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DIAGRAM OF CHARLES EHRESMANN'S WORKS



Charles' work on homogeneous spaces (1934) is extended to

locally homogeneous spaces (1936), that is spaces in which each

point has an open neighbourhood isomorphic to a given

homogeneous space.

His work on fibre bundles gives other examples of "local

structures", thus raising the general problem of "localisation" for

which he introduces in 1947 the notion of a pseudogroup of

transformations (refining a notion of Veblen-Whitehead) and

constructs its associated local structures.

INTRODUCTION OF LOCAL STRUCTURES 

Locally homogeneous spaces 1936

Pseudogroups. Localisation (1947)

Local Structures  (1951)

Fibre bundles (1941)



PSEUDOGROUP OF TRANSFORMATIONS AND 

ASSOCIATED LOCAL STRUCTURES 

In this definition of a pseudogroup of
transformations, Charles does not indicate
that it is a groupoid, a notion he will use in
his 1950 paper on connections.

He introduces the associated local
structures, by gluing the charts of an atlas in
which the changes of charts belong to the
pseudogroup :
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The topological space E is locally isomorphic
to M with respect to the pseudogroup of
transformations Г on M if there is an atlas A
= (ci) such that E is the union of the domains
Ui of its charts ci and all the changes of
charts g = cjci

-1 are in Г, meaning that

cj(x) = g(ci(x)) 

for each x in the intersection of Ui and Uj.



This Note to CRAS (February
1952) is the first publication with
a formal definition of a species of
local structures.

It has been developed n
the contemporary paper:

"Structures locales" (Conference 
Rome, 1952). 

SPECIES OF LOCAL STRUCTURES 

1952



1957: "GATTUNGEN VON LOKALEN STRUKTUREN"

First paper in which Charles uses
the term "category" (though he had
often used "groupoid" since 1950).
It formalizes the definition of a local
structure.

The main insight is that in a
pseudogroup of transformations on
M, the "points" of M are not useful,
only the open sets of its topology.
Thus the topology can be replaced
by a "topology without points" or
"paratopology", a notion which has
become extensively used in the
seventies under the name of
"locales".

The ideas in this paper have paved
the way for a large number of sub-
sequent papers, e.g., on ordered
categ-ories, internal categories and
completion theorems.



SPECIES OF STRUCTURES

A species of structures Σ onto a category C consists of a set S, a map p from S onto C0 and a
composition k: C*S → S: (x, s) |→ xs, where C*S = {(x, s)| x є C, s є S, α(x) = p(s)}, satisfying:

y(xs) = (yx)s and   α(x)s = s.  

Charles also says that k is an action of C on S. And he constructs the associated discrete fibration.
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Enlargement Theorem. If C is a subcategory of K, the species Σ is 'universally'
extended into a species onto the full subcategory C' of K whose objects e' are the
target of at least one x' with its source in C0.

An element of the fibre over e' is an atlas consisting in an equivalence class [x', s'] of cards
(x', s'), with s' є S and x': p(s') → e', for the equivalence generated by: (x"y, s') ≈ (x", ys').

S'

[x',s']
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LOCAL SPECIES OF STRUCTURES

A local class is a poset in which each bounded part A has an aggregate VA (= lubA) and which
satisfies the distributivity axiom:

(VA) Λb) = VaєA(aΛb))    for each bounded part A.

An inductive map between posets respects all the aggregates and the intersection of a finite
bounded part. Inductive maps between local classes form the category Ind.

A local category is a category internal to the category Ind such that the order induced on the
Hom is discrete.

A local species of structures over a local category C is
an Internal to Ind species of structures (S, p, C), that is
S is local and the maps

p: S → C0    and     k: C*S → S    

are inductive.

Then the associated fibration is also a local category.
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Ind

Local Enlargement Theorem. If Σ is a local species of structures onto a
subcategory C of a local category K, its enlargement is a local species of
structures.



A local species of structures is complete if each p-compatible part A of S such that p(A) is
bounded admits an aggregate, where p-compatible means that the restriction of p to A respects
intersections. (Kind of "sheaf condition", but without invoking points.)

