1 ◦ β) arerelatedby a rotationof 2π

3
, andhence

thin homotopic. The statementthat ` is a subductionis not neededin this
articleandcanhencebeleft asanexercise. �

Thesubductioǹ is neededto definefusionmaps.Let G beaLie group,
andsupposef : LX // G is asmoothmap.We introducethenotation

f` := f ◦ ` : PX [2] // G

in orderto simplify thefollowing formulae.

Definition 2.2.3.A smoothmapf : LX // G is calledfusion,if

f`(γ1, γ2) ∙ f`(γ2, γ3) = f`(γ1, γ3)

for all (γ1, γ2, γ3) ∈ PX [3], i.e. for all triples of thin homotopyclassesof
pathswith a commoninitial pointanda commonendpoint.

It is straightforwardto deducethefollowing propertiesof fusionmaps.

Lemma 2.2.4.Letf : LX // G bea fusionmap.Then,

(a) f`(γ1, γ2) = f`(γ2, γ1)
−1 for all (γ1, γ2) ∈ PX [2].
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(b) f`(γ, γ) = 1 for all γ ∈ PX.

Fusionmapsform a subspaceof thediffeologicalspaceD∞(LX,G) of
all smoothmaps,which we write asFus(LX,G). It appearson the right
handsideof theisomorphismof TheoremA.

Definition 2.2.5.A fusionhomotopybetweenfusionmapsf0 andf1 is a path
h in Fus(LX,G) with ev(h) = (f0, f1).

Dueto thecompositionandreversalof paths,fusionhomotopiesdefine
anequivalencerelation∼ on thespaceof fusionmaps.Wedenotethespace
of equivalenceclassesby

hFus(LX,G) := Fus(LX,G)/ ∼ .

It appearson theright handsideof theisomorphismof TheoremB.
Therearetwo particularsituations.The first is whenG is replacedby

an abelianLie groupA. Then,fusion mapsFus(LX,A) form a groupby
point-wisemultiplication, anda subgroupof the groupD∞(LX,A). The
groupstructureis preservedunderfusionhomotopies;hence,hFus(LX,A)
is alsoagroup.

The secondsituationis that of a smoothmanifold M . Then one can
expressthe condition that a map f : LM // G is smooth in terms
of the Fréchetmanifold structureon LM . Indeed,f is smooth if and
only if f ◦ pr : LM // G is smooth in the Fréchet sense,where
pr : LM // LM is theprojectionto thin homotopy classes(seeLemmata
A.1.4 andA.1.7). In the sameway, the smoothnessof a fusion homotopy
h ∈ PFus(LM,G) canbecharacterizedby sayingthat thepullbackof the
adjointmaph∨ : [0, 1]×LM // G to [0, 1]×LM is smoothin theFréchet
sense.Thus,thesetsFus(LM,G) andhFus(LM,G) have a descriptionin
termsof Fréchetmanifolds.

3. Diffeological Principal Bundleswith Connection

In thissectionwe introducediffeologicalprincipalbundleswith connection,
whichappearontheleft handsideof thebijectionof TheoremA. In addition,
weprovesomeresultsthatweneedin orderto proveTheoremsA andB.
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3.1 Diffeological Principal Bundles

Herewe definediffeologicalprincipal bundlesandshow that they form a
sheafof groupoidsover diffeological spaces(Theorem3.1.5). This sheaf
is monoidal if the structuregroup is abelian(Theorem3.1.6). We show
thata diffeologicalbundleover a smoothmanifold is thesameasa smooth
principalbundle(Theorem3.1.7).

Let G beaLie groupandlet X beadiffeologicalspace.

Definition 3.1.1.A diffeological principal G-bundleoverX is a subduction
p : P // X togetherwith a fibre-preservingright actionof G on P such
that

τ : P × G // P ×X P : (p, g) � // (p, pg)

is a diffeomorphism.

The conditionon the mapτ ensuresthat the actionis smooth,free and
fibrewisetransitive. For instance,it determinesasmoothmap

gP : P [2] // G : (p1, p2)
� // pr2(τ

−1(p1, p2)), (3.1.1)

whoseresultis theuniquegroupelementg ∈ G with p2 = p1g. Thecondi-
tion thattheprojectionp beasubductionensuresthatX is diffeomorphicto
thequotientof P by thegroupaction[IZ, I.50].

Remark 3.1.2.Definition 3.1.1coincideswith therestrictionof [Igl85, De-
finition 3.3.1] from diffeologicalgroupsto ordinaryLie groups.In orderto
seethis, it is importantto noticethattheprojectionof adiffeologicalprinci-
palG-bundleis necessarilya“strongsubduction”,thediffeologicalanalogue
of asubmersion.

The morphismsbetweendiffeologicalprincipal G-bundlesover X are
G-equivariantsmoothmapsthat respectthe projectionsto X. For P1 and
P2 diffeologicalprincipalG-bundlesoverX, weclaim thateverymorphism
ϕ : P1

// P2 is invertible.To seethis,considerthesmoothmap

P2 ×X P1
// P1 : (p2, p1)

� // p1gP2(ϕ(p1), p2).

It satisfiesthegluing conditionfor thesubductionpr1 : P2 ×X P1
// P2,

andhencedescendsto a smoothmapϕ−1 : P2
// P1. This is an inverse
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of ϕ. Thus,diffeologicalprincipalG-bundlesover a diffeologicalspaceX
form agroupoidthatwedenotebyDiffBunG(X).

If G is replacedby anabelianLie groupA, thesetsof morphismshasthe
following structure.

Lemma 3.1.3. Let P1 and P2 be diffeological principal A-bundlesover
X. Then the set Hom(P1, P2) of morphismsis a torsor over the group
D∞(X,A).

Proof. Theproof goesexactly asin themanifoldcaseandusesthesmooth-
nessof themapτ from Definition 3.1.1andthesmoothnessof themapgP

from (3.1.1). �

Pullbacksof diffeologicalprincipal G-bundlesaredefinedin the same
way as for smoothprincipal G-bundles. Thus, diffeological principal G-
bundlesform a presheafof groupoidsover diffeologicalspaces.We shall
seethat this presheafis actuallya sheafwith respectto the Grothendieck
topologyof subductions(seeAppendixA.2).

Thegluingaxiomis formulatedasfollows. Associatedto any subduction
ω : W // X is a descentcategory Des(ω). The objectsof Des(ω) are
pairs(P, d) of adiffeologicalprincipalG-bundleoverW andof amorphism
d : ω∗

1P // ω∗
2P of diffeologicalprincipalG-bundlesoverW [2] suchthat

ω∗
23d ◦ ω∗

12d = ω∗
13d (3.1.2)

overW [3]. Here,ωi1,...,ik is theprojectionto theindexedfactors.A morphism
in Des(ω) betweenobjects(P1, d1) and(P2, d2) is amorphismϕ : P1

// P2

of diffeologicalprincipalG-bundlesoverW suchthat

d2 ◦ ω∗
1ϕ = ω∗

2ϕ ◦ d1. (3.1.3)

Thepullbackalongω definesa functor

ω∗ : DiffBunG(X) // Des(ω).

Thegluingaxiomis

Lemma 3.1.4.For every subductionω : W // X, the functor ω∗ is an
equivalenceof groupoids.
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Proof. We constructaninversefunctorω∗. For (P, d) anobjectin Des(ω),
weconsider

P ′ := P/ ∼ with p1 ∼ p2
ks +3 d(p1) = (p2). (3.1.4)

Due to (3.1.2),∼ is an equivalencerelation, andP ′ is equippedwith the
pushforwarddiffeology. Theprojectionω ◦ p : P // X satisfiesthegluing
conditionfor thesubductionpr : P // P ′, sothat it descendsto a smooth
mapp′ : P ′ // X. Theactionof G descendsto P ′ sinced is G-equivariant.
Now wehave to show thatP ′ is adiffeologicalprincipalG-bundleoverX.

First we show thatp′ is again a subduction.Let c : U // X bea plot
andx ∈ U . Sinceω ◦ p is – asacompositionof subductions– asubduction,
thereexistsanopenneighborhoodV ⊂ U of x andaplot c̃ : V // P of P .
Now, c′ := pr ◦ c̃ is aplot of P ′, andp′ ◦ c′ = c|V . Thus,p′ is asubduction.

In orderto verify that themapτ ′ associatedto P ′ is a diffeomorphism,
considerthecommutativediagram

P × G
τ //

pr×id

��

P ×W P

pr×pr

��
P ′ × G

τ ′
// P ′ ×X P ′.

The vertical mapsaresubductions.Thus, τ ′ is smoothby LemmaA.1.4.
Sinceτ is a bijection,τ ′ hasto bea bijection,andagain by LemmaA.1.4,
theinverseof τ ′ is asmoothmap.

Summarizing,ω∗(P, d) := P ′ is a diffeologicalprincipalG-bundleover
X. Now let ϕ : (P1, d1) // (P2, d2) be a morphismin Des(ω). Due to
(3.1.3),thereexistsauniquemapϕ′ : P ′

1
// P ′

2 suchthatthediagram

P1
ϕ //

p′1

��

P2

p′2

��
P ′

1 ϕ′
// P ′

2

is commutative. Again, LemmaA.1.4 shows that ϕ′ is smooth. It is also
G-equivariant,andthusa morphismω∗(ϕ) := ϕ′ of diffeologicalprincipal
G-bundlesoverX.
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What remainsis to define natural equivalencesω∗ ◦ ω∗ ∼= id and
ω∗ ◦ ω∗

∼= id. Supposefirst (P, d) is an object in Des(ω). With
ω∗P ′ = W ×X P ′, themap

ξ(P,d) : P // ω∗P ′ : x � // (p(x), pr(x))

is smoothandG-equivariant,andnaturalin (P, d). Supposesecondlythat
P is a diffeologicalprincipalG-bundleoverX. Theequivalencerelation∼
from (3.1.4)onω∗P = W ×X P identifies(w, x) and(w′, x′) if andonly if
ω(w) = ω(w′) andx = x′. Considertheprojectionpr2 : ω∗P // P , which
is G-equivariant. It respectstheequivalencerelation∼ anddefineshencea
smoothmapζP : (ω∗P )′ // P . Thismapis naturalin P . �

Summarizingtheabove results,wehave:

Theorem3.1.5.LetG bea Lie group.TheassignmentX � // DiffBunG(X)
definesa sheafof groupoidsover thesiteof diffeological spaces.

For an abelian Lie group A there is more structure: the groupoid
DiffBunA(X) of diffeologicalprincipal A-bundlesis monoidal. The usual
definitionof tensorproductsof abelianprincipalbundlescarriesover to the
diffeologicalcontext. If P1 andP2 arediffeologicalprincipalA-bundlesover
X, then

P1 ⊗ P2 := (P1 ×X P2)/ ∼ with (p1.a, p2) ∼ (p1, p2.a),

equippedwith its canonicaldiffeologyaccordingto ExampleA.1.3 (d) and
(e), is again a diffeologicalprincipal A-bundleover X. Verifying that the
functor ω∗ and the naturalequivalencesω∗ ◦ ω∗ ∼= id andω∗ ◦ ω∗

∼= id
constructedin theproofof Lemma3.1.4aremonoidal,wehave

Theorem 3.1.6. Let A be an abelian Lie group. The assignment
X � // DiffBunA(X) definesa sheafof monoidalgroupoidsover thesiteof
diffeological spaces.

In the remainderof this sectionwe considerdiffeologicalprincipal G-
bundlesover a smoothmanifold M . The functorMan // Diff from the
category of smoothmanifoldsto the category of diffeological spaces(see
SectionA.1) inducesa functor

DM : BunG(M) // DiffBunG(M).
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Oneonly hasto noticethat theprojectionof a smoothprincipalbundleis a
subduction(LemmaA.2.2).

Theorem3.1.7.ThefunctorDM is an isomorphismof groupoids.

Proof. Supposep : P // M is adiffeologicalprincipalG-bundleoverM .
We equipthe total spaceP with a smoothmanifold structure.By Lemma
A.2.2 we canchooseanopencover {Uα} of M togetherwith diffeological
sectionssα : Uα

// P . They inducebijections

σα : Uα × G // p−1(Uα) : (x, g) � // sα(x)g

andthusequipeachsubsetp−1(Uα) ⊂ P with a smoothmanifoldstructure.
Thetransitionfunctionis

σ−1
β ◦ σα : (Uα ∩ Uβ) × G // (Uα ∩ Uβ) × G

(x, g) � // (x, gP (sβ(x), sα(x))g)

andthussmooth.Hence,thesmoothmanifoldstructuresonthesetsp−1(Uα)
glue together. The sameargumentshows that they are independentof the
choiceof the opensetsUα andthe sectionssα. We claim that the original
diffeologyonP coincideswith thesmoothdiffeologyinducedby thesmooth
manifold structurewe have just defined. Given that claim, the projection
p : P // X, the local sectionssα : Uα

// P , and the actionof G on
P aresmooth. Thus,p : P // M is a smoothprincipal G-bundleover
M . Similarly, every morphismϕ : P1

// P2 of diffeological principal
G-bundlesis smooth.Thisyieldsa functor

D−1
M : DiffBunG(M) // BunG(M).

We have to show that the two functorsDM andD−1
M arestrict inverses

of eachother. Onepart is exactly the above claim. In order to prove the
claim, supposeP is a diffeologicalprincipal G-bundle. We have to show
thatamapc : U // P is aplot of P if andonly if it is smoothwith respect
to the smoothmanifold structureon P definedabove. Supposefirst c is a
plot. DefinetheopensetsVα := c−1p−1(Uα) thatcoverU , andconsiderthe
composite

σ−1
α ◦ c|Vα : Vα

// Uα × G. (3.1.5)
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Sinceσ−1
α is a smoothmap,(3.1.5)is smooth.Becauseσα is a chartof the

smoothmanifoldP , c is smoothonVα. SinceU is coveredby thesetsVα, c
is smootheverywhere.Conversely, supposec : U // P is smooth.Then,
(3.1.5)is smoothandthusa plot of Uα × G. But sinceσα is alsosmooth,
its compositionwith theplot (3.1.5)is aplot of P . Sincethiscompositionis
c|Vα , c is aplot by axiom(D3) of DefinitionA.1.1.

It remainsto checktheotherpart. AssumethatP is a smoothprincipal
G-bundle.Then,thesectionssα usedabovecanbechosensmooth,resulting
in diffeomorphismsσα. Theseinducetheoriginalsmoothmanifoldstructure
onP . �

Sincepullbacks(andin theabeliancase:tensorproducts)of diffeologi-
cal principal bundlesaredefinedexactly asfor smoothbundles,it is clear
thattheisomorphismsDM defineanisomorphismof sheavesof (monoidal)
groupoids.

3.2 Connections,Parallel Transport and Holonomy

In this sectionwe introduceconnectionson diffeologicalprincipalbundles,
and generalizethe statementsof Section3.1 to a setupwith connections
(Theorems3.2.2,3.2.3and3.2.6). Furtherwe investigateparalleltransport
andholonomyin diffeologicalprincipalbundleswith connection.

The definition of a connectionis literally the sameasin the context of
smoothmanifolds.

Definition 3.2.1.Let p : P // X be a diffeological principal G-bundle
overX. A connectiononP is a 1-formω ∈ Ω1(P, g) such that

ρ∗ω = Ad−1
g (pr∗ω) + g∗θ,

where ρ : P × G // P is the action map, g : P × G // G and
pr : P × G // P are the projections,Ad denotesthe adjoint action of
G ong, andθ ∈ Ω1(G, g) is theleft-invariantMaurer-CartanformonG.

Justlike this definition, several statementsgeneralizestraightforwardly
from connectionson smoothprincipalbundlesto diffeologicalones.For in-
stance,thetrivial principalG-bundleP := X×G overX carriesacanonical
connectionω := pr∗2θ. Moregenerally, if A ∈ Ω1(X, g) is any 1-form,

ω := Ad−1
pr2

(pr1
∗A) + pr∗2θ
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definesaconnectiononP .
Let P1 andP2 be principal G-bundleswith connectionsω1 andω2, re-

spectively. A bundle morphismϕ : P1
// P2 is connection-preserving

if ϕ∗ω2 = ω1. We denotethegroupoidof diffeologicalprincipalG-bundles
with connectionbyDiffBun∇

G (X). Wehavethefollowingextensionof Theo-
rem3.1.5.

