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1]{lj ÈXrrl-rclT SoLUTION OF THE EQUATTONS OI TItE ILASTTC DE|ORMAIIONS tOR A
STRqTIFIED ROAD UNDER GIVEN STRISSIS IN THE DYNAN1IC CÀS!

1 .  Bâs t id i r

.oDsra{s (or ns Youn, Eodrùs
ard PoLssôo .aio) and

y iundro.s the aP
ôn .especrire sù.s o. rhe Éfaûê!e.n.

a  rosd  s i l l  be  . o r . r d - . . d  Ê ,  r  ô t " s '  ,  s r r su
i d  m d v  I  r ^ r e p  d i m - n s r o '  d  o s , p  c 1  ^

t 0 ,  " t ,  e ,  - . ! ,  be  a1  ô r ' hôso1 ,
.@|d r '  r p .  o l  pô !1  \  bc  ' è  ( \ r .  \ , .  r 1 , .  I  i "
dc lmÈd  rhp  r l e  vô ,  ' ô r  0ê . r  i  .  eê i  , c ;  i  do , r
ward orlenr€d and thât th€ ùee su.face ol rhe road
the surtace x3 = 0,

t l e rè  1 r r  q  t aJê r5  o I  l o rogÊnou ,  r r  d  s " .
r r o p t  m a p r r r l  . . r â - d  r ê  i / d f o - r 1 è p - r h t J - r
by Ldé's elasrtc con6tânts Àp lnd !p Ènd den
sily pp; the consraûs rp and !p âre obrâjned
f . on  , r  YoûS  nodL . ' s  F I  "m  l p  Po r " "o
rlilo 'P by thê lorhulâs:

-PFP

( r  +  ' e ) ( 1  -  2 o ! )  
'  

2 ( t  + d P )

T t p  p  , 5  L 1 "  ,  . - f i n p d  n l  h r ' l p q r d l i '  F . :
' ,  I  -  r J  l p l ô - 1 r L .  q , a { | ' ê r  r \ t a v ê r
r s . e rneo  ! y  nq  I  13 .

Tbe time paramerer will be dênôtêd b_1, t.

'D r .  i n  Ma thmâr i cs ,  B ,P .  , 19 -0? ,  Pa r i s  7 ,  I r ance .  ( a )

In the p-th layer, the displâcehenr qp h3s

@-p@4ts (ul. '!, ,!r *r'r.r' âre rùnctions or x
0d i md solutions ôl the system (1):

, ,  ? '4 - ,PÂ"1 t ) r* ,1à4,0 (  .|  , t '  I  '  ? \ t

^  - r P  ^ 1  f  ^ r P
""' = :-i{ - 'it -;E'

, , e  _ rq f "_è_s i . ? . l = j' -  
? ' ,  ) x :  à x r

t 2 )

( 3 J

lurtlremore, thê follôNing bouùdary côndi-

1) lor t = 0, rhe displâ.emenr componenrs and
thelr lùst pârtjrl de vaûveê in t vùish in eyery

2) For i > 0, the sù€sÊ componenls on the ire€
sudace x3 = 0 are give. fu.clions 21, r2,za ol
(xr, 12, t) and we have Lhe lollowing equarions In



",r3i * 5)= '
r '1$.ff i1="'
re' ê.:ci * l'ei=*,

in whjch I is delined will be denored bv g(Fl

we may deline an order in @ in lhe lollowihg
ùr!: F is â restrictiôn ô1 G, or l < G, il ând

orly t, ror evèiy d rui-slins outslde a rFunded

set .ônl n€d j.l](r), Ne hâvê: I(O) - c(d)

$jth this ôrd€r, O js â species ol l9cal stru.
rurcs spread over thê sêt oI the.pe. sets ol Èr,
rearns to ll'."sn'enn's d€fin ton. A djg!!ùl!
L ron  i s  r ;  e l en ,€n r  " { , he  comp i€ r r  spec ' es  o t  l ôca l
-ùu. ,u"" ,  (dr  s .û iered; i r t6  rso Èrêments
f dd fi 01 O xre comDbtible tf, Jor .eÉrJ d vù
rehjns oùL'ide a L";;aed;T1on.ainêd ih .Q(lr rd
in  9 (F ' ) ,  rê  hsve r {d '  =  I '  {d l  q  d is ' ibur jon  i r
d  complÊre  lm iLJ  c  o l  eLemênt r  o l  o ,  rh t '  i :1
ldily satislyinA the tollowi.g conditionsl