Theorem. Let Σ be a local species of structures onto a local subcategory C of K.
1. Completion (= Sheafification). Σ admits a universal embedding into a complete

local species of structures onto C.
2. Complete Enlargement. Σ admits the completion of its enlargement as a

universal embedding into a largest complete local species of structures.

COMPLETE ENLARGEMENT THEOREM

Remark. A local category is completely
regular if for objects e < e' there exists

e'e: e → e' such that e < e'e < e'. 

Then the e'e form a Grothendieck topology J
and the complete enlargement compares to
the associated sheaf for J.
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An element of the completion is a maximal
p-compatible class A such that Vp(A) exists.

K

An element of the fibre of the complete
enlargement over e' is an "atlas" uniting the
atlases [xi, si] of a p'-compatible class A' of
the enlargement of Σ such that e' = Vp'(A').



II. SEMI-SHEAVES 

ASSOCIATED PRESHEAF AND 

SHEAF 



DISTRIBUTIONS AS LOCAL STRUCTURES

Imitating Charles' Complete Enlargement Theorem, the above citation suggested to construct
distributions on a lcs E, with values in an lcs E' through a "di-completion" process:

(i) Differential operators d define a 'partial action' on the lcs of continuous maps from an
open subset U of E to E', the composite df being defined only if f has a continuous d-
derivative. This partial action is extended into an action (enriched in Lcs), leading to the
presheaf of finite order E'-valued distributions over E.

(ii) A sheafification of this presheaf leads to the sheaf of E'-valued distributions .

The first step leads to define a partial action of a category, or (seen from bottom to top) a semi-
sheaf on the opposite category.

" Une distribution est, localement, une dérivée d'une fonction continue "
Laurent Schwartz, Théorie des distributions (1950), p. 8

The distructures (introduced in my thesis, 1962 and translated in a modern language in the
Calais Conference 2008) give a categorical frame for studying different kinds of "generalized
functions", and in particular for extending Schwartz vector distributions to infinite dimensional
locally convex vector spaces (lcs).



SEMI-SHEAVES OF SETS 

A semi-sheaf (of sets) F on C is a map from C to Set which associates to an object e of C the fibre
Fe on e, to an arrow x from e' to e a map F(x) from a sub-set Fx of Fe to the fibre on e', and
satisfies the 'transitivity condition':

If s is in Fx then sx = F(x)(s) is in Fx' if and only if s is also in Fxx', and then s(xx') = (sx)x'. 
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We also say that the map k: (x, s) |→ sx if s is in Fx defines a semi-action of Cop on the disjoint
union S of the fibers, or that S is a system of structures onto Cop.

S



K is a category and M a sub-category of monomorphisms (in red) of K containing the identities,
stable by pullbacks and with at most one m between 2 objects.

A (K, M)-semi-sheaf F on C is a map from C to K such that:

1. F(e) is an object Fe for each object e of C.

2. For x: e' → e, F(x): Fx → Fe' where Fx is an object such that there exists an mx: Fx → Fe in M.

3. 'Transitivity condition': for x': e" → e' in C, the pullback Ixx' of (mx', F(x)) is also the pullback of
(mx, mxx') and F(xx')pxx' = F(x')p'xx' where pxx' and p'xx' are projections of the PB's.

(K, M)-SEMI-SHEAVES
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If F is a (K, M)-semi-sheaf on C and F* a (K, M)-semi-sheaf on C*, we define a morphism from F
to F* as a couple (λ, µ): F → F* of a functor λ from C to C* and a map µ from C to K making
commutative the above diagrams.

The category SS(K, M) admits as a full subcategory the category Diag(K) of K-presheaves and
has a functor Base toward Cat.

THE CATEGORY SS(K, M)

x e
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Examples. Particular (Top, open ins)-semi-sheaves, called nuclei of actions, are used to study
control problems for differential equations. The Evolutive Systems (defined with J.P.
Vanbremeersch for modeling living systems) are (Cat, subcat)-semi-sheaves.



Associated Presheaf Theorem. If K admits pullbacks and enough colimits, the
category Diag(K) of K-presheaves is a reflective subcategory of the category
SS(K, M) of (K, M)-semi-sheaves.