Theorem3.2.2.LetG bea Lie group.TheassignmentX � // DiffBun∇
G (X)

definesa sheafof groupoidsover thesiteof diffeological spaces.

Proof. Pullbacksof connectionsaredefinedin theevidentway. It remains
to verify the gluing axiom. Let π : Y // X be a subduction,let P be a
principal G-bundleover Y and let ω be a connectionon P . Supposed :
π∗

1P // π∗
2P is a connection-preservingbundlemorphismsatisfyingthe

cocyclecondition
π∗

23d ◦ π∗
12d = π∗

13d.

Let P ′ the quotientprincipal G-bundleover X, comingwith a subduction
pr : P // P ′. For pri : P ×P ′ P // P the two projections,we have
to show thatpr∗1ω = pr∗2ω. Then,sincedifferentialformsform a sheaf[IZ,
VI.38], the1-form ω descendsto P ′. It follows thenautomaticallythat the
quotient1-form is aconnection.

In orderto prove theidentitypr∗1ω = pr∗2ω, considerthesmoothmap

k : P ×P ′ P // pr∗1P : (x1, x2)
� // (x1, p(x1), p(x2)),

wherethe projectionspr1, pr2 : P ×P ′ P // P aregiven by pr1 ◦ k and
pr1◦d◦k, respectively. Sinced preservesconnections,wehavepr∗1ω = pr∗2ω.

�

Next comesomestatementsaboutconnectionsondiffeologicalprincipal
bundleswith abelianstructuregroupA. First of all, it is straightforward
to verify that on a tensorproductP1 ⊗ P2 of two suchbundles,onehasa
tensorproductconnectionω1 ⊗ω2, comingfrom thesumpr∗1ω1 +pr∗2ω2 that
descendsalongthesubductionP1×X P2

// P1⊗P2. Wehaveimmediately

Theorem 3.2.3.ThegroupoidDiffBun∇
A (X) is monoidal,andprincipal A-

bundleswith connectionform a sheafof monoidalgroupoids.

Further, wehave thefollowing generalizationof Lemma3.1.3.
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Lemma 3.2.4.Let P1 andP2 beprincipal A-bundlesover X with connec-
tions. Then,the setHom(P1, P2) of connection-preservingmorphismsis a
torsorover thegroupD∞

lc (X,A) of locally constantsmoothmaps.

Proof. Given Lemma3.1.3, it is enoughto prove the following claim.
Supposeϕ : P1

// P2 is a connection-preservingbundlemorphism,and
f : X // A is a smoothmap. One computesthat ϕf is connection-
preservingif andonly if

p∗1f
∗θ = 0, (3.2.1)

wherep1 : P1
// X is the bundleprojection. Becausedifferentialforms

form asheafoverDiff , andp1 is asubduction,it follows that(3.2.1)holdsif
andonly if alreadyf ∗θ = 0. Accordingto thefollowing lemma,this is the
caseif andonly if f is locally constant. �

Generally, wedefinedlog(f) := f ∗θ for asmoothfunctionf : X // A.
Then,wehave:

Lemma 3.2.5.dlog(f) = 0 if andonly if f is locally constant.

Proof. Supposefirst that f is locally constant. Then, for any plot c :
U // X, its pullbackf ◦ c is constantonpath-connectedcomponentsof U ,
i.e. locally constant.Thus,theordinarydifferentialform (f ∗θ)c = (f ◦ c)∗θ
vanishes.Conversely, supposef ∗θ = 0. Assumethat thereexists a path
γ ∈ PX with ev(γ) = (x, y) suchthat f(x) 6= f(y). It follows that the
compositionτ := f ◦ γ is a smooth,non-constantmap. In particular, there
existst ∈ (0, 1) andv ∈ Tt(0, 1) suchthatdτ |t(v) 6= 0. Then,

(f ∗θ)γ|t(v) = τ ∗θ|t(v) 6= 0,

contradictingtheassumptionof f ∗θ = 0. �

Next wereturnto ageneralLie groupG, andcomparediffeologicalprin-
cipal bundleswith connectionover a smoothmanifold to smoothbundles
with connection.ThefunctorDM from Section3.1extendsto a functor

D∇
M : Bun∇

G (M) // DiffBun∇
G (M),

andasaconsequenceof Theorem3.1.7weseeimmediately

Theorem3.2.6.ThefunctorD∇
M is an isomorphismof groupoids.
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Thecurvatureof aconnectionω onaprincipalG-bundleP is the2-form

Kω := dω + [ω ∧ ω] ∈ Ω2(P, g).

If G is abelianKω descendsto a 2-formΩ2(X, g). A connectionω is called
flat if Kω vanishes.Flatnesscanbedetected“locally”:

Lemma 3.2.7. A connectionω on a diffeological principal G-bundle
p : P // X is flat if and only if for every plot c : U // X the pull-
back connectionc∗ω on c∗P is flat.

Proof. Clearly, if ω is flat, c∗ω is flat. Let d : V // P bea plot of P , so
thatc := p ◦ d is aplot of X. By assumption,c∗P is flat; additionallyit also
hasasmoothsections : V // c∗P : v � // (v, d(v)). Then,

0 = s∗Kc∗ω = s∗pr∗Kω = d∗Kω = (Kω)d.

Thisshows thatthe2-formKω vanishes. �

Importantexamplesof flat connectionsariseasfollows.

Lemma 3.2.8.Letf : X // Y bea smoothrankonemap,andP a princi-
pal G-bundleoverY with connection.Then,f ∗P is flat.

Proof. Using Lemma3.2.7we may checkthat c∗f ∗P is flat for all plots
c : U // X. Moreover, sincec∗f ∗P is a smoothprincipalG-bundlewith
connection(Theorem3.2.6),we cancheckits flatnesslocally. Sincef has
rank one,every point u ∈ U hasan openneighborhoodV ⊂ U suchthat
(f ◦ c)|V factorsthrougha rank one map g : V // W and a plot d :
W // Y of Y . It follows thatc∗f ∗P |V ∼= g∗d∗P , which is flat. �

In the remainderof this sectionwe defineparallel transportandholo-
nomy for connectionson diffeologicalprincipal bundles. For this purpose
we regarda connectionω ∈ Ω1(P, g) on a diffeologicalprincipalG-bundle
P overX via TheoremB.2asasmoothmapFω : PP // G. Thecondition
on the 1-form ω from Definition 3.2.1is now sayingthat for g ∈ PG and
γ ∈ PP wehave

g(1) ∙ Fω(γg) = Fω(γ) ∙ g(0). (3.2.2)

In order to definethe parallel transport,let us first notice the follow-
ing generalfact. If f : M // X is a smoothmap definedon a con-
tractiblesmoothmanifold M , thenf lifts to P , i.e. thereexists a smooth
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map f̃ : M // P suchthat p ◦ f̃ = f . Indeed,the pullbackf ∗P is by
Theorem3.1.7a smoothprincipalG-bundleandthushasa smoothsection
s : M // f ∗P . Combiningthissectionwith theprojectionpr : f ∗P // P
yieldstheclaimedlift.

Definition 3.2.9.SupposeP is a diffeological principal G-bundlewith con-
nectionω. Letγ ∈ PX bea pathand γ̃ bea lift. Then,themap

τ ω
γ : Pγ(0)

// Pγ(1) : q � // γ̃(1).(Fω(γ̃) ∙ gP (γ̃(0), q))

is calledtheparallel transportof ω alongγ.

It is straightforwardto checkthattheparalleltransportτ ω
γ is independent

of thechoiceof thelift γ̃. Indeed,if γ′ is anotherlift, wehaveasmoothmap

g : [0, 1] // G : t � // gP (γ̃(t), γ ′(t))

suchthat γ̃g = γ′ andthus

γ′(1).(Fω(γ′) ∙ gP (γ′(0), q)) = γ̃g(1).(Fω(γ̃g) ∙ gP (γ̃g(0), q))

= γ̃(1).(g(1) ∙ Fω(γ̃g) ∙ g(0) ∙ gP (γ̃(0), q))

= γ̃(1).(Fω(γ̃) ∙ gP (γ̃(0), q))

with thelastequalitygivenby (3.2.2).
Alternatively, parallel transportcanbe definedusingthe parallel trans-

port of smoothprincipal bundles. For this purpose,onepulls back (P, ω)
alongγ to aprincipalG-bundleover [0, 1]. Denoteby

τ γ∗ω
τ : (γ∗P )|0 // (γ∗P )|1

theparalleltransportof γ∗ω alongthecanonicalpathτ from 0 to 1. Then,
undertheidentification(γ∗P )|t ∼= Pγ(t), wehave τ ω

γ = τ γ∗ω
τ .

Wesummarizeall propertiesof paralleltransportin thefollowing

Proposition3.2.10.LetP bea diffeological principalG-bundleoverX with
connectionω. Then,

(a) parallel transportis functorial in thepath:

τ ω
idx

= idPx and τ ω
γ2
◦ τ ω

γ1
= τ ω

γ2◦γ1
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(c) themapτ ω
γ is a G-equivariantdiffeomorphism,anddependsonly on

thethin homotopyclassof thepathγ.

(c) if theconnectionω is flat, thenτ ω
γ onlydependsonthehomotopyclass

of γ.

(d) themap
τ ω : PX ×X P // P : (γ, q) � // τ ω

γ (q)

is smooth.

Proof. (a) follows directly from the functorial propertiesof the mapFω.
Equivarianceandinvertibility in (b) areclearfrom thedefinition.

To seetheindependencefrom thin homotopies,considerathin homotopy
h betweenpathsγ1 andγ2 andits adjointh∨ : [0, 1]2 // X thatwe extend
to a plot c : R2 // X (seetheproof of TheoremB.2). As noticedabove,
one can choosea smoothsections : R2 // c∗P and obtain a lift c̃ :=
pr ◦ s : R2 // P of c. The lift is a homotopy betweenlifts γ̃1 and γ̃2

(thoughnot thin, in general).We claim that c̃∗Fω is flat. Then,by Lemma
B.3, Fω(γ̃1) = Fω(γ̃2). To prove the claim, we noticethat the connection
pr∗ω on c∗P is flat by Lemma3.2.8. But then,c̃∗Fω = s∗pr∗ω is alsoflat.
For (c) thesameproofapplies,just that c̃∗Fω is alreadyflat by assumption.

Finally, to see(d) considerthemap

τ̃ : PP ×X P // P : (γ̃, q) � // γ̃(1).(Fω(γ̃) ∙ gP (γ̃(0), q))

whichissmoothasacompositionof smoothmaps.Furthermore,for γ ∈ PX
andany lift γ̃ ∈ PP , wehaveby definitionτ ω

γ (q) = τ̃(γ̃, q). Thenweclaim
that Pπ : PP // PX is a subduction. Since τ̃ is independentof the
lift γ̃, it descendsby LemmaA.1.4 to a smoothmap. To seethat Pπ is a
subduction,noticethatany plot c : U // X lifts locally over contractible
openneighborhoodsto P , asnoticedpreviously. �

The following discussionis restricted to diffeological principal A-
bundleswith connectionfor A anabelianLie group. In orderto definethe
holonomyof a connectionwe have to regard loopsasclosedpaths.Sincea
pathhasby definitionsitting instants,onehasto choosea smoothingfunc-
tion ϕ; thenweobtainasmoothmap

oϕ : LX // PXcl : τ � // τ ◦ ϕ.
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The thin homotopy classof oϕ(τ) is independentof the choiceof ϕ. Thus
wehaveacanonicalsmoothmap

o : LX // PX.

Noticethato doesnotdescendto thethin loopspaceLX, sincearotationof
theloopwouldchangetheendpointsof theassociatedpath.

Definition 3.2.11.Let τ : S1 // X be a loop, and let q ∈ Pτ(0) be an
elementin the fibre of P over the basepoint of τ . The holonomyof the
connectionω aroundτ is theuniquegroupelementHolω(τ) := a ∈ A such
that

τ ω
o(τ)(q).a = q.

SincethestructuregroupA is abelian,theholonomyis independentof
thechoiceof q (we recall that for non-abeliangroupstheholonomyis only
well-definedup to a conjugation). Analogouslyto paralleltransport,it can
be expressedin termsof the holonomyof the smoothprincipal A-bundle
τ ∗P over S1, namelyHolω(τ) = Holτ∗ω(S1). The following proposition
summarizesfurtherimportantpropertiesof theholonomy.

Proposition 3.2.12.Let P be a diffeological principal A-bundle and ω a
connectionon P . TheholonomyHolω(τ) arounda loop τ dependsonly on
thethin homotopyclassof τ , anddefinesa smoothmap

Holω : LX // A.

Furthermore,

(a) If (P1, ω1) and (P2, ω2) are isomorphicas principal A-bundleswith
connection,

Holω1 = Holω2 .

(b) If (P1, ω1) and(P2, ω2) areprincipal A-bundleswith connections,

Holω1⊗ω2 = Holω1 ∙ Holω2 .

Proof. We first verify thatHolω : LX // A is smooth.We have to show
that for every plot c : U // LX themapHolω ◦ c : U // A is smooth.
This canbechecked locally. For u ∈ U , let V ⊂ U bea contractibleopen
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neighborhoodof u. Then,thebasepoint projectionev0 ◦ c : V // X lifts
to asmoothmapq̃ : V // P . Now,

(Holω ◦ c)|V (v) = τ ω(o(c(v)), q̃(v))

is a compositionof smoothmaps(seeProposition3.2.10(d)), and hence
smooth. Now we verify that Holω(τ) dependsonly on the thin homotopy
classof τ . For h ∈ PLX a thin homotopy betweenloopsτ1 andτ2, and
h∨ : [0, 1] × S1 // X its adjoint,weseeby Lemma3.2.8thath∨∗P is flat.
Hence,by Stokes’Theorem,

1 = Holh∨∗ω(S1 × {0})−1 ∙ Holh∨∗ω(S1 × {1}).

Thus,Holω(τ1) = Holω(τ2). Thealgebraicproperties(a)and(b) arestraight-
forwardto check. �

Our final observation concernsthe “derivative” of holonomyin the ge-
neraldiffeologicalsetup,generalizingawell-known formulain themanifold
setup.

Proposition 3.2.13.Let P bea principal A-bundlewith connectionω over
a diffeological spaceX. Then,

dlog(Holω) =

∫

S1

ev∗Kω ∈ Ω1(LX, a).

In particular, Holω is locally constantif ω is flat.

Proof. We work in a plot d : U // LX. Let γ : (−ε, ε) // U representa
tangentvectorin U , with u := γ(0). Let C0,ε := [0, t] × S1 bethestandard
cylinder, with τt denotingtheloopat time t. OnC0,ε wepick theorientation
which makesτε orientation-preserving.Considerthe mapφ : C0,ε

// X
definedby φ(t, z) := d̃(γ(t), z), whered̃ : U ×S1 // X is thesmoothmap
associatedto d. Then, Stokes’ Theorem(appliedto the smoothprincipal
A-bundleφ∗P overC0,ε) yields

Holω(τt) = Holω(τ0) ∙ exp

(∫

C0,ε

φ∗Kω

)

.
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Now wecompute

dlog(Holω)d|u

(
d

dt

∣
∣
∣
∣
0

γ

)

= θHolω(τ0)

(
d

dt

∣
∣
∣
∣
0

Holω(τt)

)

=
d

dt

∣
∣
∣
∣
0

∫

C0,t

φ∗Kω,

wherethefirst stepis thedefinitionof dlog, andthesecondstepis Stokes’
Theorem. The result is preciselythe fibre integrationof d̃∗Kω, evaluated
at u andon the tangentvectorgiven by γ. Thus, for eachplot d we have
dlog(Holω)d =

∫
S1 d̃∗Kω, and this shows the claim. The statementabout

flatnessfollows from Lemma3.2.5. �

4. Regression

Throughoutthis section,X is a connecteddiffeologicalspace,x is a base
point, and G is a Lie group. In the first subsection,we constructa dif-
feological principal G-bundle Rx(f) over X associatedto a fusion map
f : LX // G. In the secondsubsection,we equip this bundle with a
connection.Thesetwo constructionsconstitutethe bijectionsof Theorems
B andA, respectively.

4.1 Reconstructionof the Bundle

The reconstructionof the bundleRx(f) is essentiallythe oneof [Bar91],
recalledin a way emphasizingthe role of descenttheory. Let PxX denote
thesubspaceof PX consistingof classesof pathsin X startingat x. Then,
the restrictionof the subductionev : PX // X × X to PxX is still a
subductionev1 : PxX // X, which is aconsequenceof PropositionA.2.3.