1) Two eleme.ts ol c àrê côlrpalible.
2 )  C conrarns ,  s i th  I ,  d l l  rhe  rês t r . t 'ons  a f  I
JJ  Ler  t I i ) r . r  be  .L  sub- lhL Iv  o (  e lFmenr \  o l  c
sùch thât !i < G lo. àny i in I; then C côntains thê
rêsrriction ol Gro the Êet oI tll rhe Doints belong
ins âr l€ast to ôn€ l?(!i),

r1€ ser ,Q(c) oi all thô pointÊ belongina at
leaÊt to oùe .Q(r), vhere F is âny elemert or c, is

ln  pâr t tcu l r ,  ù  e lement  I  ô lo is  the  d is
lriburion delined bv all ihê .eslrictions of F Ihe
d is t r ibuL ion  Cr  i s  !d led les t r r r t iôn  oJ  C(orC<C)
i t  c ' rs  ron t r  n rd  in  c . -c@ lmr l \  ( t r )  € t  o r
compari lrle el€;ents ol O , there is â sm3lLest di s-
rfibuiioù c such ihat Fi < c lor any i in Ii c ls
can€d ine disrdburion generaled by (I i )i € I .

A dist button C su.h Lhât !2(C) - Rn deter-
mines a linear lun.lional also denoted by C on ihê
setJol aurùnclions d vanishingoulêtdeabou.ded
set. In this case, lhe notio. ls equiYalê.{ wiù rhar
ol ! dislrtbution delined by S.hwârg(e, as ù elê
ment of ihe duâl oi the ve.rÔrial tÛpologicâr space
J ,  rhe  dehn i r ion  g ivên àbove is  â  pÙt icu la r  case
ôl LhÊ detnition ol distructulcs (') sôhe nethôds
*hich wùt be used;;;;fi;caln ure; it rotld be
dilficuft to justifu them s h the odinùv Global)
delinitiôn of disiributiônÊ, but they lolld easily
l.om rhe ùeory ol Èhrcsmùn lo.Ètstrùclues,

FXMDLÊE: I loc'lrv LnLerahl€ lunctiôn f del nes
x  d ts t r ibu t iôn  . t i l l  dehored b
generated ib R1 by dxz, wheie:

l z ( x ) = n  i l  r < m
z ( * ) = x  + m  i I  n < x !

is lhe Ileaviside fùction Ym, Its 1ir6t lunctionrl
derivatire is the Dirâc meaâure dm sùch that:
ôn(C) = d('i ror êYerY P.

6er!trons \\€ *'Ll use the lôllôw ng operaiion6,
;Îerê c dênoLe" x drsùil'utiôn ôn 3n

ô i1 .  . .  rp  c (C)  =  (  1 )Pc(ô i1 .  . . ip  d )

2) rensor lrodud: Ii é ls defined ù Rù+mdrd
ranjilèi otsld* tnunaea sel, let é,y be rhe tud

t 4 )

( 5 J

{ 6 )

3) loi | > 0, lhê displacemèni and shess compo
nenls on the iDrersuilace x3 = hD are the sam€  
lompured in the p tù layer or-in the o + 1)-th
lsyer, which leads to the lolloùing equations rn

II
, : , ,  = " :  ,  . re , . ; .11 .  i7 )

Ë'it*
r' l.r,t' : r \r_1cp)1,i,(r1:)rlp$,_.!l),' r

d r r
'ftus ùè displacem.nr is solùliÔn ol a mix€d

Câuchy prôblem lor rhe Êystem (r) nris Frobleh
is solved by th€ melhod sket.hed in (b), which is
d apllicario ol ihe notion ol disfuctures intro

Lei nn be ihe n dimensiôbal spacer â point x
ôl Rn hrs roordrnate\ x1. . x^, \n opeh ser ol
Rn  j s  d  sê t  ç  " h l . h  con ià j r ,  * , i t r  ocn - - i n t  r  o l

r"'' {'= C â{- 1n'-'r1$U"tr"r

* i l L  be  denô1ed  byd i r  .  .  i l d

ç ,  a .  o le i  d is .  t l1 (y j  -  {  )2  < . .

set is â sÉt shich is containêd in a disc.

tù â11 rhis sedion, d {ill denor€ ù iùlinitely
diflereniiable real vâluêd ÂDction delined ih ar

Lêt I be a continùôus rcal valued lûclion de-
lined in l2rlor evea d vanishins outside abounded
set contrinêd rn L the il-êbêssue) inlesral: (@)
= Jl2r(x) é $)dr is deljned and: C >1(ô is â
l ea. iunclioùal ot d de.ôted {lso ba L