The K-presheaf F': Cop → K associated to the (K, M)-semi-sheaf F is explicitly constructed: its
fiber F'ε is the colimit of the functor Gε: Sub(ε↓C) → K where Sub(ε↓C) is the subdivision
category of the category ε↓C of objects under ε,

Gε (ix) = mx and  Gε (cx) = F(x). 

K-PRESHEAFIFICATION OF A (K, M)-SEMI-SHEAF
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LOCALLY CONVEX SEMI-SHEAVES

If K is the category Lcs of locally convex spaces and MV the class of insertions of a vector
subspace with a finer topology, a (Lcs, MV)-semi-sheaf F is called a locally convex semi-sheaf, and
its associated Lcs-presheaf F' a locally convex presheaf. If the fibers of F are complete, so are
those of F'.

The fiber F'ε of F' on ε (colimit of Gε) is the lcs space quotient of the locally convex direct
sum of the family of lcs spaces (Fe)y:ε→e by the equivalence relation generated by the relations:

(y', sx) ~ (xy', s) where s is in Fx and x: e' → e in C and sx = F(x)(s). 

C

Theorem (Associated sheaf). If C is equipped with a Grothendieck topology J,,
the category of locally convex semi-sheaves admits a reflection into the category
of Lcs-sheaves pour J. The J-sheaf associated to L is that associated to L'.

sx



III. DISTRUCTURES

APPLICATION TO DISTRIBUTIONS



GENERATOR OF (K, M)-DISTRUCTURES

A generator of (K,M)-distructures on a category H is a functor B from Hop to the category
SS(K M) of (K, M)-semi-sheaves.

Thus B(u), for an object u of H, is a (K, M)-semi-sheaf on a category Γu , and B(v) is a morphism
(Γ(v), µv): B(u) → B(u'). And the Γu are the fibers of a presheaf of categories Γ on H

The composite B' of B with the associated presheaf functor Psh from SS(K, M) to Diag(K) is
called the presheaf of K-distructures generated by B.
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e
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xv

B(u')Cat

Γ

Base

Diag(K)

Psh

B

Hop

SS(K,M)

B'

Example. If Г is a constant functor on a category C, then a presheaf of K-distructures identifies
with a functor from Hop to the category KC, hence with a distributor with values in K.



Theorem. There is a 1-1 correspondance φ between the generators B of (K, M)-
distructures with Γ as their base Cat-presheaf and the (K, M)-semi-sheaves on the
fibration F(Γ) associated to Г. It sends the Diag(K)-presheaf B' generated by B to
the K-presheaf associated to φB.

The (K, M)-semi-sheaf φB on F(Γ) associated to the generator of (K, M)-distructures B admits
B(u)e as its fiber on (u, e), and

φB(v, x) = µv(e')B(u)(x) for v: u' → u in H and x : e' → e in  Гu .

φB
B(u)(x)

e
m(u)x

e"

ANOTHER CHARACTERISATION OF DISTRUCTURES



A generator of locally convex distructures L, and its generated presheaf of distructures L', are
obtained when (K, M) = (Lcs, MV). Then L and L' have underlying Top-presheaves Θ and Θ', with

Θu =  coproduct of the topologies on the fibers of L(u). 

The figure emphasizes the 'di-structure' on the topological sum S' of the fibers of Θ': the category
Hop acts 'horizontally' on it while Nop acts 'vertically', where N = coproduct of the Гu.

LOCALLY CONVEX DISTRUCTURES

S'
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Θ
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Theorem (Associated sheaf of distructures). If H is equipped with a Grothendieck
topology J and if Г is a sheaf for J, then L also generates a sheaf of distructures L*
for J, with the same base Г, and whose underlying Top-sheaf Θ* is the Top-sheaf
associated to Θ'.



PARTIAL DERIVATIVES OF A FUNCTION

E is a locally convex space and A = (ai)i an algebraic base of E. We denote by A* the free
commutative monoid on A and by o its unit. An element α of A is a finite multiset α = {α1, α2,…αn}
of n (possibly repetitive) elements of A.