Let f : LX // G be a fusion map. Let Tx := PxX × G denotethe
trivial principalG-bundleoverPxX. We equipTx with a descentstructure
for thesubductionev1, andusethatdiffeologicalprincipalG-bundlesform
asheafoverdiffeologicalspaces(Theorem3.1.5).Thedescentstructureis a
bundlemorphism

df : pr∗1Tx
// pr∗2Tx (4.1.1)

overPxX
[2], with pri : PxX

[2] // PxX theprojections.It is definedby

df (γ1, γ2, g) := (γ1, γ2, f`(γ2, γ1)g).
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This is a smooth,G-equivariantmap, respectsthe projectionsto the base,
andsatisfiesthe descentcondition(3.1.2)dueto the fusion propertyof f .
Thus,weobtainadiffeologicalprincipalG-bundle

Rx(f) := (ev1)∗(Tx, df )

overX.

Lemma 4.1.1. The isomorphismclassof Rx(f) doesnot dependon the
choiceof thebasepointx.

Proof. For anotherbasepointy chooseapathκ ∈ PX with ev(κ) = (y, x),
which is possiblesinceX, is by assumption,connected.Proposition2.1.6
shows thatthemap

cκ : PxX // PyX : γ � // γ ? κ

is smooth. It suffices to show that the descentstructuredf on the trivial
principalG-bundleTy overPyX pullsbackalongcκ to thedescentstructure
df onTx. Indeed,thisisequivalentto theidentityf`(γ2?κ, γ1?κ) = f`(γ2, γ1)
which follows from Lemma2.2.2. �

Next we look at thetwo particularcaseswe have lookedat at theendof
Section2.2. Thefirst caseis thatG is replacedby anabelianLie groupA.
We recallthatthentheproductof fusionmapsis againa fusionmap.

Lemma 4.1.2.Let f1, f2 : LX // A befusionmaps.There is a canonical
isomorphism

Rx(f1f2) ∼= Rx(f1) ⊗ Rx(f2).

Proof. ThetensorproductTx⊗Tx inheritsadescentstructuredf1 ⊗df2 , and
sincediffeologicalbundlesform a sheafof monoidalgroupoids(Theorem
3.1.6),Tx ⊗ Tx descendsto Rx(f1) ⊗ Rx(f2). Considertheisomorphism

ϕ : Tx ⊗ Tx
// Tx : ((γ, a1), (γ, a2))

� // (γ, a1a2)

of principalA-bundlesoverPxX. It exchangesthedescentstructuredf1⊗df2

onTx ⊗Tx with df1f2 onTx; hence,ϕ descendsto theclaimedisomorphism.
�

The secondparticularcaseis whenX is a smoothmanifoldM . Then,
thereis anisomorphismDiffBunG(M) ∼= BunG(M) betweenthegroupoids
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of diffeological principal G-bundlesand ordinary smoothones(Theorem
3.1.7).Theexistenceof connectionsonsmoothprincipalbundlespermitsus
to show thefollowing:

Lemma 4.1.3. Let M be a connected smooth manifold, and let
f : LM // G be a fusionmap. Then,the isomorphismclassof Rx(f)
dependsonlyon thefusionhomotopyclassof f .

Proof. Let h be a fusion homotopy betweenfusion mapsf0 andf1. Let
T denotethe trivial principal G-bundle over [0, 1] × PxM . We definea
descentstructureon T with respectto the subductionid × ev1 : [0, 1] ×
PxM // [0, 1] × M by

dh(t, γ1, γ2, g) := (t, γ1, γ2, h(t)(`(γ2, γ1))g).

Thecocycle conditionis satisfiedbecauseh(t) is a fusionmapat any time
t. We obtain a diffeological (and thus smooth)principal G-bundleQ :=
(id × ev1)∗(T, dh) over M . Its restrictionto {0} × M is Rx(f0) and its
restrictionto {1} × M is Rx(f1). Thus,any connectionon Q definesan
isomorphism. �

Summarizing,onasmoothmanifoldM wehaveawell-definedmap

R : hFus(LM,G) // h0BunG(M).

If G is abelian,R is a grouphomomorphismby Lemma4.1.2. This group
homomorphismdefinesthebijectionof TheoremB.

4.2 Reconstructionof the Connection

Our constructionof a connectionon Rx(f) is different from the one of
[Bar91]. We equip the trivial G-bundle Tx over PxX with a connection.
This amountsto specifyinga 1-formAx ∈ Ω1(PxX, g). Thenwe prove that
this connectiondescendsto aconnectiononRx(f).

In order to definethe 1-form we useTheoremB.2, which identifies1-
formsonany diffeologicalspacewith certainsmoothmapsonits pathspace.
Let γ : [0, 1] // PxX bea path.Noticethatβ0 := γ(0) andβ1 := γ(1) are
elementsin PxX. Furthernoticethatβ(t) := γ(t)(1) definesapathβ ∈ PX
(seeFigure1). Weconsiderthegroupelement

Fx(γ) := f`(β1, β ? β0) ∈ G.
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x

β0

β1

β

Figure1: A pathin thespacePxX of basedpaths.

Lemma 4.2.1.Thisdefinesa smoothmapFx : P(PxX) // G satisfying

Fx(γ
′ ◦ γ) = Fx(γ

′) ∙ Fx(γ)

for everypair (γ, γ ′) of composableelementsin P(PxX).

Proof. Themap

P (PxX) // PxX × PxX × PX : γ � // (β0, β1, β) (4.2.1)

we have implicitly usedabove is smooth. Smoothnessof the composition
[IZ, V.3] andof f` show thenthatFx is asmoothmap.FromLemmata2.2.2
and2.2.4wededuce

Fx(γ
′?γ) = f`(β2, β

′?β?β0) = f`(β
′−1?β2, β1)∙f`(β1, β?β0) = Fx(γ

′)∙Fx(γ).

It remainsto show thatFx is well-definedonP(PxX). If h is a thin homo-
topy betweenγ andγ′, and(β0, β1, β) and(β1, β2, β

′) denotetheir images
under(4.2.1),thenβ0 = β′

0 andβ1 = β′
1. Furthermore,thepathsβ andβ′

arethin homotopic:h1(s)(t) := ev1(h(s)(t)) definesahomotopy betweenβ
andβ′, for whichh∨

1 = ev1 ◦h∨ hasrankonesinceh∨ hasrankone(Lemma
2.1.3(d)). Thus,Fx(γ) = Fx(γ

′). �

By TheoremB.2, Fx definesa 1-form Ax ∈ Ω1(PxX, g). We want to
show that the connectionωx on Tx determinedby Ax descendsalongev1.
For thispurpose,wehave to show that
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Lemma 4.2.2.Thebundlemorphismdf : pr∗1Tx
// pr∗2Tx preservescon-

nections.

Proof. Whenever onehasa morphismP1
// P2 betweentrivial princi-

pal G-bundlesover a diffeologicalspaceY , givenby multiplicationwith a
smoothmapf : Y // G, this morphismpreservesconnection1-formsA1

andA2 onP1 andP2, respectively, if andonly if

A2 = Ad−1
f (A1) + f ∗θ.

This canbecheckedexplicitly in thesameway asonedoesit in thesmooth
manifold context. In our situation,we have Y := PxX

[2], Pi := pr∗i Tx,
f := f−1

` , andthe1-formsareAi := pr∗i Ax for i = 1, 2. Thus,theequation
wehave to show is

pr∗1Ax = Adf`
(pr∗2Ax) − f ∗

` θ̄.

By TheoremB.2, this is equivalentto showing thatFx satisfies

f`(γ(1), γ ′(1)) ∙ Fx(γ
′) = Fx(γ) ∙ f`(γ(0), γ ′(0))

for all (γ, γ ′) ∈ P(PxX
[2]). Indeed,sincethenβ = β′, wehave

f`(β1, β
′
1) ∙ f`(β

′
1, β

′ ? β ′
0) = f`(β1, β ? β ′

0)

= f`(β
−1 ? β1, β

′
0) = f`(β1, β ? β0) ∙ f`(β0, β

′
0),

following from Lemmata2.2.2and2.2.4. �

Sincediffeological principal bundleswith connectionform a sheafof
groupoids(Theorem3.2.2)wehavenow aprincipalG-bundle

R∇
x (f) := (ev1)∗(Tx, ωx, df )

overX with connection, whoseunderlyingbundleis Rx(f) from theprevi-
oussection.

Lemma 4.2.3.The isomorphismclassof R∇
x (f) doesnot dependon the

choiceof thebasepointx.
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Proof. The mapcκ from Lemma4.1.1satisfiesc∗κAx = Ay, equivalently,
c∗κFx = Fy, which follows from Lemma2.2.2. Thus, cκ descendsto the
claimedisomorphism. �

Summarizing,wehaveawell-definedmap

R∇ : Fus(LX,G) // h0DiffBun∇
G (X)

thatwe call regression. It definesthebijectionof TheoremA. For a smooth
manifoldM , it fits by constructioninto thecommutativediagram

Fus(LM,G) R∇
//

��

h0Bun∇
G (M)

��
hFus(LM,G)

R
// h0BunG(M),

and thus contributesone part of the proof of TheoremC. The following
lemmashows thatR∇ is agrouphomomorphismfor abelianLie groups.

Lemma 4.2.4.Let f1, f2 : LX // A befusionmaps.Then,thecanonical
isomorphism

Rx(f1f2) ∼= Rx(f1) ⊗ Rx(f2)

fromLemma4.1.2respectstheconnections.

Proof. We recall from theproof of Lemma4.1.2that the isomorphismhas
beenobtainedfrom an isomorphismϕ : Tx ⊗ Tx

// Tx overPxX. Since
theconnectionωx on Tx is thepullbackof a 1-form Ax onPxX, it follows
that

ϕ∗ωx = pr∗1ωx + pr∗2ωx

whatever the definition of Ax was. Thus,ϕ preservesconnectionsandde-
scendsto aconnection-preservingisomorphism. �

Finally, we prove onepartof CorollaryA. Generally, a mapon a diffeo-
logicalspaceX is calledlocally constant, if f(x) = f(y) whenever (x, y) is
in theimageof theevaluationmapev : PX // X × X.

Proposition 4.2.5.Let f : LX // G be a locally constantfusion map.
Then,theconnectiononR∇

x (f) is flat.
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Proof. It sufficesto show thatthe1-formAx onPxX is flat, i.e. dAx +[Ax∧
Ax] = 0. This is, by TheoremB.2, equivalentto showing that the smooth
mapFx : PPxX // G takesthesamevalueon homotopicpaths.Suppose
h ∈ PPPxX is ahomotopy betweenpathsγ, γ ′ ∈ PPxX. If (β0, β1, β) and
(β′

0, β
′
1, β) arethe triples of pathsassociatedto γ andγ′, we find β0 = β′

0

andβ1 = β′
1, andh inducesa homotopy h̃ betweenβ andβ′ (seetheproof

of Lemma4.2.1).Then,

[0, 1] h̃ // PX
pr // PX

`(β1,−?β0) // LX

is apathin LX from `(β1, β?β0) to `(β′
1, β

′?β ′
0). Sincef is locally constant,

it follows thatFx(γ) = Fx(γ
′). �

5. Transgression

In this section,X is a diffeological spaceandA is an abelianLie group.
Let P be a principal A-bundle over X with connectionω. According to
Proposition3.2.12,theholonomyof ω is a smoothmapHolω : LX // A.
Furthermore,Holω dependsonly on the isomorphismclassof (P, ω) and
satisfies

Holω1⊗ω2 = Holω1 ∙ Holω2

for (P1, ω2) and(P2, ω2) two diffeologicalprincipalA-bundleswith connec-
tion.

Lemma 5.1.Theholonomyof a connectionω is a fusionmap.

Proof. This is a simply calculation:for q anelementin thefibre of P over
thecommoninitial pointof threepaths(γ1, γ2, γ3) ∈ PX [3],

q = τ ω
γ3?γ1

(q).Holω(`(γ1, γ3))

= τ ω
γ3?γ2

(τ ω
γ2?γ1

(q)).Holω(`(γ1, γ3))

= τ ω
γ3?γ2

(q).Holω(`(γ1, γ2))
−1.Holω(`(γ1, γ3))

= q.Holω(`(γ2, γ3))
−1.Holω(`(γ1, γ2))

−1.Holω(`(γ1, γ3))

Herewehaveusedthedefinitionof holonomy(Definition3.2.11)via thepa-
rallel transportτ ω

γ of theconnectionω, its functoralityanditsA-equivariance
(Proposition3.2.10). �
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Summarizing,wehaveawell-definedgrouphomomorphism

T ∇ : h0DiffBun∇
A (X) // Fus(LX,A)

that we call transgression. We prove in the following sectionthat it is the
inverseof thegrouphomomorphismR∇ constructedin Section4.2.

Lemma 5.2.Thefusionhomotopyclassof Holω is independentof thechoice
of theconnectiononP .

Proof. For two connectionsω0 andω1 onP , considertheprincipalG-bundle

id × p : [0, 1] × P // [0, 1] × X

andthe1-formΩ := tω1+(1−t)ω0 on [0, 1]×P , whichdefinesaconnection
on [0, 1] × P . Considerfurtherthesmoothmap

η : [0, 1] × LX // L([0, 1] × X), η(t, τ )(s) := (ϕ(t), τ (s)),

whereϕ is asmoothingfunction(seetheproofof Proposition2.1.6).Then,

H := HolΩ ◦ η : [0, 1] × LX // A

is asmoothmapandcorrespondsto apathh ∈ PD∞(LX,A) with H = h∨,
connectingHolω0 andHolω1 . All thatremainsis to checkthath(t) lies in the
subspaceof fusion mapsfor all t ∈ [0, 1]. This follows from the fact that
HolΩ is a fusionmap(Lemma5.1). �

Over a smoothmanifold M , every diffeological principal A-bundle is
anordinary, smoothprincipalbundle(Theorem3.1.7).Dueto theexistence
of connectionson suchbundles,we obtaina well-definedgrouphomomor-
phism

T : h0BunA(M) // hFus(LM,A).

By construction,thediagram

h0Bun∇
A (M)

T ∇
//

��

Fus(LM,A)

��
h0BunA(M)

T
// hFus(LM,A),

is commutative, which contributestheremainingpart to theproof of Theo-
remC.
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6. Proof of TheoremA

We show that regressionR∇ and transgressionT ∇ are inversesto each
other, startingwith the proof that T ∇ ◦ R∇ is the identity on the space
Fus(LX,A) of fusionmaps.Let f : LX // A bea fusionmap.We have
to computetheholonomyof thereconstructedbundle(P, ω) := R∇

x (f). Let
a loop τ ∈ LX berepresentedby a closedpathγ ∈ PXcl underthemapcl
from Section2.2. Let τ ω

γ : Py
// Py denotetheparalleltransportalongγ,

wherey = γ(0) = γ(1) andPy denotesthefibre of P over y. We have to
computea ∈ A suchthatτγ(q).a = q for some(andhenceall) q ∈ Py.

Thepathγ lifts to PXx. To seethis, let usdenoteby γt ∈ PX thepath
γt(s) := γ(tϕ(s)), for ϕ a smoothingfunction(seetheproof of Proposition
2.1.6).Wechooseapathκ ∈ PX with ev(κ) = (x, y). Then,

γ̃ : [0, 1] // PXx : t � // γt ? κ

is a pathandlifts γ alongtheevaluationev1. We recall thatP is descended
from thetrivial principalA-bundleTx overPXx. In particular, it comeswith
a projectionpr : Tx

// P . Theparalleltransportsτ ω
γ in P andτγ̃ in Tx fit

into acommutativediagram

Tx|κ
τγ̃ //

pr

��

Tx|γ◦κ

pr

��
Py

τ ω
γ

// Py.

Theparalleltransportin thetrivial bundleTx alongγ̃ is accordingto Defini-
tion 3.2.9givenby

τγ̃(γ̃(0), g) := (γ̃(1), gFx(γ̃)).

Wecomputefrom thedefinitionof Fx andLemma2.2.4that

Fx(γ̃) = f`(γ̃(1), γ ? γ̃(0)) = f`(γ ? κ, γ ? κ) = 1.