For evert sêt ôl intagers (i1, . , .. ip),
ô!d

d + (  l ) P r ( ô .  . é l

is â li.ear lunctional oi C denoled by ôj1 . . . bl
and called the lu.ctlonal (il

Il ! is p rtmes continuousl, dlfie.entiâble, thlÊ
tunciionâl is the 1ù.tiôMl .orrespôndin8 as âbove
to lhe ôrdimry (i1. lp) laûid deritattYe
ô t r - . , , r t

Ler o be thê Éet of all the tun.lionàls delined
âbôve corresponding tô â11 open seis ,9ol Rn; e
elemeni I ol @ cù be obrained iù differenl ways,
e . g , , l  - 0 i 1 , . .  i p  I  = ô 1 1 . .  -  j q  C . T h e d o n a i n

19t



x  >  p ' (x ,  y )

vherc x is â loint ol Rn, y x poinl ô1 Rm, so thar
e, y) is â poini of Rn+n ' Rn x Rm. Themalpins
9C: y + c(pl,) is ùninfinitelrdiilercrtlablelunc,
lion on Rn which vxnishes outside , b.ùnded Èêr
Le! C' b. ! distribution on Hùi tben, there Is â
dislribution C O C on hn+m such drat.

c A c  ( C ) . c , ( d b ) .

C@C js .âned lhe  rensorprôduc to tc  ând C,  ând
s e  h â v e :  c e  c r  =  c ' 8 c .

3) Produdbr ân inJiritetydifterentrablelùdiùc

dc(d)  '  c (ad-

4) Divislon br à polrnomidl: Forêve4 Dolrnomial
P, th;;tæ-ii:i;G6Guuù! c P su.h rh;t:

(p(c/P) )(0) .c(c).

ALI ihese dlslrtburions hÀve the 6me rest.icrion
to lhe open sel ol Rr fom€d bt, the poinis {hjch

Temperârê di6tdbutions: Stn.e rhe definition
or distributiobs ls ol r loc nature Ih Rn, it.an
rre eftênded to a muitold (tljât is ! space shich is
locâlly homeomô4hic to a. olen sd ot nn, see
Ehr€snùn lor ). h prrriculâr, some diÉûjbutiôns
on R" âre the rest ction to Rn ol e distribùtiôr
the donain ol which is the slhere Sn (obtai.ât rry
adjoi.ing tô n. a poibt ù at infinity). Such a dis
t r ibu f ion  I  r r  L1 l led  a  remDerJre  d i6 t r ibu f iun .  T
r .  â  l inmf  run . t ion . t  ôn- rh€  ser - " f -o l  J I  i ' t i n r re t j
dillèrènriâble funcrjons ry' *hich 

-râpidlr 
decrease

to 0 near the loint {, as welt $ every ol th€ir
p-th pariial dert'âtives.

The loulier lransform:

r f'- -21ir'.8
r  r  Yr  rÈ ,J=  -  -JY 'J  6  d ' ,

* h . . "  L  =  t I * . ( . x t q l + . . . + \ r ( r ( b e
ins  â  po in r  o f  ErL  to r  râ rhFr  o t  i t s  dur l  Epa.e l ,  iq
deflnêd lôr eeerr ry'. The lourie. inùsloû o1u
tempemte disfiburion T js the iùcliônât delined

{  9 ? ) ( y ) = 1 ( 5  y ) ,

ror *ery û in.t Fr siu alsobedenoLed by T,

The disllibution delined by â lunction t can be
ramperlte as ! distrirrutiôn, eren l1 L\e ordinâ.y
Fourie. traNlom oi I is not d€lined,

I1rr sery t€hpÊralc disr.iburio. T,th€re ex-
i \ t ,  àn  dn i@e d is tnbut jon  i  su .h  tha t :  ç l  =  1 .
$ r l f l "A  J  =  * r ,  *e  h" 'e ,  y t+ \  =  r .  

-

- We wiu use rhe followi.g fgrmutas, in which
om ls  lne  D i ra ,  mersurê  ôn  Rr ,  T  I  remlerâre
d is r r ibu t lon  on  Rn and 6  I  pô in r  01  Rr  l respec

çÊ - - -2 i  / thÀ

F(à ,  ,  r )= (2 r . ) !  à .  . . .  ,  î  t r e )" ! ' . v l J . ] . " p

I! E'I]]OD ]N THE

In ihis section, we sill .onsider onll ihe p (h
lâYer and mây omil Lhe erponents p.