Let f be a function from an open subset U of E to a locally convex space E'. We say that f has an
α-derivative ∂αf(a) at a if the restriction of f to the affine sub-space a+ΣiRαi is n-differentiable at a
and admits ∂αf(a) for its partial derivative with respect to (α1, α2, …αn). (It is independent on the
order.)

(The following theory of distributions could use another kind of differentiability.)
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E and E' are complete metrizable lcs. The generator of E'-valued distributions on E is the generator
D of locally convex distructures on the category H of open subsets U of E defined as follows:

(i) Its base Cat-sheaf Γ is the functor constant on the monoid A*;

(ii) the unique fiber of D(U) is the lcs C(U) of continuous maps from E to E', with the compact-
open topology; and, for ι: U' → U, then µι(o) is the restriction map g |→ g/U' from C(U) to C(U').

(iii) D(U)α is the subspace of C(U) consisting of the functions f admitting a continuous α-
derivative on U, with the compact-open topology for f and all its derivatives up to α, and

D(U)(α)(f) = ∂αf. 

THE GENERATOR OF E'-DISTRIBUTIONS
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FINITE ORDER DISTRIBUTIONS

C(U)

αεA*

C(U)
(o, -)

C'(U)

D(U)α

[α, -]

[o, -]

f

∂αf
g 

(o,g) 

(o,f) 

(α,∂αf) 

(α,g) 

[α,f]≈∂α f

[α,g] 
(o,∂αf) 

(α,f) g

f

The presheaf of E'-distributions of finite order is the LcsA*-presheaf D' generated by D. Its fiber C'(U)
at U is the lcs: C'(U) = αεA*C(U)/R, with R the equivalence generated by:

(αα', f) ~ (α', ∂αf)     if f is in D(U)α. 

R^

Theorem. An element of C'(U) (or finite order distribution) is an equivalence class
[α, g] for the equivalence on A* C(U): (α, g) ~ (α', g') iff there are

β, β' in A* and g, g' such that   αβ = α'β', g = ∂βf, g' = ∂β'f' and  ∂αβ(g – g') = 0. 

The topology on C'(U) is the final locally convex topology for the maps [α, -]:
C(U) → C'(U): g |→ [α, g], α є A*. The map [o, -] identifies C(U) to a vector
subspace of C'(U). And A* acts on C'(U) via: α'[α, g] = [α'α, g].

The proof uses that each continuous function is of the form ∂αf for some f in D(U)α.



THE SHEAF OF DISTRIBUTIONS

The sheaf D* associated to D' is the sheaf of E'-distributions on E. If U is the union of (Ui)i an
element of its fibre C*(U) is a family ([αi, gi])i of elements of C'(U) such that :

[αi, gi/Uij+ = *αj, gj/Uij] on Uij = Ui∩Uj. 

And D*(U)(α) maps (*αi, gi]i) on (*ααi, gi])i. 

e
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C*(U)

C'(U)

([αi,gi])i

[αi,gi]

[αj,gj]

C*
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D*(U)(α)
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Theorem. If E is a finite dimensional space, the E'-distributions coincide with the
Schwartz E'-valued distributions.

If φ is a C∞ function from E to R with compact support, the value of [α, g] on φ is the weak integral

[α, g]φ = (-1)n∫g∂αφ if α has n terms.



CONTROL SYSTEMS

Control Systems provide a categorical frame to model Cauchy boundary problems and variation
problems (1964-67)..
The main results give optimisation theorems for solutions of a control system which extend the
dynamic programing method of Bellman. They can be expressed in terms of infinite dimensional
vector distributions.

A nucleus of action is a partial action of a topological
category C on the topological space S such that the
composition law k: (x, s) |→ xs be continuous from
an open subset C*S of Cx|C|S to S.

It has an associated 'partial fibration' p: C*S → C..

q

C'

σ
A control system is a nucleus of action with a top-
ological functor q: C → C'.

A solution of this system is a topological functor
σ: C' → C*S section of qρ.

Differentiable Control Systems are obtained by
replacing Top by Diff.
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