Thus,for q := pr(γ̃(0), g) ∈ Py, we have τ ω
γ (q) = pr(γ̃(1), g) ∈ Py. Now

weusethedefinitionof P , givenby thedescentstructuredf from (4.1.1)and
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thedescentconstruction(3.1.4).WecomputeusingLemma2.2.2

τ ω
γ (q) = pr(γ̃(1), g) = pr(γ̃(0), f`(γ̃(0), γ̃(1))g)

= q.f`(κ, γ ? κ) = q.f`(id, γ) = q.f`(γ, id)−1 = q.f(τ)−1.

We conclude that Holω(τ) = f(τ), which completesthe proof that
(T ∇ ◦ R∇)(f) = f .

Next is the proof that R∇ ◦ T ∇ is the identity on the group
h0DiffBun∇

A (X) of isomorphismclassesof diffeologicalprincipalA-bundles
over X with connection.Let P besucha bundle,andlet f : LX // A be
theassociatedfusionmap,its holonomy. Let q0 ∈ P bea fixedpoint in the
fibreoverx. Noticethat

ϕ : Tx
// ev∗

1P : (γ, g) � // (γ, τγ(q0).g)

definesabundlemorphismoverPXx: it is smoothby Proposition3.2.10(c)
andA-equivariant. Moreover, it exchangesthe descentstructuredf on the
trivial bundleTx = PXx × A with thetrivial descentstructureon ev∗

1P :

pr∗2ϕ(df (γ1, γ2, g)) = pr∗2ϕ(γ1, γ2, f`(γ2, γ1)g)

= τγ2(q0).f`(γ2, γ1)g = τγ1(q0).g = pr∗1ϕ(γ1, γ2, g).

Hence,ϕ descendsto anisomorphism

(ev1)∗(ϕ) : Rx(f) // P .

It remainsto prove thatthis isomorphismrespectstheconnections.This
is thecaseif andonly if the isomorphismϕ respectsconnections,i.e. pulls
backthe connectionev∗

1ω on ev∗
1P to the connectionωx on Tx, which was

definedby a1-formAx. Considerthecomposite

PXx
// PXx × A

ϕ // ev∗
1P // P

in which thefirst mapsendsa pathγ to thepair (γ, 1). Explicitly, this com-
positeis themap

j : PXx
// P : γ � // τγ(q0).

Now, theisomorphismϕ is connection-preservingif andonly if

j∗ω = Ax. (6.1)
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In order to checkequation(6.1), let Fω : PP // A be the smoothmap
correspondingto the1-formω underthebijectionof TheoremB.2. Werecall
that Ax wasdefinedby a smoothmapFx : PPxX // A. We claim that
Fx(γ) = Fω(j◦γ) for all γ : [0, 1] // PXx. Thisshows(6.1)andcompletes
theproofof TheoremA.

To show theclaim,we recallfrom Section4.2thatγ definesthreepaths,
namelyβ0 := γ(0) ∈ PXx, β1 := γ(1) ∈ PXx andβ ∈ PX. Thepathj ◦γ
is a lift of thepathβ alongthebundleprojectionp : P // X:

p((j ◦ γ)(t)) = p(τγ(t)(q0)) = γ(t)(1) = β(t)

for all t ∈ [0, 1]. Usingthefunctoralityof paralleltransportandthedefinition
of holonomywefind

τ ω
β (j(γ(0))).Holω(β ? β0 ? β−1

1 ) = τ ω
β1?β−1

0
(j(γ(0))). (6.2)

On theleft handside,

Holω(β ?β0 ?β−1
1 ) = Holω(β−1

1 ?β ?β0) = f`(β ?β0, β1) = f`(β1, β ?β0)
−1,

wherethefirst equalityholdsbecausethetwo loopsin theargumentof Holω
arerelatedby arotation,i.e. aparticularthin homotopy. Thesecondequality
is thedefinitionof f andthelastequalityis Lemma2.2.4.On theright hand
sideof (6.2),wehave

τ ω
β1◦β

−1
0

(j(γ(0))) = τ ω
β1

(q0) = j(γ(1))

dueto thedefinitionof j. Thus,(6.2)becomes

τ ω
β (j(γ(0))) = j(γ(1)).f`(β1, β ? β0).

A comparisonwith Definition3.2.9showsthatFω(j◦γ) = f`(β1, β?β0). The
right handsideis preciselythedefinitionof Fx(γ) andshows thatFx(γ) =
Fω(j ◦ γ).

A. Diffeology of Loop Spacesand PathsSpaces

In SectionA.1 we review standarddefinitionsandfactsaboutdiffeological
spaces.In SectionA.2 we introducea Grothendiecktopologyon the cate-
goryof diffeologicalspacesbasedonsubductions.In SectionA.3 wereview
differentialformsondiffeologicalspacesandrelatethemto smoothmapson
pathspaces.
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A.1 Diffeological Spaces

Diffeologicalspaceswereintroducedby Souriau[Sou81],andaretodayun-
derstoodasoneflavor of the “convenientcalculus”. For a concisepresen-
tation we refer the readerto [BH, Lau08], for a comprehensive treatment
to [IZ], andto [Sta11]for a comparisonwith otherformsof theconvenient
calculus.

Definition A.1.1. A diffeological spaceis a set X with a diffeology. A
diffeology on a setX is a set of mapsc : U // X called plots, where
each plot is definedon an opensubsetU ⊂ Rk with varyingk ∈ N0, such
that threeaxiomsaresatisfied:

(D1) for anyplot c : U // X, anyopensubsetV ⊂ Rl, andanysmooth
functionf : V // U themapc ◦ f is alsoa plot.

(D2) everyconstantmapc : U // X is a plot.

(D3) if f : U // X is a mapdefinedon U ⊂ Rk and{Ui}i∈I is an open
coverof U for which all restrictionsf |Ui

areplotsof X, thenf is also
a plot.

Moreover, a mapf : X // Y betweendiffeological spacesX and Y is
calledsmoothif for everyplot c : U // X of X themapf ◦ c : U // Y
is a plot of Y .

Diffeologicalspacesform a categoryDiff , andtheisomorphismsin Diff
arecalleddiffeomorphisms. The following theoremexplainswhy it is con-
venientto usediffeologicalspaces.

TheoremA.1.2 ([BH, Theorem9]). ThecategoryDiff is a quasitopos.

In practice,this meansthat many constructionsareavailablewhich are
in generalobstructedor simplynotpossiblefor smoothmanifoldsor Fréchet
manifolds.Thenext exampledescribessomeof theseconstructions.

ExampleA.1.3.

(a) For diffeologicalspacesX andY , the setD∞(X,Y ) of smoothmaps
f : X // Y carriesa canonicaldiffeologycalledthe functionaldiffeo-
logy [IZ, I.57].
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A mapc : U // D∞(X,Y ) is aplot if andonly if thecomposite

U × X
c×id // D∞(X,Y ) × X ev // Y

is smooth.

(b) EverysubsetY of adiffeologicalspaceX carriesacanonicaldiffeology
calledthesubsetdiffeology [IZ, I.33].

A mapc : U // Y is aplot of Y if andonly if its compositionwith the
inclusionι : Y � � // X is aplot of X.

(c) The direct productX × Y of diffeological spacesX andY carriesa
canonicaldiffeologycalledtheproductdiffeology [IZ, I.55].

A mapc : U // X×Y is aplot of X×Y if andonly if its composition
with theprojectionsto X andto Y areplotsof X andY , respectively.

(d) For any pair of diffeologicalmapsf : X // Z andg : Y // Z, the
fibreproductX ×Z Y is – asasubsetof X × Y – adiffeologicalspace.

(e) For X a diffeologicalspace,Y a set,andp : X // Y a map,Y carries
acanonicaldiffeologycalledthepushforward diffeology [IZ, I.43].

A mapc : U // Y is aplot if andonly if everypointx ∈ U hasanopen
neighborhoodV ⊂ U suchthat eitherc|V is constantor thereexists a
plot c̃ : V // X of X with c|V = p ◦ c̃.

The pushforward diffeology of ExampleA.1.3 (e) arisesfrequentlyin
this article, namelywhen∼ is an equivalencerelation on a diffeological
spaceX, andY := X/ ∼ is thesetof equivalenceclasses.Then,Y carries
thepushforwarddiffeology inducedby theprojectionpr : X // Y . One
caneasilyshow

Lemma A.1.4 ([IZ, I.51]). LetX1 andX2 bediffeological spaces,let Y be
a setandlet p : X1

// Y bea map.Then,a mapf : Y // X2 is smooth
with respectto thepushforward diffeologyonY if andonly if f ◦p is smooth.

In the remainderof this sectionwe shall relatediffeological spacesto
Fréchetmanifolds. Let Frech denotethe category of Fréchetmanifolds.
Then,thereis a functor

Frech // Diff (A.1.1)
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definedas follows. On objects,it declareson a Fréchetmanifold X the
smoothdiffeology. Its plots areall smoothmapsc : U // X, definedon
opensubsetsU ⊂ Rk, for all k ∈ N0. On morphismsit is the identity:
any smoothmapf : X // Y betweenFréchetmanifoldsis diffeological.
Indeed,its compositionf ◦ c with any plot c : U // X of X is smooth,and
thusa plot of Y . Thefollowing theorempermitstheunambiguoususageof
theword “smooth”.

Theorem A.1.5 ([Los94, Theorem3.1.1]). Thefunctor (A.1.1) is full and
faithful, i.e. a mapbetweenFréchet manifoldsX and Y is smoothin the
manifoldsenseif andonly if it is smoothin thediffeological sense.

Remark A.1.6.

1. Sincesmoothmanifoldsform a full subcategory of Frech, Theorem
A.1.5 remainstrueuponsubstituting“smooth” for “Fréchet”.

2. If M is a smoothmanifold with boundary, it still carriesthe smooth
diffeology. However, sinceour plotsaredefinedon opensubsets,any
map f : M // X that is smoothin the interior of M is already
smoothonM . For thisarticlethisis negligible: theonly manifoldwith
boundarythatappearshereis the interval M := [0, 1] asthedomain
of paths.But pathsareby definitionconstantneartheboundary.

Finally we shallshow thatthefunctor(A.1.1) identifiestheFréchetma-
nifold C∞(S1,M) with the diffeologicalspaceD∞(S1,M) (seeExample
A.1.3 (a)), so that the loop spaceLM of a smoothmanifold hasan unam-
biguousmeaning.Moregenerally, wehave thefollowing statement.

Lemma A.1.7.LetM bea smoothmanifoldandlet K bea compactsmooth
manifold. Thefunctionaldiffeology on D∞(K,M) and the smoothdiffeo-
logy on C∞(K,M) coincidein thesensethat everyplot of oneis a plot of
theother.

Proof. Let c : U // C∞(K,M) beamap.It is aplot of C∞(K,M) if and
only if it is smooth.It is aplot of D∞(K,M) if andonly if

U × K
c×id // C∞(K,M) × K ev // M (A.1.2)

is smooth. Supposefirst that c is smooth. Since the evaluationmap is
smooth,also(A.1.2) is smooth.Hence,everyplot of C∞(K,M) is aplot of
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D∞(K,M). Conversely, assumethat (A.1.2) is smooth.We want to show
thatc is smooth.WerecallthattheFréchetmanifoldstructureonC∞(K,M)
is theoneof thesetΓ(K,M×K) of smoothsectionsin thetrivial M -bundle
over K. We alsorecall that if ϕ : E // F is a smoothmorphismof fibre
bundlesover K, the inducedmapϕ∗ : Γ(K,E) // Γ(K,F ) is smooth
[Ham82,Example4.4.5].Since(A.1.2) is smooth,also

U × K
c×id // C∞(K,M) × K

ev×id // M × K

is a smoothmorphismof (trivial) fibre bundlesover K. It henceinducesa
smoothmap c̃ : C∞(K,U) // C∞(K,M). Let i : U // C∞(K,U) be
the inclusionof constantmaps,which is smooth. Hence,the composition
c̃ ◦ i : U // C∞(K,M) is asmoothmapandcoincideswith c. Thus,every
plot of D∞(K,M) is aplot of C∞(K,M). �

A.2 Subductions

Presheaves can be defined over any category, while the formulation of
the gluing axiom, i.e. the definition of a sheaf,requiresthe choiceof a
Grothendiecktopology. In this sectionwe introducea Grothendiecktopol-
ogyon thecategoryDiff of diffeologicalspaces.

Definition A.2.1 ([IZ, I.48]). A smoothmap π : Y // X is called
subductionif thefollowingconditionis satisfied.For everyplot c : U // X
andeveryx ∈ U there existsan openneighborhoodV ⊂ U of x anda plot
c̃ : V // Y such thatπ ◦ c̃ = c|V .

Onecanshow that every subductionis surjective, andthat an injective
subductionis a diffeomorphism[Igl85, Proposition1.2.15]. Onecanalso
show that a smoothmapπ : Y // X is a subductionif andonly if the
diffeology of X is the pushforward diffeology inducedby π [IZ, I.46]. In
particular, all projectionspr : X // X/ ∼ to spacesof equivalenceclasses
aresubductions.Furtherexamplesof subductionsareprojectionsto a factor
in a productor fibre product[IZ, I.56], and– asmentionedin Section2.1
– theendpointevaluationev : PX // X × X for X connected[IZ, V.6].
Subductionsover smoothmanifoldscanbe characterizedin the following
way.
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Lemma A.2.2.Let M bea smoothmanifold,let Y bea diffeological space
andlet π : Y // M bea smoothmap.Then,π is a subductionif andonly if
everypointp ∈ M hasanopenneighborhoodW ⊂ M thatadmitsa smooth
sections : W // Y .

Thenext propositionis themainpointof this subsection.

Proposition A.2.3. Subductionsform a Grothendieck topology on thecate-
goryDiff .

Proof. The identity idX of a diffeologicalspaceX is clearlya subduction.
Thecompositionof subductionsis a subduction[Igl85, Proposition1.2.15].
Finally, thepullbackof a subductionalongany diffeologicalmapis a sub-
duction[Igl85, Proposition1.4.8]. �

A.3 Differ ential Forms

Differentialformson diffeologicalspacesaredefined“plot-wise” usingthe
notionof ordinarydifferentialformsonsmoothmanifolds.

Definition A.3.1 ([IZ, VI. 28]). Let X be a diffeological space. A k-form
on X is a family {ϕc} of k-forms ϕc ∈ Ωk(U) parameterizedby plots
c : U // X, such thatϕc1 = f ∗ϕc2 for everycommutativediagram

Uc1

f //

c1
��8888888

Uc2

c2
���������

X

(A.3.1)

with c1 andc2 plotsandf smooth.

Thesetof k-formson a diffeologicalspaceX is denotedΩk(X); simi-
larly onedefinesk-formswith valuesin avectorspaceV , denotedΩk(X,V ).
All familiar featuresof differentialformsgeneralizefrom smoothmanifolds
to diffeologicalspaces,equippingthe family Ω∗(X) with thestructureof a
differentialgradedcommutative algebra(dgca).Further, if f : X // Y is
asmoothmapbetweendiffeologicalspaces,thereis apullback

f ∗ : Ωk(Y ) // Ωk(X) with (f ∗ϕ)c := ϕf◦c
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for aplot c of X, formingamorphismbetweendgca’s. In otherwords,forms
over diffeological spacesform a presheafΩ∗ of dgca’s over diffeological
spaces.Onecanshow [IZ, VI.38] thatthispresheafis evenasheaf.

For a smoothmanifoldM , it is easyto checkthat thek-formsof Defi-
nition A.3.1 arethesameasordinary(smooth)k-formson manifolds. The
following lemmageneralizesa familiar fact from smoothmanifoldsto dif-
feologicalspaces(seeLemma2.1.2and[SW11,Lemma4.2])

Lemma A.3.2.Letf : X // Y bea smoothrankk map.Thenthepullback
f ∗ϕ vanishesfor all ϕ ∈ Ωk+1(Y ).