Prôblep (D: To tnd â sôlution ol lhe svsien (1)
Éàtislyi{q the foll@ing boundary cônditions:

(Ir) ror r - 0, we hrve:

u .  s  0 ,  ; t  
-  0 .  { h e f ê  r . 1  , , 3

(I2) Ior | > 0, tb.luhctionsui arê trorn lunc ons
u, (resp. ui) ol t, {1 {trd \), on rhê }ur13ce !1

hp 1  ( resp .  t3  =  lb ) ,  {herc j  =  1 ,2 .3 .

aÊ l.hê system (1) iÊ hrTerbotic iù rhe sense
oi Petmssk_v 1C,, ir is krNn that the pmblem (t)
hrs obe and ôù]y one solutto. cônespondi.g to rùe
siven lunctions uj a.d uJ.

The pmbteh {I) beiùgamj{ed Cnuchyproblem,
we âplly !o it the m€thôd indicated in 0)). rhis
melhod consists i. solvi.g the prôblem (II):

P&blem (II): To find a soluiiôn ot rhe syÊte (1)
sâtislyins th€ conditions (It), (12), andrhecondiriôn:
(I3) Ior r > 0, rhe tunctioùs ô1ui âre r.nown lunc
, r o n s  ô J u ,  ( r e . p  ô r u i , o r , ,  a , ' . , , i  r e s u r l J . e
{ r  =  h i .J  i resp  y - t=h ! ) ,  "h ; r " i -  r .  z , l

Th€ cohdilion (I3) beinB In ex.ess.rhelroblêm
(II) hâs gen€ratly no solùrioni but il itdmits a so
lutjon, ûên this solu on is soturion ol rhe lroblem
(I). Thus, by sôlyilre ihe probler tII). se will Rr
on.e soLve Lhe^ problem (I) a.d liùr retar,ons bê
rseen u i ,  ! i ,  o3u i  ànd d3ut .

b rm ( I I ) :

lr uj is solu on ol the problr (r!. rhe lunc
t ions  v j ,  j  :  I ,2 ,3 ,  such thâ t :

êr€ tqo tihês dillerenriable functions wirlr respect
tô r! a1,x2, ând have ljrsr ôrder discontinunies

11 od the surfuces x1 , h-_r .L.d
13 - hD. cônsrd;ed a. ai't.it'"t:on., rlËy'r,*e
1u..tiônâI3 pa iùl d. vatives such th3tl

f \ td! \t  rYi = -ar.r nt tx) d) f (x)dx

= -(ur (hr){(hJl+tt(rt,,1h(hr-j)+ ?3 u1(ç)
i  e  à , v ,  =  ) , u ,  r  g , o  3 ,  -  q . 6 à ,  ( t J )'  " t r  '  " f

v j  =  0  r (  \ t .  h p . l  o r  h p  /  y 3
v t = u r  ù  h ! 1 < { 3 < h p

?rt";= Qç1 *?*u,
) . "v ,= à. .u,  + à.a.  +! .

( 1 4 )

a , = u , r p  â ,  - u .  e  à .

"j=a1,, Ji'i .lg,"he"" (cr )



From the eqmltons (13), (14) and(1),{eset

r É v J - t  ô l | - l ^ r $ l c j v v  -  n j  ( r 5 J

u]=-t{  ôs1+t1)- ( l+F)qaô '  J=r '2

i{=-{Ireg) {?ra"+r.)-{ l+t)  (ara1+a282)

As the sysiem (1) is hlç€rbÔlic, ii cân bê

.i.vêd (e) rhÀ the slstem (15) {i1l onlv hxvê lor

sôlutions tùe distdburions vi co.responding to rhe

tun.tiô.Ê ui sôlutions oI (1); moreÔver il thelunc
tio"s ur ai'a ri dèlinê Lemperâre disfutbutions'
$".. ;àlutiona'lre âlso teùperaie disiributiôns
Our meLhod 'lôes not.lèpend uPln rhese rêsu] sÙ'l

cou ld  t r ôeê  rhem rno t r  ( as  dohe  i n  r c r )  $eucê

ihem herê tor ihe sâke oI stmrlilicarion.

Applying the Fourter ûâNlormatton to the

t vo  memLre rs  o f  ( 15 , ,  * e  ob taLn  â  . ! s l em  Ôr  l i n€a r

equa t i onc .  { hp re  r ,  ç r ,  ç2 ,  43deno te  t he  ! a r i !
lrlec ultêr the loùriei trênslormatio.l

i L

^  r  :n j -  (À** ) t r l i ' i * t .q rÀr " , t=  #  éo t
i i j  =-*(xi"à)âr*1j)-1(r.s);rè;â,, ; =1,.1