Proof. Let ϕ ∈ Ωk+1(Y ) andlet c : U // X be a plot. We show that
ϕf◦c = 0. Sincef hasrankk, every pointu ∈ U hasanopenneighborhood
Uu ⊂ U with a plot d : V // Y anda rankk mapg : Uu

// V satisfying
d ◦ g = f ◦ c|Uu , seeDefinition 2.1.1.It follows thatϕf◦c|Uu = g∗ϕd = 0.
�

Differential forms canbe transgressedto the loop space,andwe have
usedthat in Proposition3.2.13.Let ϕ bea k-form on a diffeologicalspace
X. Consideraplot d : U // LX of theloopspace,i.e. amapsuchthatthe
adjointmapd̃ : U × S1 // X is smooth.Considerthe(k − 1)-form

ψd :=

∫

S1

d̃∗ϕ ∈ Ωk−1(U),

whered̃∗ϕ is ak-form onU × S1 – andthusanordinarydifferentialk-form
– and

∫
S1 denotes“integrationalongthe fibre”. Let d1 : U1

// LX and
d2 : U2

// LX bothbeplots,andlet f : U1
// U2 beasmoothmapsuch

thatd2 ◦ f = d1, thenwe have d̃2 ◦ f̃ = d̃1, wheref̃ := f × id. It follows
thatf ∗ψd2 = ψd1 . Hence,ψ := {ψd} is a (k − 1)-form on thediffeological
spaceLX. Thesameprocedureworksfor thethin loopspaceLX insteadof
LX. In bothcases,weusethesymbolicalnotation

ψ :=

∫

S1

ev∗ϕ.

B. Differ ential Forms and SmoothFunctors

In thissectionwediscussacloserelationbetween1-formsonadiffeological
spaceX andsmoothmapson the pathspacePX. For smoothmanifolds,
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this relation hasbeenstudiedbefore in [SW09, SW11]. Let G be a Lie
group. On the onehand,considerthe the following groupoidFun(X,G).
Its objectsaresmoothmapsF : PX // G satisfying

F (γ2 ? γ1) = F (γ2) ∙ F (γ1)

whenever pathsγ1, γ2 are composable.A morphismg : F1
// F2 is a

smoothmapg : X // G suchthat

g(γ(1)) ∙ F1(γ) = F2(γ) ∙ g(γ(0)).

Compositionis multiplication, i.e. g2 ◦ g1 := g1g1, andthe identity mor-
phismsaregivenby theconstantmapg = 1. On theotherhand,let Z1

X(G)
bethefollowing groupoid.Theobjectsare1-formsA ∈ Ω1(X, g), with g the
Lie algebraof G. A morphismg : A1

// A2 is asmoothmapg : X // G
suchthat

A2 = Adg(A1) − g∗θ̄,

whereθ̄ ∈ Ω1(G, g) is theright-invariantMaurer-Cartanform on G. Com-
positionandidentitiesareasin Fun(X,G).

Both groupoidsarenaturalin X, i.e. if f : X // Y is a smoothmap,
thereareevidentpullbackfunctors

f ∗ : Fun(Y,G) // Fun(X,G) and f ∗ : Z1
Y (G) // Z1

X(G). (B.1)

Thesepullbackfunctorscomposestrictly underthecompositionof smooth
maps. In otherwords,Fun(−, G) andZ1(G) arepresheavesof groupoids
over the category of diffeologicalspaces.We remarkthat both presheaves
arein generalnot sheaves.

For a smoothmanifoldM , thegroupoidsFun(M,G) andZ1
M(G) have

beenintroducedin [SW09]. Werecall

PropositionB.1 ([SW09,Proposition4.7]). For a smoothmanifoldM there
is an isomorphismof categories

Fun(M,G)
D∞

//
Z1

M (G).
P∞

oo
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This isomorphismcan be characterizedin termsof parallel transport.
Supposeω ∈ Ω1(P, g) is a connectionon a smoothprincipal G-bundleP
overM , γ ∈ PM is apathandγ̃ ∈ PP is a lift of γ. Then,

τ ω
γ (γ̃(0)) = γ̃(1).P∞(ω)(γ̃),

where τ ω
γ denotesthe parallel transport of ω along γ, and P∞(ω) :

PP // G correspondsto the1-formω underPropositionB.1.
We needtwo propertiesof the isomorphismof PropositionB.1. Firstly,

it commuteswith the pullbackfunctors(B.1), i.e. it is an isomorphismof
presheavesoverDiff [SW11,Proposition1.7]. Secondly, let uscall a1-form
A ∈ Ω1(X, g) flat, if the2-form

KA := dA + [A ∧ A]

vanishes,and let us call an objectF in Fun(X,G) flat, if F (γ) = F (γ′)
whenever γ andγ′ arehomotopic(Definition 2.1.4). Then,the flat objects
in Z1

M(G) correspondpreciselyto the flat objectsin Fun(M,G) [SW09,
LemmaB.1 (c)].

We prove the following generalizationof PropositionB.1 from smooth
manifoldsto diffeologicalspaces.

TheoremB.2.LetX bea diffeological space. Then,there is a isomorphism
of categories

Fun(X,G)
D //

Z1
X(G)

P
oo

that restrictsovereveryplot c : U // X to theisomorphismof Proposition
B.1,i.e.

c∗ ◦D = D∞ ◦ c∗ and c∗ ◦P = P∞ ◦ c∗.

Proof. The functorD : Fun(X,G) // Z1
X(G) is easyto define. If an

objectF in Fun(X,G) is given,onehasfor eachplot c : U // X a1-form
Ac := D∞(c∗F ) ∈ Ω1(U, g). These1-formsclearlydefineanobject{Ac}
in Z1

X(G). Moreover, any morphismin Fun(X,G) is automaticallya mor-
phismin Z1

X(G). ThisdefinesthefunctorD, andit restrictsby construction
over eachplot to the functorD∞. To finish the proof, it thus remainsto
constructthefunctorP suchthatis strictly inversetoD.
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AssumeA = {Ac} is an object in Z1
X(G). A mapF : PX // G is

definedasfollows. Any pathγ : [0, 1] // X extendscanonicallyto a plot
γ̃ : R // X. Namely, onesimply puts γ̃(t) := γ(0) for all t < 0 and
γ̃(t) := γ(1) for all t > 1. Thereis auniquethin homotopy classτ ∈ PR of
pathsin R with ev(τ) = (0, 1). Then,weput

F (γ) := P∞(Aγ̃)(τ).

We have to checkthat this definition yields an object in Fun(X,G). This
checkconsistsof thefollowing threeparts.

1.) Compatibilitywith thepathcomposition. For thefollowing calcula-
tionswe usethenotationFγ̃ := P∞(Aγ̃). If γ1, γ2 ∈ PX arecomposable
paths,considerthetwo smoothmaps

ι1 : R // R : t � // 1

2
t and ι2 : R // R : t � // 1

2
+

1

2
t.

Due to theuniquenessof thepathτ , onehasτ = Pι2(τ) ? Pι1(τ) in PR.
Then,

F (γ2 ? γ1) = Fγ̃2?γ1
(τ) = Fγ̃2?γ1

(Pι2(τ) ? Pι1(τ))

= Fγ̃2?γ1
(Pι2(τ)) ∙ Fγ̃2?γ1

(Pι1(τ)) = ι∗2Fγ̃2?γ1
(τ) ∙ ι∗1Fγ̃2?γ1

(τ)

(∗)
= Fγ̃2(τ) ∙ Fγ̃1(τ) = F (γ2) ∙ F (γ1),

where(∗) comesfrom thecommutativediagram

R
ιk //

γ̃k
��<<<<<<<<<< R

γ̃2?γ1
������������

X

for k = 1, 2, which impliesequalitiesι∗kAγ̃2?γ1
= Aγ̃k

between1-forms. It
will beconvenientto provealsothatF (idx) = 1 for any x ∈ X. Indeed,

F (idx) = Fĩdx
(τ) = P∞(Aĩdx

)(τ) = 1

sinceAĩdx
= ĩdx

∗A = 0 becausẽidx hasrankzero(Lemmata2.1.3(b) and
A.3.2).
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2.) Smoothness. Let c : U // PX beaplot, i.e. themap

[0, 1] × U
id×c // [0, 1] × PX ev // X

is smooth. We extendthis mapto a plot c̃ : R × U // X. Considerthe
inclusionιu : R // R × U definedby ιu(t) := (t, u), andthe associated
smoothmap

Γ : U // P(R× U) : u � // Pιu(τ).

It follows that

U
Γ // P(R× U)

Fc̃ // G (B.2)

is smooth. We claim that (B.2) coincideswith F ◦ c; this shows that F is
smooth.Indeed,

Fc̃(Γ(u)) = Fc̃(Pιu(τ)) = ι∗uFc̃(τ) = F
c̃(u)

(τ) = F (c(u)).

3.) Thin homotopyinvariance. We have to show that F (γ1) = F (γ2)
whenever there is a thin homotopy h ∈ PPX betweenγ1 and γ2. The
adjoint maph∨ : [0, 1]2 // X canbe extendedto a plot h̃∨ : R2 // X
[SW11,Section2.3]. Onechecksthat

((h∨)∗F )(γ) = F
P̃ h∨(γ)

(τ) = P∞(A
P̃ h∨(γ)

)(τ)

= P∞(γ̃∗A
h̃∨)(τ) = P∞(A

h̃∨)(γ).

Sinceh∨ hasrankone,the1-form A
h̃∨ = (h̃∨)∗A is flat by LemmaA.3.2,

andsois (h∨)∗F . Then,theclaim follows from LemmaB.3 below.
By now we have defineda functorP : Z1

X(G) // Fun(X,G). It re-
mainsto show that it is inverseto thefunctorD. SupposeA is anobjectin
Z1

X(G), andF := P(A). Over a plot c : U // X, we have to checkthat
D∞(c∗F ) = Ac. This is equivalentto c∗F = P∞(Ac). Indeed,we find for
γ ∈ PU

(c∗F )(γ) = F (Pc(γ)) = P∞(A
P̃ c(γ)

)(τ)
(∗)
= P∞(γ̃∗Ac)(τ)

= γ̃∗P∞(Ac)(τ) = P∞(Ac)(γ)
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where(∗) comesfrom thecommutativediagram

R
γ̃ //

P̃ c(γ)
��<<<<<<<<<< Uc

c

������������

X

andthe last equalitycomesfrom the fact that (P γ̃)(τ) = γ aselementsin
PX. Conversely, supposean objectF in Fun(X,G) is given andA :=
D(F ). Wehave to checkthatP(A) = F . Indeed,for γ ∈ PX,

P(A)(γ) = P∞(Aγ̃)(τ) = P∞(D∞(γ̃∗F ))(τ)

= (γ̃∗F )(τ) = F (P γ̃(τ)) = F (γ).

Thiscompletestheproof. �

We remarkthat the conditionthat the functorsD andP restrict to the
functorsD∞ andP∞ overeachplot, impliesthattheisomorphismof Theo-
rem B.2 commuteswith the pullback functors(B.1) andrespectsflatness.
Thesupplementarylemmausedin theproofaboveandin Section3.2 is

Lemma B.3. Let X bea diffeological space. SupposeF : PX // G is a
smoothmapsatisfying

F (γ′ ◦ γ) = F (γ′) ◦ F (γ) and F (idx) = 1

for all composablepathsγ′, γ, andall pointsx ∈ X. Supposefurther that
h ∈ PPX is a homotopybetweenpathsγ1 andγ2, such that (h∨)∗F is flat,
whereh∨ : [0, 1]2 // X is theadjointof h. Then,F (γ1) = F (γ2).

Proof. Recall that γ1, γ2 : [0, 1] // X are locally constantin neighbor-
hoodsU1, U2 of {0, 1}, respectively. Let U := [0, 1] \ (U1 ∩ U2). Choosea
smoothingfunctionϕ suchthatϕ(t) = t for all t ∈ U . As a consequence,
γi = γi ◦ ϕ for i = 1, 2. Wecanregardϕ asapathin R, andusethesmooth
mapsιhs : R // R2 : t � // (s, t) andιvs : R // R2 : t � // (t, s) to con-
structpathsin R2 like shown in Figure2. NoticethatF (γi) = Fh(Pιh0(ϕ))
for i = 1, 2, wherewe have denotedFh := (h∨)∗F . For (x, y) := ev(γ1) =
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(0, 0)
Pιh0 (ϕ)

//

Pιv0(ϕ)

��

(0, 1)

Pιv1(ϕ)

��
(1, 0)

Pιh1 (ϕ)
// (1, 1)

Figure 2: Paths aroundthe boundaryof the unit
square.

ev(γ2), wecalculate

F (γ1) = F (idy) ∙ F (γ1) = F (P (h∨ ◦ ιv1)(ϕ) ? P (h∨ ◦ ιh0)(ϕ))

= Fh(Pιv1(ϕ) ? Pιh0(ϕ))

SincethepathsPιv1(ϕ) ? Pιh0(ϕ) andPιh1(ϕ) ? Pιv0(ϕ) areobviouslyhomo-
topic in R2, thelatterresultis equalto

Fh(Pιh1(ϕ) ? Pιv0(ϕ)) = F (P (h∨ ◦ ιh1)(ϕ) ? P (h∨ ◦ ιv0)(ϕ))

= F (γ2) ∙ F (idx) = F (γ2)

Both linestogethershow theclaim. �
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Résumé. Nous montrons que les espaces vectoriels convenables au sens de
Frölicher et Kriegl forment une catégorie différentielle. Ces catégories ont
été introduites par Blute, Cockett et Seely en tant que modèles de la logique
linéaire différentielle de Ehrhard et Regnier. Nous montrons que la catégorie
en question rend parfaitement compte des intuitions de cette logique.
Il était déjà clair dans l’ouvrage de Frölicher et Kriegl que la catégorie des
espaces vectoriels convenables a une structure remarquable. Nous donnons
ici une interprétation catégorique à une partie importante de cette structure.
Ainsi, nous montrons que cette catégorie possède une comonade dont la
catégorie de coKleisli coincide avec la catégorie des fonctions infiniment
différentiables et que cette comonade modélise la modalité exponentielle de
la logique linéaire.
Le système logique suggère de nouvelles structures. Nous mettons no-
tamment en évidence l’existence d’un morphisme de codéréliction qui
permet d’obtenir la dérivée de n’importe quel morphisme par simple
précomposition.

               CAHIERS DE TOPOLOGIE ET                                                        Vol. LIII-3 (2012)
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Abstract. We show that the category of convenient vector spaces in the sense
of Frölicher and Kriegl is a differential category. Differential categories were
introduced by Blute, Cockett and Seely as the categorical models of the differ-
ential linear logic of Ehrhard and Regnier. Indeed we claim that this category
fully captures the intuition of this logic.
It was already evident in the monograph of Frölicher and Kriegl that the cat-
egory of convenient vector spaces has remarkable structure. We here give
much of that structure a logical interpretation. For example, this category sup-
ports a comonad for which the coKleisli category is the category of smooth
maps on convenient vector spaces. We show this comonad models the expo-
nential modality of linear logic.
Furthermore, we show that the logical system suggests new structure. In
particular, we demonstrate the existence of a codereliction map. Such a map
allows for the differentiation of arbitrary maps by simple precomposition.

Keywords. Linear Logic, Monoidal Categories, Topological Vector Spaces,
Differentiable Structure

Mathematics Subject Classification (2010). 03F52, 18D10, 46A17

1. Introduction

Differential linear logic was introduced by Ehrhard and Regnier [5, 6] in or-
der to describe the differentiation of higher order functionals from a syntactic
or logical perspective. There are models of this logic [3, 4] with sufficient
analytical structure to demonstrate that the formalism does indeed capture
differentiation. But there were no models directly connected to differential
geometry, which is of course where differentiation is of the highest signifi-
cance. The purpose of this paper is to demonstrate that the convenient vector
spaces of Frölicher and Kriegl [9] constitute a model of this logic.

The question of how to differentiate functions into and out of func-
tion spaces has a significant history. For instance, the importance of such
structures is fundamental in the classical theory of variational calculus, see
e.g. [7]. It is also a notoriously difficult question. This can be seen by con-
sidering the category of smooth manifolds and smooth functions between
them. While products evidently exist in this category, there is no way to
make the set of functions between two manifolds into a manifold. Cate-
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gory theory provides an appropriate framework for the analysis of function
spaces, through the notion of cartesian closed categories; in particular we
note that the category of smooth manifolds is not cartesian closed.

In the categorical approach to modelling logics, one typically starts with
a logic presented as a sequent calculus. One then arranges equivalence
classes of proofs into a category. If the equivalence relation is chosen wisely,
the resulting category will be a free category with structure. For example, the
conjunction-implication fragment of intuitionistic logic yields the free carte-
sian closed category; the tensor-implication fragment of intuitionistic linear
logic yields the free symmetric monoidal closed category. Then a general
model is defined as a structure preserving functor from the free category. In
both these cases, the implication connective is modelled as a function space,
i.e. the right adjoint to product. Any attempt to model the differential linear
logic should be a category where morphisms are smooth maps for some no-
tion of smoothness. Then, to model logical implication, the category must
also be closed. This is how we will capture functional differentiation.

More precisely, a significant question raised by the work of Ehrhard and
Regnier is to write down the appropriate notion of categorical model of dif-
ferential linear logic. This was undertaken by Blute, Cockett and Seely in
[2]. There, a notion of differential category is defined and several examples
are given in addition to the usual one made from the syntax of the logic.

In this paper, we focus on the category of convenient vector spaces and
bounded linear maps, and demonstrate that it is a differential category. In-
deed, this category has a number of remarkable properties. It is symmet-
ric monoidal closed, complete and cocomplete. But most significantly, it is
equipped with a comonad, for which the resulting coKleisli category is the
category of smooth maps, in an appropriate sense. It is already remarkable
that the very structure of linear logic [10] appears in this category, but fur-
thermore it is a model of the much newer theory of differential linear logic.

After describing the category of convenient spaces, we demonstrate that
it is a model of intuitionistic linear logic, and that the coKleisli category cor-
responding to the model of the exponential modality (the comonad) is the
category of smooth maps. We construct a differential operator on smooth
maps, and show that it is a model of the differential inference rule of differ-
ential linear logic, i.e. a differential category.

One of the most surprising aspects of this approach to differentiation is
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the decomposition of the smooth maps from X to Y into a space of linear
maps from !X to Y , where !X is the exponential modality of X . In fact,
in the convenient setting, !X is a space of distributions. It is the convenient
vector space obtained by taking the Mackey closure of the linear space gen-
erated by the Dirac distributions. From this perspective, differentiation is
given by precomposition with a special map called codereliction1. This may
seem unusual from the functional analysis perspective, but is very natural
from the linear logic viewpoint.

We note that much of the structure we describe here can be found scat-
tered in the literature [9, 11, 12, 13], but we believe the presentation here
sheds new light on both the categorical and logical structures.
Acknowledgements: The first author would like to thank NSERC for its
financial support. The authors would like to especially thank Phil Scott for
his helpful contributions.

2. Convenient vector spaces

In this section, we present the category of convenient spaces. They can be
seen either as topological or bornological vector spaces, with the two struc-
tures satisfying a compatibility. We give a brief review of ideas related to
bornology, but assume the reader is familiar with locally convex spaces. See
[12] for this.

For the significance of bornology and an analysis of convergence proper-
ties, see [11]. A set is bornological if, roughly speaking, it is equipped with
a notion of boundedness.

Definition 2.1. A set X is bornological if equipped with a bornology, i.e. a
set of subsets BX , called bounded, such that:

• all singletons are in BX ;

• BX is downward closed with respect to inclusion;

• BX is closed under finite unions.

A map between bornological spaces is bornological if it takes bounded sets
to bounded sets. The resulting category will be denoted Born.

1The name arises from the fact that this is dual to the usual linear logic rule dereliction.
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Theorem 2.2. The category Born is cartesian closed.

Proof. (Sketch [9, §1.2]) The product bornology is defined to be the coarsest
bornology such that the projections are bornological. So a subset of X × Y
is bounded if and only if its two projections are bornological.

The closedness follows from definition of the bornology on X ⇒ Y as
the set of bornological functions. A subset B ⊆ X ⇒ Y is bounded if and
only if B(A) is bounded in Y , for all A bounded in X . 2

As this bornology will arise in a number of different contexts, we will denote
X ⇒ Y by Born(X, Y ). We note that the above product construction works
for products of arbitrary cardinality.

Definition 2.3. A convex bornological vector space is a vector space E
equipped with a bornology such that

1. B is closed under the convex hull operation.

2. If B ∈ B, then −B ∈ B and 2B ∈ B.

The last condition ensures that addition and scalar multiplication are bornolog-
ical maps, when the reals are given the usual bornology. A map of convex
bornological vector spaces is just a linear, bonological map. We thus get a
category that we denote CBS.

As described in [9, 12, 11], the topology and bornology of a convenient
vector space are related by an adjunction, which we now describe.

Let E be a locally convex space. Say that B ⊆ E is bounded if it is
absorbed by every neighborhood of 0, that is to say if U is a neighborhood
of 0, then there exists a positive real number λ such that B ⊆ λU . This
is called the von Neumann bornology associated to E. We will denote the
corresponding convex bornological space by βE.

On the other hand, let E be a convex bornological space. Define a topol-
ogy on E by saying that its associated topology is the finest locally convex
topology compatible with the original bornology. We will denote by γE the
vector space E endowed with this topology. More concretely, one says that
the bornivorous disks form a neighborhood basis at 0. A disk is a subset A
which is both convex and satisfies that λA ⊆ A, for all λ with |λ| ≤ 1. A
disk A is said to be bornivorous when for every bounded subsets B of E,
there is λ 6= 0 such that λB ⊆ A.
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Theorem 2.4. (See Thm 2.1.10 of [9]) The functor β : LCS → CBS is right
adjoint to the functor γ : CBS → LCS. Moreover, if E is a CBS and F a
LCS, then LCS(γE, F ) = CBS(E, βF ).

Definition 2.5. A convex bornological space E is topological if E = βγE.
A locally convex space E is bornological if E = γβE.

Let V be a vector space. Any subspace V ′ of its dual space V ∗ induces
a bornology on V defined by: U ⊆ V is bounded if and only if it is scalarly
bounded, i.e. `(U) is bounded in the reals, for all ` in V ′. It follows from
Lemma 2.1.23 of [9] that such bornologies are topological. Thus to spec-
ify a topological bornology, it suffices to specify such a V ′. We will take
advantage of this frequently in what follows.

Let tCBS denote the full subcategory of topological convex bornological
vector spaces and bornological linear maps, and let bLCS denote the cate-
gory of bornological locally convex spaces and continuous linear maps. We
note immediately:

Corollary 2.6. The categories tCBS and bLCS are isomorphic.

The tCBS’s that we are interested in have the desirable further properties
of separation and completion. We begin with the easiest of the two notions.
We note E ′ the space of linear bornological functionals over a tCBS E.

Definition 2.7. A convex bornological vector space E is separated if E ′

separates points, that is for any x 6= 0 ∈ E, there is l ∈ E ′ such that
l(x) 6= 0.

One can verify a number of equivalent definitions as done in [9], page
53. For example, E is separated if and only if the singleton {0} is the only
linear subspace which is bounded.

Bornological completeness is a different and weaker notion than topo-
logical completeness, so we give some details.

Definition 2.8. Let E be a bornological space. A net (xγ)γ∈Γ is Mackey-
Cauchy if there exists a bounded subset B and a net (µγ,γ′)γ,γ′∈Γ,Γ′ of real
numbers converging to 0 such that

xγ − xγ′ ∈ µγ,γ′B.
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Contrary to what generally happens in locally convex spaces, here the
convergence of Mackey-Cauchy nets is equivalent to the convergence of
Mackey-Cauchy sequences.

Definition 2.9. • A bornological space is Mackey-complete if every Mackey-
Cauchy net converges

• A convenient vector space (CVS) is a Mackey-complete, separated,
topological convex bornological vector space.

• The category of convenient vector spaces and bornological linear maps
is denoted Con.

Later we will be considering C∞, a category of convenient vector spaces
and smooth maps. It will be important to distinguish the two.

We note that Kriegl and Michor in [13] denote the concept of Mackey
completeness as c∞-completeness and define a convenient vector space as
a c∞-complete locally convex space. If one takes the bornological maps
between these as morphisms, then the result is an equivalent category.

We note that the category of convenient vector spaces is closed under
several crucial operations. The following is easy to check:

Theorem 2.10 (See Theorem 2.6.5, [9], and Theorem 2.15 of [13]).

• Assuming that Ej is convenient for all j ∈ J , then
∏

j∈J Ej is conve-
nient with respect to the product bornology, with J an arbitrary index-
ing set.

• If E is convenient, then so is Born(X,E) where X is an arbitrary
bornological set.

There is a standard notion of Mackey-Cauchy completion and separation.
These provide an adjunction in the usual way.

Theorem 2.11 (See Section 2.6 of [9]). By the process of separation and
completion, we obtain a functor

ω : tCBS→ Con

which is left adjoint to the inclusion.
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3. Monoidal structure

Theorem 3.1. The category Con is symmetric monoidal closed.

The fact that Con is a symmetric monoidal closed category is proved
in the Section 3.8 of [9]. Roughly, it stems from the cartesian closedness
of the category of bornological spaces and bornological maps [11]. In this
paragraph, we briefly describe the main steps of the construction.

Let E and F be CVS. We will denote their algebraic tensor product by
E⊗̂F , and define a bornology on it by specifying its dual space. Define

(E⊗̂F )′ = {h : E⊗̂F → R | ĥ : E × F → R is bornological}

where ĥ refers to the associated bilinear map, and to be bornological means
with respect to the product bornology.

Now, the tensor product E⊗F in Con is the Mackey closure of the alge-
braic tensor product equipped with this bornology. Evidently, the tensor unit
will be the base field I = R. Let Con(E,F ) denote the space of bornologi-
cal linear maps. We endow it with the bornology induced by the dual space
defined by:

Con(E,F )′ = {h : Con(E,F )→ R | If U is equibounded, then h(U) is bounded},

where a subset U of linear maps from E to F is equibounded if and only
if for every bounded subset B of E, U(B) = {f(x) | f ∈ U, x ∈ B} is
bounded in F.

It follows from the cartesian closedness of the category of bornological
spaces that there is an isomorphism

Con(E1;E2, F ) ∼= Con(E1,Con(E2, F ))

where Con(E1;E2, F ) is the space of multilinear, bornological maps. Now,
the algebraic tensor product, equipped with the above bornology, classifies
bornological multilinear maps. Therefore, the above structure makes Con a
symmetric monoidal closed category.
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4. Smooth curves and maps

4.1 Smooth curves

Let E be a convenient vector space.
The notion of a smooth curve into a locally convex space E is straight-

forward. One simply has a curve c : R→ E and defines its derivative by:

c′(t) = lim
s→0

c(t+ s)− c(t)
s

.

Note that this limit is simply the limit in the underlying topological space of
E. Then, we define a curve to be smooth if all iterated derivatives exist. We
denote the set of smooth curves in E by CE .

Theorem 4.1 (See 2.14 of [13]). Suppose E is convenient. Then:

If c : R → E is a curve such that ` ◦ c is smooth for every
bornological linear map ` : F → R, then c is itself smooth.

In order to endow CE with a convenient structure, we introduce the no-
tion of difference quotients which is the key idea behind the theory of finite
difference methods, as described in [15]. Let R<i> ⊆ Ri+1 consist of those
i + 1-tuples with no two elements equal. It inherits its bornological struc-
ture from Ri+1. Given any function f : R → E with E a vector space, we
recursively define maps

δif : R<i> → E,

by saying δ0f = f , and then the prescription:

δif(t0, t1, . . . , ti) =
i

t0 − ti
[ δi−1f(t0, t1, . . . , ti−1)− δi−1f(t1, . . . , ti) ].

For example,

δ1f(t0, t1) =
1

t0 − t1
[ f(t0)− f(t1) ].

Notice that the extension of this map along the missing diagonal would be
the derivative of f . There are similar interpretations of the higher-order for-
mulas. So these difference formulas provide approximations to derivatives.
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Lemma 4.2 (See 1.3.22 of [9]). Let c : R → E be a function. Then c is a
smooth curve if and only if for all natural numbers i, δic is a bornological
map.

By Lemma 4.2, the above described difference quotients define an infi-
nite family of maps:

δi : CE → Born(R<i>, E).

Definition 4.3. Say that U ⊆ CE is bounded if and only if its image δi(U) is
bounded for every natural number i.

Theorem 4.4 (See 3.7 of [13]). This structure makes CE a convenient vector
space.

4.2 Smooth maps

We are then left with the question of how to define smoothness of a function
between two locally convex spaces.

Definition 4.5. A function f : E → F is smooth if f(CE) ⊆ CF . Let
C∞(E,F ) denote the set of smooth functions from E to F .

We note the obvious fact that CE = C∞(R, E), as seen by considering
the identity id : R→ R as a smooth curve.

Lemma 4.6 (See 2.11 of [13]). A linear map between convenient vector
spaces is smooth if and only if it is bornological.

Let C∞ denote the category of convenient vector spaces and smooth
maps. Note that the preceding lemma implies the existence of the forget-
ful functor U : Con→ C∞ which is the identity on objects and maps.

One of the crucial results of [9] and [13] is that C∞ is a cartesian closed
category. In fact, this category is the coKleisli category of a model of in-
tuitionistic linear logic, from which the above follows. But this is hardly
an enlightening proof! We first give a convenient vector space structure on
C∞(E,F ).

Now, let E and F be convenient vector spaces. If c : R→ E is a smooth
curve, we get a map c∗ : C∞(E,F )→ CF by precomposing.
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Definition 4.7. Say that U ⊆ C∞(E,F ) is bounded if and only if its image
c∗(U) is bounded in CF for every smooth curve in CE .

The space C∞(E,F ) has a natural interpretation as a projective limit:

Lemma 4.8 (See [13], p. 30). The space C∞(E,F ) is the projective limit
of spaces CF , one for each c ∈ CE . Equivalently, it consists of the Mackey-
closed linear subspace of

C∞(E,F ) ⊆
∏
c∈CE

CF

consisting of all collections (fc)c∈CE such that fc ◦ g = fc ◦ g for every g ∈
C∞(R,R).

As C∞(E,F ) is equivalent to a Mackey-closed subspace of a convenient
vector space:

Corollary 4.9. The above structure makes C∞(E,F ) a convenient vector
space.

As another consequence of the above Lemma, we get a characterization
of smooth curves in C∞(E,F ):

Corollary 4.10. A curve f : R → C∞(E,F ) is smooth if and only if t 7→
c∗(f(t)) : R→ F is smooth for all smooth curves c in CE .

Theorem 4.11 (See Theorem 3.12 of [13]). The category C∞ is cartesian
closed.

As usual, having a cartesian closed category gives us an enormous amount
of structure to work with, as will be seen in what follows.

5. Convenient vector spaces as a differential category

5.1 Differential categories

Differential categories were introduced as the categorical models of differ-
ential linear logic. We assume a symmetric, monoidal closed category with
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biproducts2. The biproducts induce an additive structure on Hom-sets, which
is necessary for the equations described below. We also assume the existence
of a symmetric monoidal comonad called the exponential modality and de-
noted ! . Such a functor has structure maps of the following form:

ρ : ! → ! ! , ε : ! → id, ϕ : !A⊗ !B → ! (A⊗B), ϕ : I → ! I,

satisfying a standard set of properties. See [16] for an excellent overview of
the topic. In the presence of biproducts, the functor ! determines a bialgebra
modality, i.e. for each object A, the object !A naturally has the structure of
a bialgebra:

∆: !A→ !A⊗ !A, e : !A→ I,

∇ : !A⊗ !A→ !A, ν : I → !A.

The bialgebra structure on !A is obtained via the exponential isomorphism:

! (A⊕B) ∼= !A⊗ !B

Then, for example, the comultiplication is obtained by applying the functor
! to the biproduct map A → A ⊕ A, and then composing with the above
isomorphism.

To model the remaining differential structure, we need to have a deriving
transformation, i.e. a natural transformation of the form:

dA : A⊗ !A −→ !A

satisfying equations corresponding to the standard rules of calculus:

• The derivative of a constant is 0.

• Leibniz rule.

• The derivative of a linear function is a constant.

• Chain rule.
2Actually, weaker axioms suffice [2].
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In fact, it suffices to have a natural transformation called codereliction [6, 2]:

coderA : A −→ !A,

satisfying certain equations which are analogues of the above listed equa-
tions:

[dC.1] coder; e = 0,

[dC.2] coder; ∆ = coder ⊗ ν + ν ⊗ coder,

[dC.3] coder; ε = 1,

[dC.4] (coder ⊗ 1);∇; ρ = (coder ⊗∆); ((∇; coder)⊗ ρ));∇.