1,= 1l*r*){rri,a,,î,)-z (r.1)i^ (i;,*LâJ

pr r !  =  ç t ! -  6 t l i " l i  J i )
tr+2pi: = f!'- (À.1e)tqï+È:+!;.)\  - 21

The ôrdlnary Crâmêr method for linear equa-
tions redù.es the svstem (16) tÔ the svstd {17)i
lihe equnLions *ilh * will be lound atlhe end ol Lhi6
;roea. ù ft. problem Oll has I solution ur. the
c,iresponoins orstr rr*'on çi 1dm,ls dr a rourier
r - * tæ-  one ô f  thê . l i s t r i6u t lons  ob taLned b j  d r
v rd ins  the  sc  onr l  membqrs  o l  (1?) r  b l  the  pÔlvno
mrJL:  2 i r l r (À  |  2 / r ) l \ l zNz rmong the  . l r ' t r tbu-
dons ôbtained by this divisiôn, lhere is onlv one
remleraLe distribùilon thc inverce !ourie. trâns
lorm ol which has a rêÉtri{iôn equal tÔ 0 Ôn tne
se!  x ,  <  h -  , ,  \1  /  h -  l seê  (o )  Thê t r3hq iÔn
t o- il ,A'lrrr-mr inirôdu.e qôrut ons or rr5l
shich ùft not solùtions oI the Droblen (II)! in lad
the distribùrions introduced by ihe boundlrv con
dftions àre "supporled" bv the boundarv oj ihe

t > 0 ,  h p - 1 < x 3 < h p

ir rhe 4 dheNionâL space (1, xt, x2, x3); this
loundrry hæ singù1âr lnreslor t - 0, so thal oiher
boundarJ  ond i 'Lons  .Ôu ld  g i le  r i \e  ro  the  same
dLstribùt1ons. tl! expressjne rh.Lr thF !oh'ljtioÔ' in
prôblen (I) ùrê satisfisl, NewiLl determlne nec-
.ssary 3nd suflici€ùt ielations betseen the given
tun.lions in Drôb1en (I! lù Lhe existence or ! so

ln order ro writ€ thâL the cÔndition 02) i6 ful
li1]ed, we âre gojng to compute theinversê FÔurier

tnFtôm s fqrÙ oJ rh€ d'.'rihutiohs.vl 'Ôn

sjdered as dislibuiions wirh resped 10 ç3 àtône

The compele justili cêtion 01 ure lollosina com!ûtâ
t r on ,  $h ' ! h  r equ i r ê .  r  p rec i se  l ocâL  s tud !  o l  Lhe
ineôhed  dLs t r r bù t rôns .  t an  t r e  l ound  j b  r r ' ;  Lh l s  i s
one oi the most diflicult parts o1 our pfoblem

Ler us rûst compurè:

I  = fr  tPttr  ru2tr ,

wnere Pl(1/tN2) is the partilulâr dislrtbution ob
iâined by division ô11by /rnj the thverselÔùrter
|raùslôm oi which is:

*  rh  respe t  to  ( f ,  11 ,  (2 .  t3 t r -22  i "  tneats t r iou
tiôn ol À{. Rielz lh R4 dei'nen (nr bv:

" l  _ r
ze = fl[ -i---_----_--  t+z 2, -L  n r (à)  r (#)

t)0

(  c g )

-t27p tt r'24 S "27y trdP1'""h

I :

is r temp€rate disbibution! ve hâae

- t  n2 d-

|7-fl2 
",v+,t "z

l-et é be a posilL{e nmberi it hay be lrovedthar:

i= l i{

t ' =  l -  z '  e - r rn l { t ' iÉ r  d t
J,tnt "

= ll",lt-;46çi*" ''""'
É . -  Z n I .  - l a l  '

The s)nbol & cenotes theofiinlry LaplacetrBns

-  ,  ù-2r l ; r

LJ "t'')i.")=lËt (ÊJ' Kg*{r[r") t rs t
? '  t r '

K! being ihe môdilied Hank"11*"1i6n 0); ei oce,

{ .  "  i '  À / I  " ' l

V e F  è  "
r . = _ _ ( 2 0 )

we apply Bôclne/s lormulr (j):

; n11y= aç-J-r ryr v/" I* lr"llly)ly

fSJ;""F'r"''Ù'a*)r*r

f l -{



in shi.h l dênotes â luncriôn ôl x - y

.  l - i  -  ' ' ;  i ,  R".  1 .YÉ1. .+ç' .  Jnd r!  "
modified rÈssel lunctiôn 0), in the câse n - 2.
Frcn (13) and (20) jt torbws theb:

J.(lnyalrY

{  c a )
'rhis int€grâl is th€ limit lbr € > 0 ol the Fourler
t.inÉlorm in u = 0, ôl the fdnciion:

{y"*'i)lttr=r,, l-r"'l 
';. -'

" ' "-(c/r)à 'r""

u=1i y2+x! .