As shown by Fiore [8] these equations are equivalent to the diagrams
below:

1. Strength

A⊗ !B
coderA⊗1 //

1⊗εA ))RRRRRRRRRRRRRR !A⊗ !B
φ // ! (A⊗B)

A⊗B
coderA⊗B

55kkkkkkkkkkkkkk

2. Comonad

!A
ε

��7777777

A

coderA

CC������

1
// A

A

'
��

coderA // !A
ρ // ! !A

A⊗ I
coderA⊗ν

// !A⊗ !A
coder⊗ρ

// ! !A⊗ ! !A

∇

OO

We can finally recover the deriving transformation from the coderelic-
tion:

dA : A⊗ !A coder⊗1−−−−−→ !A⊗ !A ∇−−−−→ !A.

Thanks to the conditions satisfied by the codereliction, we deduce the rules
of the deriving transformation: the strength condition entails that the deriva-
tive of a constant is zero and the Leibniz rule; the first comonad condition
induces the linearity rule; and the second the chain rule.
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5.2 The exponential modality on convenient vector spaces

In the category of convenient vector spaces, the comonad described in Theo-
rem 5.1.1 of [9] precisely demonstrates the relationship between linear maps
and smooth maps which was envisioned by the differential linear logic.

We begin by noting that if E is a convenient vector space and x ∈ E,
there is a canonical morphism of the form δx : C∞(E,R) → R, defined by
δx(f) = f(x). This is of course the Dirac delta distribution.

Lemma 5.1. The Dirac distribution map δ : E → C∞(E,R)′ is smooth.

Proof. First, we show the map is well-defined. Let x ∈ E, it is easy to see
that δx is linear. Let us check it is bornological. Let U be a bounded subset
of C∞(E,R), that is c∗(U) is bounded in R for every smooth curve c ∈ CE .
In particular, δx(U) = U(x) = const∗x(U) is bounded. Here, constx is the
constant curve at x.

Now, let us show that δ is smooth. Let c and f be smooth curves into E
and C∞(E,R) respectively. The map t 7→ δc(t)f(t) = f(t)(c(t)) is smooth.
We conclude by cartesian closedness. 2

Definition 5.2. The exponential modality !E is the Mackey-closure of the
linear span of the set δ(E) in C∞(E,R)′. It obtains its bornology as a sub-
space of C∞(E,R)′.

In general, !E is smaller than C∞(E,R)′, but in the case where E is
finite-dimensional, the two coincide; this is the content of Corollary 5.1.8
of [9]. Furthermore, in this case, the elements of !E correspond to the
distributions of compact support, as demonstrated in Proposition 5.1.5 of
[9]. See also Théorème XXV, p.89 of [17].

Thanks to the following lemma, the Dirac delta distributions are linearly
independant. In the sequel, we will define bornological (multi)linear func-
tions over the exponential of convenient vector spaces by their values over
the Dirac delta distributions and extending them by linearity to their linear
span and then by Mackey-completion thanks to Theorem 2.11.

Lemma 5.3. Let v1, v2, . . . , vn be a set of pairwise distinct vectors in E.
Then the corresponding δ-functionals are linearly independent in C∞(E,R)′.
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Proof. Suppose we have

r1δv1 + r2δv2 + . . .+ rnδvn = 0.

We will show that r1 = 0. Since E is separated, there exist bounded
linear functionals on E, denoted `2, `3, . . . , `n, such that for all i, `i(v1) 6=
`i(vi).

Consider the smooth function on E defined by f = Πn
i=2(`i − c`i(vi)).

Here cr denotes the constant function at r. The result follows from applying
the the above equation to f . 2

Proposition 5.4. Endowed with the bornological linear maps φI : I → ! I
defined by φI(1) = δ1 and φ : !E ⊗ !F → ! (E ⊗ F ) defined on basis
elements by φ(δx ⊗ δy) = δx⊗y and then extending linearly and completing,
the endofunctor ! is symmetric monoidal.

We will now demonstrate that this determines a comonad on Con.

Theorem 5.5. [See [9], Theorem 5.1.1] We have the following canonical
adjunction:

C∞(E,UF ) ∼= Con( !E,F )

Proof. We establish the bijection, leaving the straightforward calculation of
naturality to the reader. So let ϕ : !E → F be a bornological linear map.
Define a smooth map from E to F by ϕ̂(e) = ϕ(δe). Note that ϕ̂ is smooth
because it is the composite of ϕ and δ; ϕ is smooth since it is bornological
and linear.

Conversely, suppose f : E → F is a smooth map. Define a linear map f̃
from the linear span of δ(E) to F by defining f̃(δe) = f(e), and extending
linearly. Let us show that f̃ is bornological. Let U be bounded in the linear
span of δ(E). The image f̃(U) is equal to U({f}) which is bounded as the
image of a singleton set.

We can then extend f to the Mackey completion of the span of δ(E),
using the adjunction of Theorem 2.11. We get a bornological linear function
f̄ : !E → F .

It is clear that this determines a bijection and hence an adjunction. 2
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We now describe the structure that comes out of this adjunction:

• The counit is the linear map ε : !E → E, defined by ε(δx) = x, and
then extending linearly and applying the adjunction of Theorem 2.11.

• The unit is the smooth map ι : E → !E, defined by ι(x) = δx.

• The associated comonad has comultiplication ρ : !E → ! !E given
by ρ(δx) = δδx .

Proposition 5.6. The category Con has finite biproducts which are compat-
ible with the monoidal structure:

! (E ⊕ F ) ∼= !E ⊗ !F

Proof (See Lemma 5.2.4 of [9]). The existence of finite biproducts is straight-
forward, as in the usual vector space setting.

The trick in establishing the isomorphism, as usual, is to verify that
! (E × F ) satisfies the universal property of the tensor product.

First we note that there is a bilinear map mE,F : !E × !F → ! (E ×
F ). Consider the smooth map ιE×F : E × F → ! (E × F ). By cartesian
closedness, we get a smooth map E → C∞(F, ! (E × F )), which extends
to a linear map !E → C∞(F, ! (E × F )) ∼= Con( !F, ! (E × F )). The
transpose is the desired bilinear map. It satisfies mE,F ◦ (ιE × ιF ) = ιE×F .
Note that the map mE,F is in fact determined by this equation, since !E is
the Mackey closure of the linear span of the image of ιE . In particular, we
have

!σ ◦mE,F ◦ σ = mF,E

where σ is the symmetry.
We check thatmE,F satisfies the appropriate universality. Assume f : !E×

!F → G is a bornological bilinear map. Let us show that f is smooth.
Let (c1, c2) : R → !E × !F be a smooth curve. We want to show that
t 7→ f(c1(t), c2(t)) is a smooth curve into G. Thanks to Theorem 4.1, it is
sufficient to show that for every linear bornological functional l over G, the
real function l◦f ◦(c1, c2) : R→ R is smooth. Now, notice that, from simple
calculations of difference quotients, we get

δ1(l ◦ f ◦ (c1, c2)) = l ◦ f ◦ (δ1(c1), c2) + l ◦ f ◦ (c1, δ
1(c2))
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and hence δ1(l◦f ◦(c1, c2)) is bornological. More generally, every difference
quotient of l ◦ f ◦ (c1, c2) is bornological. From Lemma 4.2, we get that it
is smooth. Then, in turn, f ◦ (ι × ι) is smooth. By Theorem 5.5, f lifts to
a linear map f̄ : ! (E × F ) → G. By definition, f̄ ◦ δ(x1,x2) = f(x1, x2).
Hence f factors through m and f̄ .

Therefore, the universal property is satisfied by ! (E×F ) which is hence
isomorphic to !E ⊗ !F . 2

Theorem 5.7. The category Con is a model of intuitionistic linear logic.

From the biproduct structure we deduce the bialgebra structure:

• ∆: !E → !E ⊗ !E is ∆(δx) = δx ⊗ δx, and then extending linearly
and using the functor ω to extend to the completion.

• e : !E → I is e(δx) = 1.

• ∇ : !E ⊗ !E → !E is∇(δx ⊗ δy) = δx+y.

• ν : I → !E is ν(1) = δ0.

Thus it remains to establish a codereliction map of the form:

coder : E → !E

Theorem 5.8. The category Con is a differential category, with coderelic-
tion given by

coder(v) = lim
t→0

δtv − δ0

t

The first part of the proof, that coder is a bornological linear map from
E to !E, is an adaptation of the proof by Michor and Kriegl of Theorem 5.9
below. As we will see, their more general result then follows.

Proof. Let us first recall that δ is smooth, hence t 7→ δtv is a smooth curve
and the limit is well defined. We now prove that coder : E → !E is
smooth. Let c be a smooth curve in CE . Then, for any real t, c∗(coder)(t) =

lims→0
δsc(t)−δ0

s
. Consider the smooth map h : R × R → !E defined by

h(s, t) = δsc(t). Its partial derivative at 0 with respect to the second argument
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is smooth and gives us the partial derivative at 0: ∂2h(t, 0) = c∗(coder)(t).
Hence, c∗(coder) is a smooth curve. And we have proved that coder is
smooth.

We now check that the codereliction is linear. It is obviously homoge-
neous. Then, for any v, w ∈ E, we consider the smooth map g : R × R →
!E, defined by g(t, s) = δtv+sw. By computation of the derivative of the
smooth map t 7→ g(t, t), we get: (t 7→ g(t, t))′(0) = ∂1g(0, 0) + ∂2g(0, 0),
that is coder(v + w) = coder(v) + coder(w).

We have proved that coder is linear and smooth, thus it is bornologi-
cal thanks to Lemma 4.6. It remains only to check the two codereliction
equations:

1. Strength: an element v ⊗ δy ∈ E ⊗ !F is sent to lim
t→0

(δt(v⊗y)−δ0)

t
under

both legs of the diagram.

2. Comonad: the first comonad law follows from the continuity of ε; for
the second one, the clockwise chase of v ∈ E gives us lim

t→0

δδtv−δδ0
t

and

the counterclockwise gives us lim
s,t→0

δ[ st (δtv−δ0)+δ0]−δδ0
s

. To prove the two

are equal, it is sufficient to consider the limit on the diagonal s = t→
0.

2

Using this codereliction map, we can build a more general differentiation
operator by precomposition:

Consider f : !E → F then define df : E ⊗ !E → F as the composite:

E ⊗ !E coder⊗1 // !E ⊗ !E ∇ // !E
f // F

v⊗δx
� // lim

t→0

δtv−δ0
t
⊗δx � // lim

t→0

δtv+x−δx
t

� // lim
t→0

f(tv+x)−f(x)
t

We then obtain the following result of Kriegl and Michor as a corollary:

Theorem 5.9 (See [13], Theorem 1.3.18). Let E and F be convenient vector
spaces. The differentiation operator

d : C∞(E,F )→ C∞(E,Con(E,F ))
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defined as

df(x)(v) = lim
t→0

f(x+ tv)− f(x)

t

is linear and bounded. In particular, this limit exists and is linear in the
variable v.

Conversely, if we start with the general differentiation operator, we can
recover codereliction as the differential at 0 of ι, that is:

coder(v) = dι(0)(v) = lim
t→0

δtv − δ0

t

6. Conclusion

Fundamental to understanding the structure of convenient vector spaces is
the duality between bornology and topology in the definition of convenient
vector spaces. Another place where there is such duality is the notion of a
finiteness space, introduced in [4]. But there, the duality is between bornol-
ogy and the linear topology of Lefschetz [14]. The advantage of the present
setting is that the topology takes place in the more familiar world of locally
convex spaces. However, it remains an interesting question to work out a
similar structure in the Lefschetz setting. This program was initiated in the
thesis of the third author [19].

Evidently, a next fundamental question is the logical/syntactic structure
of integration. One would like an integral linear logic, which would again
treat integration as an inference rule. It should not be a surprise at this point
that convenient vector spaces are extremely well-behaved with respect to
integration. The category Con will likely provide an excellent indicator of
the appropriate structure.

One can also ask about other classes of functions beside the smooth ones.
Chapter 3 of [13] is devoted to the calculus of holomorphic and real-analytic
functions on convenient vector spaces. It is an important question as to
whether there is an analogous comonad to be found, inducing the category
of holomorphic maps as its coKleisli category. Then one can investigate
whether the corresponding logic is in any way changed.

Of course, once one has a good notion of structured vector spaces, it is
always a good question to ask whether one can build manifolds from such
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spaces. Manifolds based on convenient vector spaces is the subject of the
latter half of [13], and it seems an excellent idea to view these structures
from the logical perspective developed here.

Convenient vector spaces and similar structures are under active consid-
eration today, see [1, 18]. We hope the logical perspective introduced here
gives new insights in this domain.
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Thesis, (2009).

Richard Blute
Department of Mathematics
University of Ottawa
Ottawa, Ontario, K1N 6N5, CANADA
rblute@uottawa.ca

Thomas Ehrhard
CNRS, PPS, UMR 7126
Univ Paris Diderot, Sorbonne Paris Cit
F-75205 Paris, France
thomas.ehrhard@pps.jussieu.fr

BLUTE, EHRHARD & TASSON - A CONVENIENT DIFFERENTIAL CATEGORY

- 231 -



Christine Tasson
Univ Paris Diderot, Sorbonne Paris Cit
PPS, UMR 7126, CNRS
F-75205 Paris, France
christine.tasson@pps.jussieu.fr

BLUTE, ERHARD & TASSON - A CONVENIENT DIFFERENTIAL CATEGORY

- 232 -



Abstract. Pierre Damphousse was an active member in the community of catego-
ricians. We survey his mathematical itinerary, with mainly three subjects : purity in
modules, cellular maps, fixob functors and the powerset functor on Ens.

Résumé. Pierre Damphousse fut un membre actif de la communauté catégoricienne.
Nous parcourons son itinéraire mathématique, où trois sujets dominent : la pureté
dans les modules, les cartes cellulaires, les fixob et le foncteur parties sur Ens.

2010 MSC : 01A70, 13-XX, 57-XX, 18-XX.

Key words : purity, cellular maps, fixob, powerset.

Figure 1: Pierre Damphousse, à Niagara, en
août 2011

Pierre Damphousse est né le 11 avril
1947 à Montréal, canadien. Ensuite il a
pris aussi la nationalité française. Sauf
pour l’année 1981-1982 où il fut en poste
à l’université d’Ottawa, il a fait toute sa
carrière à l’université de Tours, où il a en-
seigné de 1976 jusqu’à sa retraite en sep-
tembre 2011. Il est soudainement décédé
le 8 juin 2012, à Neuillé, près de Saumur.
Tous ceux qui l’ont croisé n’oublieront
pas sa gaieté, son énergie, sa passion des
mathématiques.
Je voudrais rappeler son parcours mathé-
matique créatif — spécialement en algèbre
commutative, en topologie combinatoire,
en théorie des langages et automates, en
théorie des catégories — et en particu-
lier le rôle dynamique qu’il a tenu dans
la communauté catégoricienne en France.

1. Les études et la première thèse : 1968-1975

De 1968 à 1970, Pierre a commencé ses études de physique et mathématique
à l’université McGill à Montréal, puis il a continué de 1970 à 1972 à l’université
victorienne de Liverpool, où — encouragé par Peter Giblin — il a obtenu son premier
résultat, publié un peu plus tard ([1] et [2]), sur le redressement par une isotopie
d’ambiance de tout graphe simple dans le plan réalisé avec des arcs de Jordan.

De retour au Canada de 1972 à 1975, il soutient en mars 1975 une mâıtrise avec
thèse en algèbre commutative sous la direction de Claude Lemaire, à l’université La-
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val [3]. La thèse porte sur les caractérisations homologiques de la notion de pureté.
Elle part de la question de comprendre pour quels anneaux Λ on peut prolonger le
point suivant connu pour Λ = Z : pour une suite exacte courte de groupes abéliens
(Z-modules) 0→ A→ B → C → 0 les deux conditions suivantes sont équivalentes :
(1) Les suites induites par les quotients co-cycliques de A sont scindées (co-pureté),
(2) Les suites induites par les sous-groupes cycliques de C sont scindées (pureté).
Si Λ est un anneau, une suite exacte courte de Λ-modules 0→ A→ B → C → 0 est
pure au sens de Cohn si elle est transformée en suite exacte courte par HomΛ(M,−)
pour tout Λ-module M de présentation finie, et elle est CΓ-co-pure — avec CΓ la
classe des Λ-modules cocycliques (c’est-à-dire avec un sous-module non-trivial mi-
nimal) — si elle est transformée en suite exacte courte par HomΛ(−,M), pour tout
M ∈ CΓ. Avec donc notamment l’étude des modules cocycliques, et l’introduction de
la pureté et la co-pureté relativement à une classe de modules, à la Warfield, notion
qui permet la comparaison de la CΓ-co-pureté et la pureté au sens de Cohn, Pierre
fournit une condition générale pour qu’un anneau Λ soit tel que dans les Λ-modules
ces deux notions cöıncident. Il précise que cette condition est a priori difficile à
vérifier, mais il réussit à prouver que cette cöıncidence a lieu pour une classe raison-
nable intéressante d’anneaux, à savoir celle des anneaux qui sont presque-Dedekind
(soit des domaines dont les localisés sont des anneaux de valuation discrète).

2. La venue en France, la seconde thèse, ses prolongements : 1975-1990

Après sa thèse à Laval, Pierre a souhaité aller étudier l’algèbre homologique à
Zürich avec Urs Stammbach, ce qui ne se fit pas pour des raisons de difficultés d’ob-
tention de visas, et du coup il arrangea avec Peter Hilton (proche collaborateur de
Stammbach) de venir travailler avec lui à Montpellier. Pierre partit donc s’installer
à Montpellier, mais Hilton ne vint pas et alla à Seattle. C’est ainsi que, cherchant
sur place à Montpellier une solution, Pierre Damphousse rencontra Alexandre Gro-
thendieck. Celui-ci lui proposa un sujet de topologie des surfaces (l’analyse et la
classification des cartes cellulaires), qui aussitôt le passionna. Du coup Pierre aban-
donna le domaine de l’algèbre commutative et homologique, et revint du côté de la
topologie, qu’il avait abordé déjà avec Giblin.

Il travailla jusqu’en 1979 sous la direction de Grothendieck — faisant régulière-
ment des allers-retours entre Tours où il enseignait et Montpellier où il venait discuter
avec Grothendieck. Plus tard, en diverses occasions Pierre racontera combien ces
discussions constituaient une expérience unique pour lui. Quand Grothendieck se
retira, Pierre continua sous la direction de Norbert A’Campo, et cela donna une
thèse de troisième cycle [4] soutenue à Orsay le 2 juin 1981, où est démontré qu’il
y a une équivalence de catégorie notée →↑ : C →M, entre la catégorie C des cartes
cellulaires et la catégorie M des maquettes, qui de plus détermine une équivalence
entre les cartes orientables et les maquettes orientables. Précisons.

Soit d’une part G =< σ0, σ2, ε : ε2 = σ2
0 = σ2

2 = (σ0σ2)2 = 1 > le groupe cartogra-
phique de Grothendieck, et G+ le sous-groupe dont les éléments s’écrivent comme mot
de longueur paire en les générateurs σ0, σ2, ε. On appelle maquette un G-ensemble
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M dans lequel σ0, σ2 et ε agissent chacun sans points fixes, et on forme la sous-
catégorie pleine de EnsG notéeM ayant ces maquettes pour objets. Notamment une
maquette est dite orientable si en tant que G+-ensemble, M se décompose en somme
M = M+ +M− (et alors l’action de ε échange M+ et M−).
D’autre part, en désignant, pour n ≥ 1 par Pn le disque unité fermé privé de son
centre et des n racines n-ièmes de l’unité, et en introduisant P0 = R×[0, 1[\Z×{0}, on
considère la catégorie C des cartes cellulaires, dont un objet est une surjection conti-
nue c :

∑
i Pni → X qui induit un homéomorphisme entre Int(

∑
i Pni) et son image,

et telle que, pour tout t ∈ ∂(
∑
i Pni), c

−1(c(t)) comporte exactement deux éléments,
t et to, de sorte que t 7→ to définisse un homéomorphisme involutif de ∂(

∑
i Pni)

sur lui-même. Chaque Pkn s’enroule sur Pn par z = ρe
2iπt
kn 7→ zk = ρe

2iπt
n , et l’on

appelle morphisme de carte cellulaire de c à c′ une somme disjointe d’enroulements
φ :

∑
i Pni →

∑
j P
′
nj qui détermine un revêtement φ : X → X ′. Une carte c est

orientable si X est orientable.

On appelle bi-arc d’une carte c une composante connexe orientée θ = (cc(t), ω)

Figure 2: La carte universelle, revêtement de
toute carte connexe.

d’un point t de ∂(
∑
i Pni), et on définit

sur l’ensemble →↑ (c) des bi-arcs de c
une action de G : ε(θ) est l’unique bi-
arc orienté de même source que θ, σ0(θ)
consiste à changer l’orientation ω de θ,
et σ2(θ) s’obtient en remplaçant cc(t) par
cc(to).
Comme évidemment G est dans la catégo-
rie M des maquettes un objet transitif
universel, tel que pour toute maquette
transitive M il existe un épimorphisme
G → M , du côté des cartes il lui cor-
respond donc une carte connexe univer-
selle C qui est un revêtement de toutes les
cartes connexes. Pierre la dessinait ainsi
(figure 2), à coups de points de branche-
ments et traits de coupures [4, pp.40-44].
Cette carte est comme un papier préligné
qui peut envelopper n’importe quelle sur-
face connexe cartographiée de manière
que les lignes du papier se superposent
homéomorphiquement aux arêtes de la

carte. Auprès de A’Campo, Pierre s’initia à la géométrie hyperbolique, et construisit
alors de la carte universelle C un modèle hyperbolique dans le disque de Poincaré [4,
pp.47-53]. Ce qui est lié au fait que G+ =< ρ, σ;σ2 = 1 > se représente fidèlement

dans PSL(2,Z) par ρ 7→
(

1 2
0 1

)
, σ 7→

(
0 1
−1 0

)
.
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À son retour d’Ottawa en 1982, quand il vint prendre définitivement un poste à
Tours, Pierre continua son travail sur les cartes, en publiant une version concise [5]
(voir aussi plus tard [16]), et prolongeant dans trois directions :
– Il s’intéressa à la caractérisation des endomorphismes de G qui sont cartogra-
phiques, c’est-à-dire qui transforment les maquettes en maquettes, lesquels s’avèrent
être les endomorphismes injectifs et 18 autres non injectifs, qu’il précise. Alors le
groupe des automorphismes extérieurs de G est isomorphe au groupe des permuta-
tions de {σ0, σ2, ε}, soit S(3). Le monöıde extérieur des endomorphismes cartogra-
phiques est appellé monöıde des mutations. Voir [15]. Ce travail a été catalysé —
pour le dire avec le mot de Pierre — par des conversations avec Christian Léger
et Jean-Claude Terrasson lesquels, d’un point de vue différent, ont essentiellement
décrit les mutations induites par les automorphismes extérieurs de G, qu’ils appellent
métamorphoses.
– Il observe que le P0 utilisé en théorie des cartes n’est pas en fait le seul “polygone”
infini intéressant, que l’on pourrait y remplacer l’ensemble Z × {0} des trous du
bord par un L×{0}, avec L ⊂ R un ensemble dénombrable uniforme. Partant de là
il s’attache à la classification des ordres linéaires dénombrables uniformes (dont le
groupe des automorphismes agit transitivement), qui sont les Zn et les Q.Zn [6].
Ces travaux sur les mutations et sur les ordres linéaires restèrent inédits jusqu’à leur
reprise en 2003 dans [15].
– À partir du fait de la représentation de G+ dans PSL(2,Z) il se tourne vers le
problème diophantien de la détermination des racines n-ièmes dans PSL(2,Z). Il
décrit alors [7] le calcul des racines n-ièmes dans les groupes GL2(C) et SL2(C),
soulignant comment le calcul des puissances et racines dans GL2(C) et SL2(C), qui
en lui-même est une question simple d’algèbre linéaire, dépend de l’arithmétique des
polynômes définis par P0(t) = 0, P1(t) = 1, Pn+1(t) = tPn(t) − Pn−1(t), (liés aux
polynômes de Chebyschev) puisque, avec χ = a+ d on a(

a b
c d

)n
=

(
aPn(χ)− Pn−1(χ) bPn(χ)

cPn(χ) dPn(χ)− Pn−1(χ)

)
.

Il fournit dans les trois cas (χ = 2, χ = −2 et χ 6= ±2) des formules explicites
pour les racines n-ièmes qui, lorsque l’on y remplace n par 1

n , expriment en fait les
puissances n-ièmes ; ce qui suggère, remarque-t-il, en remplaçant n par un complexe
z, un calcul des puissances complexes Az pour les éléments A de GL2(C) et SL2(C).

4. Question de fondements en théorie des catégories : à partir de 1990

À la fin des années 1980, Pierre s’intéresse à l’intelligence artificielle, à l’informa-
tique théorique, à la théorie des automates et des langages. Ses réflexions dans ce
domaine, sur la nécessité d’une approche plus structurelle et catégorique de la ques-
tion des langages et automates, notamment sur la nécessité d’envisager le treillis
des automates reconnaissant un langage donnée, sur la nécessité de tendre à une
détermination naturelle voire tautologique de l’automate minimal, seront publiées
en 1992 [8].

GUITART - PIERRE DAMPHOUSSE (1947 - 2012)

- 236 -

3.

André
Rectangle



C’est en 1990 que Pierre se tourna franchement vers des préoccupations sur les fon-
dements en termes de catégories, ce qui le décida à se rapprocher du groupe des
catégoriciens à Paris 7. Il vint donc nous parler de ses préoccupations sur les lan-
gages — celles de [8] notamment —, mais aussi bien sûr de ses anciens travaux de
ses deux thèses, où évidemment les catégories étaient présentes de façon centrale.

Pierre est devenu immédiatement un membre très dynamique de la communauté
catégoricienne française. À partir de 1990, et pendant une douzaine d’années environ,
il est venu presque chaque semaine à Paris pour participer au groupe de travail de
l’équipe. Les SIC (Séminaire Itinérant de Catégories) ont commencé vers 1986 (ou
1987 peut-être), il y en a en moyenne 2 ou 3 par an, et aujourd’hui ils continuent,
bien actifs encore. Pierre a donc participé pratiquement à tous les SIC à partir de
1990, et il en a notamment organisé à Tours au moins trois (le dernier en 2002). À
la fin des années 1990 il a créé la liste de diffusion Cat_fr, dont il a assuré le rôle de
modérateur jusqu’au moment où il a envisagé sa retraite, peu avant 2010. Cette liste
fut un élément indispensable au maintien et à l’amplification des séminaires SIC.
Il a aussi organisé un colloque “Topologie, Logique et Théorie des langages” (3-4-5
octobre 1991, à Tours) et le 57 ième PSSL(18-19 février 1995, à Tours). Lui et moi
nous avons organisé en 1994 le ECCT ou European Colloquium of Category Theory
(25-30 juillet 1994, Tours), placé sous la présidence de S. Eilenberg et S. Mac Lane,
dont nous avons publié les actes dans deux numéros spéciaux de la revue Applied
Categorical Structures, en 1996.

Dans cette période, Pierre et moi avons collaboré et publié trois articles [9],
[10], [12]. Le point de départ était la question d’une théorie des langages et de la
traduction, que nous envisagions sur la base, sur la catégorie Ens des ensembles, de
la monade L = P ◦ (−)∗, où donc P est la monade des parties, dont les algèbres
sont les sup-treillis, et où (−)∗ est la monade des mots, dont les algèbres sont les
monöıdes, de sorte que les algèbres de L sont les monöıdes sup-complets. C’est donc
en les pensant comme outils pour une future théorie de la traduction que nous avons
dégagé les trois résultats suivants, qui ont peut-être leur intérêt propre.

– Dans la recherche de quantificateurs non-standards on rencontre le problème sui-
vant des fixob. Si C est une sous-catégorie pleine de la catégorie Ensf des ensembles
finis, on démontre que tout fixob ou foncteur F : C → C fixant les objets (tel que
pour tout X ∈ obj(C) on ait F (X) = X) est isomorphe à IdC si et seulement si
C possède au moins trois objets non-vides non-isomorphes. Sinon une construction
explicite de tous les fixob non-triviaux (i.e. non-isomorphes à IdC) est complètement
détaillée [12], et ces fixob non-triviaux sont effectivement exhibés et comptés. Dans
la thèse de Farhan Ismail que nous avons co-dirigée (F. Ismail, Les fixobs de sous-
catégories pleines squelettales engendrées par des ensembles finis, Thèse, Univer-
sité François Rabelais, Tours, 25 septembre 1995), on trouvera des statistiques de
dénombrements détaillés, par exemple le nombre NTn des endomorphismes non iso-
morphes à l’identité de la sous-catégorie pleine Ens(n) de Ens engendrée par un
ensemble à n éléments. On a NT2 = 3,NT3 = 13,NT4 = 89,NT5 = 391, etc.
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– Dans l’étude des quantifications et substitutions itérées, on tombe sur la question
des transformations naturelles entre quantifications. Soit pour tout ensemble X,
P(X) l’ensemble des parties de X. On sait que P est un foncteur covariant de
deux façons, notées ∃ et ∀, et contravariant d’une façon notée C, avec, pour toute
fonction f : X → Y , ∃f a Cf a ∀f , avec ∃f(A) = {y;∃x(x ∈ A) ∧ (f(x) = y)},
Cf(B) = {x; f(x) ∈ B}, et ∀f(A) = {y; (∀x(y = fx)⇒ (x ∈ A)}.
Cela dit, on peut classer complètement [9] les représentations naturelles de P(X)
dans PP(X). Il y a 16 transformations naturelles de C vers ∃C, 16 de C vers ∀C,
16 de C vers C∀, et 16 de C vers C∃. Soit donc 64 transformations de source C.
Chacun de ces 4 ensembles de 16 transformations a naturellement une structure
d’algèbre de Boole. Dans les cas covariants, il y a 16 transformations naturelles de ∃
vers C2, en bijection avec celles de C vers ∃C (parce que Cop a C), et il y a autant
de transformations de ∃ vers ∃2 que de sous-foncteurs de ∃, lesquels sont ou bien ∃,

∃− ou ∃−− — avec ∃−(X) =

{
∅ siX = ∅
∃X siX 6= ∅

, et ∃−−(X) = {A;A 6= ∅} — ou bien

déterminés comme des “bornes”, définies pour chaque cardinal α ≥ 0 par :

∃<αX = {A; |A| < α}, ∃−<αX =

{
∅ siX = ∅
∃<αX siX 6= ∅

, ∃−−<αX = {A; 0 < |A| < α}.

– Toute fonction f : X → Y , agit sur les parties de façon covariante ou directe ou
de façon contravariante ou inverse, et ces deux possibilités et leurs itérations sont
significatives pour l’étude de la traduction. Il faut donc comprendre comment elles
sont reliées, et l’on peut justement préciser là une dualité. Si l’on désigne par Qual+

et par Qual− les catégories des ensembles qualifiés (X,X ), où donc X ⊂ P(X), et
applications f : X → Y “directes” (telles que ∃∃X ⊂ Y) ou “inverses” (telles que
Y ⊂ CC(X )), alors on peut relever à ces deux catégories la monade “de Stone” qui
existe sur Ens (d’endofoncteur CC) et détermine Ensop comme algébrique sur Ens,
de sorte que chacune de ces deux catégories soit la catégorie duale de la catégorie
des algèbres de la monade relevée sur l’autre, et ainsi s’établit la dualité envisagée
entre le calcul des images inverses et le calcul des images directs.

Après son habilitation en 2003 [15], Pierre s’est à nouveau intéressé à l’algorith-
mique et l’effectivité, la programmation, le codage. C’est dans cette direction, en
reprenant ses études sur les cartes, qu’il a dirigé la thèse de Nicolas Juge (N. Juge,
Arithmétique et combinatoire effective des cartes cellulaires, Thèse, Université Fran-
çois Rabelais, Tours, 13 octobre 2005).

Suivant son intérêt pour le codage, dans une collaboration entre l’université de
Tours et des universités canadiennes (Laval, Concordia, Sherbrooke), il a initié en
2002 — et dirigé ensuite à Tours — une formation internationale originale, nommée
MIMaTS (Master International de Mathématiques des Transmissions Sécurisées).

Il a aussi fondé en 2000 et dirigé depuis chez l’éditeur Ellipses une collection ori-
ginale de petits livres d’enseignement de mathématiques, rigoureux et soucieux du
développement historique, dont chaque volume présente un sujet de façon autonome,
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collection nommée Opuscules. Elle comporte actuellement 8 volumes, dont 2 remar-
quables sont de Pierre lui-même ([11] et [17]), justement sur l’arithmétique et sur
l’algorithmique. En 2006 il a obtenu une mention spéciale dans le prix d’Alembert
de la Société Mathématique de France.
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