I
ro(2?Yd(u2-r€)Z)

( 2 1 )Àr "-  ( t r l  F.)è-2nlr3lÀ

1  J r
-  -  

/ , (À  +  2 / , )M jN j  
-  - l  

l ^  / 4 r z

]n rhe srûê {ây, *e hâve:

I  J:, (! t  r ,  ) i{ .)=-L"- '" 
^r" 1:r)' l  lÀ r r f rN - -  À+2e

-:--
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Inverse lourier bâns1ôh ôl ii:

i ' j is a sh ol ierms ol lhe lorm:

^ -" .  .qr l re 5,)  -- ,  c trT re-21{aÈ5.---F"t--i

where T is ! known drstriblliôn, d ! pôrynomiati
PI denolês dle quotie.t disrribution such thrt the
rcstrictiôn ol iis inverse lourier banslornr 10 rhe
s e t :  x 3 < h p l o r h p  <  x 3 i s o .

$Je will nor ptuve bere the fôllôwj.g resuli,
tàe demoùsrrariôn olwhich depends esse.rially upôn
lhe 1ôcùl delinitioù ol a djsbibutto. and hay bê
lound in 1.,: g&s isinlactaiuùclionol{3 takins
its vêlues ilre sr.ce ol thÉ distributionsùith r-
s!€ct lo (7. ç1, ç2) dnd such lhât:

rSç:r sle3r - t9'ç, çfi7) ) (x3 n) i.

rrr€.rist butions ierrnfipr -" obtaine.r ûom

ùe formulas (12), (21), (22) and (23). Thrs, ûr.
Iou.i€r transfom ol ii sith rgspect to 13 is r
iùclion oi x3, sùr ol lùctio.s gh s.

LeL G writè the equtionsl

q r  l lqJvL l  I  h? .1)+ \ r  ( ' tDvr ) (hp  r l=q ,g ! . ( r ' r1

, Ê  a  . , l
r J à 1 Y B r r ^ e 1 r : u 5

sbi.,h express the condilio. (I2). Alter huxiplicà

ti(^ + 2/rats(A, R2) we obt.in rhe system (2,1)i,
in shich we hare pù1:

: ={ri, -À+, ' r =g. I
^ - l

.5 =ttqr + ç2=u2 . !  =gJ 
l-

2irv=lr5arur+iS àrur, 21rf=9d1url ' '?,

2in Y = 
lYa,u1+ 12 ràrur, ?iaT=trrul l

= __t
- -2^(hD-hn-r)A-  ._ ^-z(hn-bÈJ!  ^

\"6)
The systen (24)r tndtcâtes thc rélâtiôns be'

lseeù rhe s iven fuhcr io.s  ! ,  s ,  ! ,  l ' ,9 ,q,9,4,
{hi!h are nec€ssar! rnd sulticient tor the exist
ence ol a solution ol probl.m gl, By flre ordinary
Cramer ùerhod lor lineù equÊiions, ùe obùin
l.om (24)r ùe srsLehs (25)t, (16)1 rnd (27)*. li
ihese systems, {e lrsve put:

c K = r  e 2 r l l r p l p l ) K
' ç ' 1 + q z ' 1 h P h P l t K

wbere K = A, 8,24, 2 B, si th rh. fô]lôwi.g .ionren

" t ." ,  -  .1, , , , , . " , . ,  .  , , , , " . .  ,J i ,L = "LL

ay rep lac ins  i .  (17) t  q ,9 ,4und9 by  rhe i r
yâtùes given bI (26)r, we lind Lhe dist burions ij ,
the lourior trânsf.rms .l shi.h ,re rhê disfilJLi
tions soluiions ol the prôbler (I). in(25)i we rp
ply the bânslo.mâtjon:

$ ê!, rv ê .ry, q<) {. Eê 4 *e sd
(\!'s) as runctions of {l!.!r) â.d @_/ )

l.ast lêver

Th€ merhod is the sàmê às in the p rh lal'er,
but ihe boundary surlace ts {3 - hq 1! LhÉ co.di
, iods  ( r2 )  rnd  ( r . ,  x re  nô"  ( r )  Ér , r  r  0 .  fhF
lunLt i rnq  qq  erc  kno*n  tun . i rônr  u f  ô f  ( t .  \ r ,  \2 )
on  the  .u r ! ,LF  \3  =  hû-1 ,  s ie re  r  r .  l ,  r .  ( l t l
Io r  r  \  0 ,  the  ibc r 'on j  A1uÏ  r re  knô$n tunr t ioÀs
914 "i tt, *r, x2) on sùïl:rce x3. nd l, Nhere
i  r , 2 , 3 .

The equations (17) ùre stilt v€rilie.l ii we re-

"f = 
$eor,o 1, r, i  -  ô:oia dhq 1 (crq).

I
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rq = llgl - È"..!, ,q=3 ["0'
,rr Qq= 1r51ar:il+ f2t(*1),.t"1'=fp-*d'"'

. 
The condition (I;) is er?ressed by lhe 1ôll@-

!'[*w,rf allfl ,.,rr',rf)(r"r'uq'-(À";u'^,t4,
d [É1A', {r"2 i.le1= - lf.rj/rrl'/!, i f!6trf)Au /'"'

General solùtton oi the Problem

Ish novon, we {iu sulpose thrtpp = Pp' lor

l i re t  l xyer :  \e -methat  lhed  sp lJcemenr !ompo
.M-ffi roosn r'(tio"' si r = r, 2,3 oh rhe l.êe
sudace. Frôm trje equ obs (4)i we d€ducel

F 3r:j - - P'?j -'1 'rj

l{t, trt. Ilntri^E these values in (27)*, we oqiti.?
sysrm of lineà! equtions from which (!', !')
are known as luncrioN ol (lt, rr). ûuêtheFou.ier
translô!û6 ol the displacemen! comPoùents (ùd
cônsequentlt ol the stresses) ùe detêrmined in

5e lehs  *Lrh  4  ld j€ rs .  I rcm rhe  equrhons  (31) ' ,
t3 tFJzn.  ,nd  {34r ,  Ee ser  rh€  êqux t tohs  (3 i ) l
rnd  (36) r  Nr r ich  s iee  ( !3 .  !ô rndrQr ,  CqÂ" fun .
tiôns ôr {!r, 1l and (!t, l,), in,hich we use the
ibbreviaiing syhbots (Cr1)* ànd lhe symbols ob
rained floh them by pelûutâtion of ihe leilers in
ihe lollowing *Èy: lrom tùe symbol SÀ1, rede-
dùce sa2 b,v le.ûùthc in the e&lession or ihe
s !mLo l  S^  r  the  êsonehte  rânL l  2 ;SRl ,bvpFtuut
LnÂ r l  sÀ 81  , . ;e l l  , '  À ' �  snd  t l2

ln  the  4- ih  l ry€r ,  rhP equs t ions  (27) 'g ive
r6a éa l xs lunctions oJ lw*, {{). Iron thê equa
iionsl33J, we deduce (Or, d)-xs iuncrion. ot (!4,

!4, stven r'' tLe êqu;tLoh=s l3?l'. P!tr,ths lheqe
vâlues jn lhe e@atrons whrch s'vP (\ro, ù') Js
tuc t ions  o l  { \ r3 ,  $3) ,  {ê  ae t  rhe  s ls tm (33) :

(r1zp)!i- - f t' a'ei- r"a"-'.N r n1

!nd, âpllying the lôûier tr
hembers 01 thesê eqùaiions:

. .  Ô ' = - ; à ! * 1  - r
( r,tr)t '= -e.\i '+,r

2 fr.'t'(lrb{-4tW' = LaY 4 r ixJa,, t

2 f ,t F iA.D!d!)^1!! . -i ryi + Lr y4

i. which J and L àrê glæn by (C12)t.

1gr= ioV  +a2  9 .1
Âj.- E'.1 a1 e'*

lrom the 6ysrems (3?)a Ênd (26)*, we dedqce

wrii ns r,har (35)r snd (3^3rr 61ve 'ie-sFrLeeàl
ùer  â \  (3c) t  sn i l  (3e) r  to r tq r . lo raÔd (4 f ,9 i , ,  we
obtlin ihe syslem (40)' of 4 linêû equâtions in
whi.À {e use the foLtowing abbrdtationsr

A ' \ , \ r  =  2 l l r i  / - i  l2 ! 'A 'cA1+B-DB2)  ^

B ' z a r  -  2 l ;  ! ' t d " l 2 B ' F q r + t s " F À z l  
- '

This li.eâr gystem mây be solYed by theordj-
nary Crâmer method, The e*plicit lormulês are
rathêr cmpllcated, bùt eâslly obiâined, We ôhit
rhem here be.àuse they are not of gleâl ineteEsi
Ior the purpose oi this prpêr, bur uÉeful lbr nu
merjcâl computâtiom, They de ol the lollowing

(  4 1 )

where .{, 8, 3, A' and I'are !.lynômials of
the eÀnablês t Ê1, Ê,, of equarÊ roots oJ rhe
pô iJnoh,a ls - t . ! ) ' � .  i_u l  r l , I  =  r ,  2 ,3 ,4 ,  àhd or  func

nP dênôlihs lhe tnicbecs ôf lhe
p L\ la,ver ahd É . AP @ BP.

Thê lorhulas corresponding tô the câse ol4
lâyers cù be âpplted lor tùe case ol less than 4
layers by idenlilicâtlon olcorlesloùdingcônstânrs.
h pârticular, Ne have ihe liûl equaltons (42)r in
rhe case ot ônê layer.

Fron (41). we dduce:

l = L , 2
( 2 8 )

(  5 e )

(2e  )

thê1r r6 t  la le r \dê f i rmrne $1 ,  !  |  rnd(Ê.  E)ds
tunctio.s ôl (ù', !') and (4', rr).

Secônd l.yer: Applytng the lourier transtormÀ--don, 
the?-qutions (?), (3), (9) becone:

Y 2  -  ! 1 ,  ! 2 = w 1

É , 0 r  _  s r  4  t +  l q i - a i t d r  w i

lr",zF1i= ( À'. ) F) {', (À'-r") -U.'
F.om ihê equiilobs (30), (25)' and (26)*, {ê set
thè eqrartons (31)* and (32)'.

{o+ l l - rh  tayer  AssweC! l -1 ,  vp  r ) rndPp. tp l
L .mÊùted!  rhc  pquf , t ionF (? ) ,  (31 .  (q l  g ive  â11Pr  rhe
lourier translôhâLion:

!p+1 = wl *p+1- sn

( 3 3 1

=o  rot to!+r, dp*r ) are distriburions siven by
(34)1 rni(f{!.!p) may be determinsl br {25)*.

o - th  la le r :  the  melhod lu " t  eJA ld ih€d i le te rmin€s
lurq, "qJ and t4q, dq, as Junctions of (!! r, *r) ând

216.f= l1âr+1.î2 , ,1ry.î5 (td

( 5 0 )

uf ' '0Ft_ 4r4? r lu f_, rP ' )a,  w ?

o'l'.ru'itf : oil*ii*'. t^'-^''îvt



*i =d.^" [-nsi - ir;#û].Ëi, ., .r, '

gj = 4,,,,,. [+ (!.i.-t"âJ'*ôl = ;,
The distributjors ui ârê i. fa.t delined by

tùctlons. This mat be pmre.t djrectlr try our
methôd but is also ! kû$n result fo. htÏrerbollc
syslehs âs srid rr€]ore. 11 the b.udrry co.dftions
are regullr enough, se hàve:

l r l  = I ê:{,?ar l léz,,(xLc,rx:t:r5.k,t.  Lvt.À- 4

wber. lh. iûegrals are odinfy integrals which
may be icomputcd Rith ar el€ctrôni. .ompdt€r.
These r€gulÙitv cô.ditions arc srtisljed lor ex
mpie: 1) ln the casè of a plste in conr.d sith
the rrèe surla.e ahd vtbrariq in lny Biven dlrec-
rion; ,) In th€ clse ol heaw bodies movt.g ùloùg
the lree surfa.e {ith .onstad velocity or constanl

Fôr siveù vslues of rhe ÉListic pàrâmeters,
it is tFssible ro i.di.âte simtle rppmriùâtiôns ot
rhe sôlutiôns lhi.h could be used ibr.$erim€nÈl
pùrpos.5i such 5n aplroxjmalioh dÊpends onlv ona
c€[ain rlnge ol E]ues lor thersliosôlthê paiam-
êters. lù tio cases, thes€ iplrôrimarions gavenu
mericâ] rêsults lhich sere i. agr.emenf wilh ex-
p€.imen!âl dùa (corrêsponding 10 small v.lues ol
tàe Young modulus tp, where ! = 1, 2, 3) qd ex-
plaiùed som€ obseùed ùregularities.

The older merhods ol barmonic anatysis*nictr
have bee. alpliêd tô system (1) (lôr ône or tso
layêrs) may give ihe soluti@ onty for very re8ulâr
boudary condtions,Iherexs ou merhod gryestbe
solutjon lh all càsês *hi.hareollradicalinterest,
since tbe bouùdart' condilions must onty be expres
sible in rerhs ol tdperare disrliburions.

The sâme method can b€ apllied in thecâse ol
ôther rrôundary conditions and, more Aenerâll_\,, to
solve all hixed Cruchy probt€ms Nilh re6pecr ro
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